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Preface

This text originated as notes for the introductory graduate Real Analysis course
at the University of Texas at Austin. They were intended for students who have
had a first course in Real Analysis (e—d—proofs) and know the topology of the real
line, in particular the notion of compactness, and the Riemann integral.

The main topic in such a course traditionally is integration theory, and so
it is here. The approach taken is different from the usual one, though. Usually
the development follows history. First the content is extended to a measure on
a o-algebra, — which is identified through Carathéodory’s cut condition —
then to the integrable functions through another set of limit operations. Daniell
observed that the extensions have much in common and can be done in one effort,
saving half the labor. We follow in his footsteps. The emphasis is not, however,
on saving time so much as it is on functionality: we ask what the purpose and
expected properties of the prospective integral are and then fashion definitions and
procedures accordingly—history and the usual treatment are reviewed, though, in
Section II1.7, so as to give the reader the connection of the historical development
with the present one.

Functionality also guides the treatment of measurability. The text does not
set down the notion of a o—algebra as a gift from our betters, followed by a
(mysterious) definition of measurability on them; this would pressure the gentle
reader into accepting authoritarian mathematics or leave the rebellious one with
many questions: where do these definitions come from, where do they lead, and
how did anyone ever dream them up? Rather, we ask what the obstruction to the
integrability of a function might be besides being too big, in other words, what the
local structure of the integrable functions is. Two simple observations in answer to
this lead to Littlewood’s Principles, which are used to define measurability. The
permanence properties of measurability are rather easy to establish this way, and
once they are available so is the fact that the definition agrees with the traditional
one.

A third uncommon aspect of the development is the use of seminorms. Instead
of arguing with the upper and lower integrals of Daniell, analogs of Lebesgue’s
outer and inner measure, we observe that already in the case of the Riemann
integral a simple absolute—value sign under the upper integral simplifies matters
considerably, by rendering superfluous the study of the lower integral and pro-
viding a seminorm, the Daniell mean. The analyst will often attack a problem
by defining a suitable seminorm with which to identify a function space in which
a solution reasonably can be sought. It seems to me that it is not too early to
introduce this tool in the context of integration: the problem is to extend the ele-
mentary integral from step functions to larger classes, and the Jordan and Daniell
means are perfectly suitable seminorms towards that goal.
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The exposition starts with a review of Weierstraf3’ theorem and the Riemann
integral. The latter review is designed to show that the integral of Lebesgue—
Carathéodory emerges from rather a minute alteration to Riemann’s; it is not the
mystery but the plethora of wonderful properties of the new integral that ask for
another 120 pages just to write them down and prove them.

The exercises are an integral part of the material. Those marked by an
asterisk* are used later on and thus must be done. For the majority of them
there are answers or at least hints in the appendix.

The first version of these notes was replete with mistakes, and I thank my
students for pointing them out. I hope the remaining mistakes are small in number;
they are all mine.

Klaus Bichteler

The University of Texas at Austin
/ /www.ma.utexas.edu/users,/kbi
kbi@math.utexas.edu

May 1998



Chapter 1

Review

1.1 Introduction

Riemann’s integral is a major achievement of civilization. It solves in a rigourous
way the ancient problems of squaring the disk and straightening the circle. It
provides a solid foundation for Newtonian Physics, on which modern theories
of physics and engineering can grow. Nevertheless, it has shortcomings: its limit
theorems are not good enough, and not sufficiently many functions are Riemann—
integrable. Consequently it is an insufficient tool for quantum physics and the
associated partial differential equations. These shortcomings can be overcome,
though, by a careful analysis of its concepts and a surprisingly slight improvement
on them.

The integral of a step function whose steps are intervals is the sum of the
products step—size x height—of-step. Riemann’s well-known procedure to integrate
a function f that is not a step function is to squeeze it with step—functions from
above and below: One defines the upper Riemann integral [ T of f to be the
infimum of the integrals of step—functions above f and its lower Riemann integral

/. to be the supremum of the integrals of step—functions below. Then one says
that f is Riemann integrable if these two numbers agree, and in that case defines
the Riemann integral of f as the common value. We shall refer to this idea as the
“Riemann squeeze.”

Lebesgue’s original idea towards enlarging the class of integrable functions
was this: if at the outset more sets than just intervals could be measured then the
class of step functions, to which an integral could be assigned by the formula sum
of the products step—size x height—of-step, would be richer; more functions would
be available to do the squeezing with; thus the Riemann-squeeze could be applied
to more functions. This would result in a larger class of integrable functions.

Lebesgue did, indeed, succeed in measuring many more sets. It turns out,
however, that the Riemann squeeze by itself is not adequate even then, and that
further limit operations have to be performed in order to turn this idea into a
complete success — the main reason being that the Riemann construction of
the upper and lower integrals of f still requires the absolute value |f| of the
integrand f to be majorized by a step function, i.e., to be bounded and to vanish
outside some integrable set.

K. Bichteler, Integration — A Functional Approach, Modern Birkhéuser Classics,
DOI 10.1007/978-3-0348-0055-6_1, © Birkhduser Verlag 1998



2 Review

Daniell noticed that Lebesgue’s original extension of the measure from in-
tervals to his larger class of integrable sets and the subsequent limit operations
had much in common and that half the labour can be saved by combining the two
efforts. Daniell’s method consists in replacing the Riemann upper and lower inte-
grals by slightly different ones, termed the Daniell upper and lower integrals [ *
and [, , and then to squeeze as before. We shall follow his path to Lebesgue’s
integral, modified minutely by the following observation:

A Riemann integrable function f is evidently close to being a step function
itself, since it can be squeezed arbitrarily closely by the latter. This somewhat
vague statement can be given a precise meaning by the following notion of the
natural distance of f from a step function ¢:

i
aist(£,0) = | =6l = [ 17 -]

A simple application of the triangle inequality shows that f is Riemann integrable
if and only if there is a sequence (¢,) of step functions whose distance || f — ¢, ||
from f goes to zero. The integral of f is then the limit of the integrals of the ¢,,.
The size measurement || ||? is a seminorm. Similarly, Lebesgue integrable are pre-
cisely those functions f whose distance from step functions ¢ as measured by the
Daniell mean || ||*,

<mﬂqu4v—wv:/Wf—m,

can be made as small as one pleases. Again the integral is the extension by
continuity. Looking at the integral this way, namely, as an extension by con-
tinuity under a suitable seminorm, reduces the technicalities some more and
is in keeping with modern analysis, where seminorms and the notion of ex-
tension by continuity play an all-pervading roéle. Furthermore, it aims right at
the heart of the problem: measure theory is, despite its name, not so much
about measuring sets as about sizing functions. (This is not meant to dis-
parage the measurement of sets; most frequently, a nuts—and-bolts problem
about estimating the mean, or another gauge of the size, of a function f in-
volves estimating the measure of the set of points where f is large or small
or has some other property of interest — see for instance Sections V.4 and
V.10.)

After some notation has been established, this chapter continues with a
section on the theorem of Weierstrafl. A short review of the Riemann integral
follows. It is explained in detail how the Riemann integral can be viewed as the
extension of a linear map under a suitable seminorm. We take the occasion to
explain this important notion guided by that familiar example.
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1.2 Notation

The Reals. The reader is of course familiar with the field R of real numbers.
It is the one and only complete ordered field. It contains the natural numbers
N = {0,1,2,...}, the ring of integers Z = {...,—2,—-1,0,1,2,...}, and the
field Q of rational numbers. The rationals are dense in the reals. R is also called
the real line. The reader not familiar with any of these notions should consult
her textbook on undergraduate Real Analysis or [9, pp. 31-50]. Occasionally the
complex number field C comes into the picture.

Positivity and Negativity. A real number a will be called positive if a > 0,
and Ry denotes the set of positive reals. Similarly, a real-valued function f is
positive if f(z) > 0 for all points z in its domain dom(f). If we want to stress
that f be strictly positive: f(z) >0 Va € dom(f), we shall say so. It is clear
what the words “negative’ and “strictly negative’ mean. If F is a collection
of functions then F, will denote the positive functions in F, etc. Note that a
positive function may be zero on a large set, in fact, everywhere. The statements
“b exceeds a,” “b is bigger than a,” and “a is less than b” all mean “a < b;”
modified by the word “strictly” they mean “a <b.”

Exercise 2.1 To practice this convention let f,g be two functions having the same
domain. Write the negation of the statement “g exceeds f.”

The Larger or Smaller of Two Real Numbers a,b is customarily denoted by
aV b or aAb, respectively. Similarly, the pointwise maximum or minimum of two
functions f,g is denoted by fV g and f A g, respectively:

fVg(z) =max{f(z),g(x)} or [fAg(xr)=min{f(z),g(x)}.

|f| is the function x — |f(z)|; and fy = fVO, f— = (—f)VO0,sothat f = fr—f_.
Suppose F is a family of functions. Then \/F = er}‘ f is their pointwise
supremum:

(VF)@ =sup f(@) 5 and (A F)(@) = inf f(a)

fer fer

is their pointwise infimum. Very frequently, the family F is countable: F =
{f1, f2,...}. Then we write

(V ) (@) = sup fu(a) and (A fu ) (@) = inf fu(a)

neN neN
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respectively. Recall that the limit inferior and the limit superior of a sequence (a,)
of reals are defined as

liminf a,, = lim inf a, = \/ /\ a, and

n—oo N—ocon>N
= NEN n>N
limsupa, = lim sup a, = /\ \/ an , respectively.
n— o0 N—oop>N

NeN n>N

Exercise 2.2 Forall a,b,¢,r € R, (aAb)+c = (a+c)A(b+c) and (aVb)+c = (a+c
r(aVb) = raVrb if r > 0 and r(aVbd) = raArb if r < 0; aAb+aVb = a+b, ay =
and a— = J(la| —a); aVb=1(a+b+]a—b|) and aAb= S(a+b— |a—Db|).

~

V(b+c);
(la[+a),

N[

The Extended Real Line R is the real line augmented by the two symbols —oo

and co = +00: B
R={-00}URU {+0o0} .

We adopt the usual conventions concerning the arithmetic and order structure of
the extended reals R:

—oo<r<4oo VreR; |xool=+oc0;
— o0 Ar=—-0, oVr=o00 VrekR;
—00+4+7r=-00, foo+r=+00 VreR;

+oo forr >0, +oo forp>0,
r~:|:oo—{0 forr=0, :I:oop—{l forp=20,
Foo forr <0; 0 for p< 0.

The symbols co — oo and 0/0 are not defined; there is no way to do this without
confounding the order or the previous conventions.

When a set S of reals is unbounded above we write sup.S = oo, and inf § = —oc0
when it is not bounded below. It is convenient to define the infimum of the
empty set ) to be +oo and to write supf) = —oo. A function whose values
may include +oo is often called a numerical function.

Exercise 2.3* This exercise establishes a simple argument that is used over and over.
The reader should be sure to understand it thoroughly. Let a,b € R. Then a < b if and
only if any one of the following two conditions obtains.

Whenever s € R is a number strictly bigger than b then s is also bigger than a.
Whenever s € R is a number bigger than b, then s+ € is bigger than a, for any € > 0.
Design a similar criterion in terms of numbers s smaller than a.

Exercise 2.4 This exercise allows the reader to check his vocabulary: injection, surjection,
bijection, metric space, compactness, continuous maps, homeomorphism, inverse of a
map. Set arctantoo = +m/2 and define d(z,y) = |arctanz — arctany| for z,y € R.
Show that d is a metric under which R is a complete and compact space homeomorphic
with the closed unit interval I = [0,1]. That is to say, there is a bijection ® : R — I
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such that both ® and and its inverse ®~! are continuous.
Show that the real line is homeomorphic with the open unit interval (0,1).

Some Set Notation. The intersection of two sets A, B is the set of points
common to both and is denoted by AN B:

ANB={z:x€ Aandx € B}; and AUB={z:x€ Aorx € B}

is the union of A and B, the set of points belonging to either set. The relative
complement of B in A, or set difference, A\B is the set of points in A that
do not belong to B:

A\B={z€ A:x ¢ B}.

It is generally understood that all sets in question are subsets of a fixed set,
the ambient set S. In this case S\ B is called the complement of B and is
denoted B°. Thus A\B = AN B¢ if both A and B are understood to be subsets
of S. Suppose A is a family of sets. Then |JA = J o4 A is their union and
(A = (\acq A is their intersection. Very frequently, the family A is countable:
A= {A;,Ay,...}. Then we write

UA=J 4 and (N A=[)4.,
neN n

respectively.

The Expressions [f > 7|, [f =], [f <7],[f € S] etc. are shorthand for the sets

{z € dom(f) : f(z) > r}, {x € dom(f) : f(z) =r}, {z € dom(f) : f(z) < r},
{z € dom(f) : f(x) € S} etc., respectively. For instance,

[liminf f,, > 0]

is the set of points & where f,(x) > e for some € > 0, eventually.

Exercise 2.5 Let (fn) be a sequence of real-valued functions. The set [f, /| of points
at which (f») does not converge equals

U ﬂ U [|fm_fn|>1/’r‘].

reN peN m,n>p

The Indicator Function of a subset A of some set S is denoted by 14 and is

defined by
1 ifx € A
La(@) = {0 if 7€ A° = S\ A.
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Some authors denote this function by 14, others by x4 or 14. Let us overcome
this trifling inconsistency by a convention that will simplify handsomely the ty-
pography, and life in general:

Convention 2.6 A set and its indicator function have the same name.

If A is a set then A is also the function that has the value 1 on A and 0 off A;
also, 34 is the function with 3A(z) = 3 if © € A, 3A(z) = 0 otherwise. For
another example, [¢ < r] is not only the set {x : ¢(x) < r} but also the function
that equals 1 at any point x € dom(¢) at which ¢(z) < r, and [¢p < r](z) =0
elsewhere. It will always be plain from the context whether a symbol refers to a
set or to its indicator function (or both). Still, since this convention is somewhat
unconventional, a little practice is indicated:

Exercise 2.7 (i) Let (fn) be a sequence of functions. Then the sequence ([fn —] - fn)
converges everywhere. (ii) A function f is (the indicator function of) a set iff it is
idempotent: f° = f.In this case f = [f = 1] = [f # 0]. (iii) [(0,1](z) - 2*dz = 1/3.
Exercise 2.8 Let A, be a collection of sets. Then A1\A2 = A1 — A1 A A2; the symmetric
difference Ay A Ay = A1\ A U Ax\ Ay equals |A1 — Az|; U, An = V,, An; and
NA» = A\A,.

Exercise 2.9 Let f be a positive bounded function. Show that it is the uniform limit of
the functions (f,) with finitely many values defined by

22n

fo= > k2T RS f<(k+1)277.

k=—22n

Vector Spaces, Algebras, and Vector Lattices of functions will occupy us a
great deal during these notes. It is well to define these notions now:

Definition 2.10 Let £ be a collection of functions, all defined on the same set S.
Then & is a linear space, or vector space, of functions if it is closed under
taking pointwise linear combinations; that is, if

¢7¢/€57 T,TIER — T'¢+T/‘¢/€S.

€ is a ring of functions if it is a vector space and is closed under taking pointwise
products:

$, 0 € = ¢-¢ €E.

If € is a ring and contains the constant function 1 then it is called an algebra.
€ is a vector lattice or Riesz space of functions if it is a vector space and is
closed under taking pointwise maxima and minima:

6,0 €€ = oV €& and dNP €E.
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& is closed under chopping if it contains, with every function ¢, also the
chopped function ¢ N 1.

If € is both a ring and a vector lattice closed under chopping then it is called a
lattice ring; a lattice ring containing the constants is a lattice algebra.

Example 2.11 Let us justify this definition by exhibiting a plethora of function
spaces that meet one or more of the specifications above:

The polynomials on R or on R™ form algebras, those with zero constant
coefficient form rings. The set C[R™] of continuous functions on R™ is a lattice
algebra closed under chopping.

The set C¥[R"] of k-times continuously differentiable functions on R” is an
algebra again, in fact, is a subalgebra of C[R™]. So is the collection C*°[R"] of
infinitely differentiable functions on R™.

The bounded continuous functions C,[R™] form a lattice algebra. The collec-
tion CF[R"] of functions with k bounded continuous derivatives forms an algebra
but is not a lattice.

The collection Cy[R"] of continuous functions that vanish at infinity is a
lattice ring. So is the collection Cyg[R"™] of continuous functions with compact
support !. The collection C&,[R"™] of k-times continuously differentiable functions
of compact support form a ring.

The step functions (Definition 4.2) form a lattice ring. So do the Riemann
integrable functions (Theorem 6.3) and the bounded Lebesgue integrable functions
(Theorem I1.5.5). 1

If the constant function 1 belongs to the vector lattice £ then ¢ A1 belongs
to & with every ¢ € £, and & is closed under chopping. It simplifies matters, of
course, to have the constants in £; yet this is frequently used only to make sure that
the functions in £ can be chopped. In the context of integration many different
vector lattices of functions occur naturally. Most are closed under chopping without
however containing the constants.

The reader has discovered nothing new in the last page; she knew all along
that the pointwise infimum or supremum of two continuous functions is continuous
or that the sum and product of two bounded differentiable functions are bounded
and differentiable, etc. The point lay not in these facts, but in a slight change of
perspective — with Definition 2.10 on p. 6 we decided to view the forest rather than
the single trees: we note that the totality of continuous functions has the property
of being closed under taking pointwise suprema and infima, etc.; arguments on
that totality that use only this feature apply to any other totality of functions
with the same property and are therefore available without further travail. This is
the point of the Definitions 2.10.

I The carrier of a function ¢ is the set [¢ # 0] of points where it does not vanish. The support
supp f of a function f is the closure of its carrier.
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Supplements and Additional Exercises

Exercise 2.12* If £ is a ring, ¢ an element of &£, and P is a polynomial with zero
constant term, then the composition P o ¢ belongs to £. If £ is an algebra then the
conclusion persists even if the polynomial has non—zero leading term.

Exercise 2.13* Let £ be a vector space of functions on some set. Show that £ is a vector
lattice if and only if it has any one or all of the following properties:

(i) it is closed under taking finite minima,; (ii) it is closed under taking finite maxima,;
(iii) it contains with every function f its absolute value |f|; (iv) it contains with every
function f its positive part fi .

Exercise 2.14* (i) Suppose £ is a vector space of functions closed under chopping. Show
that for any ¢ € € and 0 <7 € R, ¢ Ar and ¢ V (—r) belong to £ as well. (ii) Give
examples of vector lattices containing 1. (iii) Give examples of vector lattices that are
closed under chopping yet do not contain the constant functions.

Exercise 2.15 Given a set £ of functions set E+R={¢p+r:¢ € E,r € R}. Show: if £
is a vector space (ring, vector lattice closed under chopping, lattice ring) then £ + R is
a vector space (algebra, vector lattice, lattice algebra). If £ contains the constants then
E+R=E.

Definition 2.16 Let £ be a vector space of functions on some set S. A subset
A C S is called confined by £ or E—confined if there is a function ¢ € £ so
that A < ¢, i.e., ¢ >0 exceeds 1 on A. A function f on S is E-confined if its
carrier [f # 0] is E—confined. We denote by Ey the E-confined functions in £,
and say & is self—confining or self—confined if Eyo = E .

Exercise 2.17* The spaces C[R"], Coo[R"], and the spaces £[R™] and E[R] of step
functions are self—confining; so are all other examples in 2.11 that contain the constants.
Co[R"] is not self-confining.

Exercise 2.18% If £ is a vector lattice closed under chopping then &y is dense in .

Exercise 2.19% Let (S,&) and (S',£’) two sets equipped with vector spaces of bounded
functions. On the cartesian product S x S’ consider the collection £ ® £ of finite sums

Eaﬁz@@.ss Zqﬁz LAC

If both £ and £’ are vector spaces (rings, algebras, self-confined) then so is their tensor
product £ ® £'. There are vector lattices whose tensor product is not a vector lattice.

1.3 The Theorem of Stone—Weierstraf3

This section develops some results about the uniform approximation of functions.
The main result, Weierstrafl’ theorem on the line, may have been covered in the
student’s e—d—proof class. Nevertheless, it might be well to review this section, as
a few more facts are extracted from the usual arguments than is customary. The
next fact, simple as its proof is, will be used repeatedly.
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Lemma 3.1 (Dini’s theorem) Let S be a compact space — the reader not famil-
iar with general topology may view S as a closed and bounded subset of the line or
of R® — and let (¢,,) be a sequence of continuous functions on S that increases
pointwise to another continuous function ¢. Then (¢,) converges to ¢ uniformly
on S.

Proof. Let € > 0 be given. The sets U, = [¢p — ¢, < €] form an increasing open
cover of S, so one of them, Uy say, will contain S, since S is compact. Clearly
whenever n > N then uniformly for all x € S C U,

|p(z) — dn(x)| < P(x) — dn(z) <€. 1

Exercise 3.2 Let S be a compact space and let ® be an increasingly directed collection
of continuous functions on S; that is to say, for any two functions ¢, ¢ € ® there is a
function ¢ € ® bigger than both ¢ and ¢’. Assume that the pointwise supremum of @
is also a continuous function ¢. Show that ® converges uniformly to ¢ in the sense that
for every € > 0 there is a ¢ € ® such that ||[¢ — ¢||. < € for all ¢ € & with ¢ > ..

Exercise 3.3 Give a list of theorems involving uniform convergence of sequences of func-
tions and recall their proofs.

Two Simple Results on the Real Line of a deceptively special aspect lead the
way to Weierstraf3’ theorem.

Lemma 3.4 Let t be a real number. Let the sequence (p,,(t)) of numbers be defined
inductively by

o) =0, and poa(t) = 5 (12 +2,(0) ~ (p,(0)°):

Then p,,(t) is a polynomial in t> with zero constant term. Furthermore, for any
t € [-1,1 and n € N we have 0 < p,(t) < p,y1(t), and (p,(t)) converges
uniformly for t € [—=1,1] to the absolute value |t| of t.

Proof. p,(t) = %tz is a polynomial in ¢?, and if p, is then clearly so is p, ;.
If p,, has zero constant term then so does p,, . Thus all the p, are polynomials
in #? and vanish at zero. Two easy manipulations result in

2(Jt] = poya (1) = (2= [t = (2 — P (1)) P (t)
and 2(poir (t) = pa(t) = = (p, (1))’

Now z +— (2 — )z = 2z — z* is increasing on [0, 1]. If, by induction hypothesis,
0 < p,(t) < |t]| for [t| <1 then p,,(t) will satisfy the same inequality; as it is
true for p,, it holds for all the p,, . The second equation shows that p,, (t) increases
with n for ¢ € [-1,1]. As this sequence is also bounded, it has a limit p(t) > 0.

2
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p(t) must satisfy 0 =t2 — (p(t))? and thus equals |¢|. Due to Dini’s theorem, the
convergence is uniform on [—1,1]. S

Corollary 3.5 Let [—M,M] be a symmetric closed bounded interval, M > 0.
There exists a sequence (P, (t)) of polynomials in t with zero constant term that
are positive on [—M, M| and converge increasingly and uniformly on this interval
to the absolute value function t +— [t].

There is also a sequence (Qn (t)) of polynomials with zero constant term that
converges uniformly on [—M, M| to the function t — t A 1.

Proof. For the first claim simply set
Pu(t) = M p, (t/M)
1
Now to the second. As tAl=c(t+1-[t—1]),

2

the choice Qn(t) = %(t +1-P,(t—1)) (3.1)

leaps to mind. These polynomials in ¢ certainly decrease to ¢ A 1 uniformly on
[-M, M], as n — oo. However, they do not vanish at ¢ = 0 and have to be
adjusted by subtracting the constant Q,(0) = 3 (1 — P,(1)), which tends to zero
as n increases: the description is met by the adjusted sequence

Qn(t) = %(t + Pa(1) = P(t = 1)) . 1

Lemma 3.6 Let [—M, M| be a bounded closed symmetric interval and let 0 < e < 1.
The supremum of the linear functions t — 2ket — k€2,
be(t) s = \[{2ket — k?€* k€ Z: |k| < M/e}
= \/{2ket — (2ket ANK?€®); k € Z: [k] < M/e}

is everywhere on [—M, M| smaller than t*> and bigger than t*> — €.

Proof. Let ¢y (t) = 2ket — (ke)?. This linear function satisfies
2 —gp(t) = (t—ke)> >0 Vt,and t* — ¢, <€ <efor |t — kel <e

The supremum ¢, of the ¢ is thus smaller than > and bigger than t? — e,
inasmuch as the intervals {t : [t — ke| < ¢} = ((k — 1)e, ke), |k] < M/e, cover
[—~M,M].If k=0 then ¢ =0 and so ¢ = \/,,(¢x V 0). Now

dp VO = (2ket — k*€®) v 0 = 2ket — (2ket A k%€?)

which proves the equality of the two expressions for ¢.. 1
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The two lemmas above say that the functions ¢ — |t| and ¢ — t? can be
approximated uniformly on arbitralily large intervals [—M, M] by polynomials
in ¢ or by finite suprema of linear functions in ¢, respectively. At first sight they
look rather uninteresting, since the functions to be approximated are so simple.
Yet they can be parlayed into powerful results about the uniform approximation
of functions on arbitrary compact spaces. Before doing this let us introduce a
quantitative gauge for the uniform closeness of functions:

The Uniform Norm attaches a numerical size to a function and measures pre-
cisely how far apart two functions are in the uniform sense. It is the first of many
seminorms we shall meet.

Definition 3.7 Let f be a real-valued function. The uniform norm of f is the
number

[fllu = sup{[f ()] : # € dom(f)}.

The uniform distance of two functions f,g defined on the same set is the
uniform norm || f — g||l. of their difference.

Let £ be a collection of functions with the same domain S. A function f
on S is a uniform limit of functions in & if there is a sequence (¢p) in &
whose uniform distance from f tends to zero: ||f — ¢nllu 77535 0.

The collection of all uniform limits of £ is the uniform closure of £ and is
denoted by " or simply € .

Exercise 3.8¥ Let F be a vector space of bounded real-valued functions on some
set. A sequence (f,) of functions in F converges to f € F uniformly if and only if
If — frllu 7== 0. Show further that || ||, is

subadditive - 1+ £l % 1+ 1
absolute—homogeneous : lrflle= 171 1 flle
submultiplicative : 1f-gllu < fllu- [l ,
and solid : 1F1 < gl = Nfllw < llgllu -

Exercise 3.9% & 4 ?u &,

Proposition 3.10 Let £ be a collection of bounded Junctions on some set.
If € is a ring or a vector lattice closed under chopping then & is both a ring and
a vector lattice closed under chopping. In other words, £ is then a lattice ring.

Proof. Let 5_,@ € €. Then there are sequences (¢y,), (¢,) in € converging uni-
formly to ¢, , respectively. By Exercise 3.8

[(ré + 59) = (rén + s¥n)llu < 7|6 = dullu + Isl[¥ = Yullu 775 0,

6] = |pnl lu <16 = ¢nllu 7520,
||¢/\1_¢n/\1||u§ ||¢_¢n”umoa
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and

The first line exhibits a linear combinations of functions in £ as an element of &
again, since r¢, + sy, € £. Assume that £ is a vector lattice closed under
chopping. The second and third lines show that then so is & — see Exercise
2.13 on p. 8. The last line shows that if £ is a ring then so is &.

Next let us assume that £ is a ring, pick the ¢, so that |[¢ — dnll. < 1/n,
and set M = sup,, ||¢n|lu- By Corollary 3.5 there are polynomials P, such that
| |t| = Pa(t) |< 1/n for all t € [-M, M]. Then for all z in the ambient space

|[6(2)] = Pu(¢n(@))] < [I6(2)] = [¢n(@)]] + [ |6 (2)] = Palgn(x))

)

and

16| = Poodn |, <10l = I¢al ||, + || [&n] = Puodn]|, <2/n 7= 0.

Since the P, can be chosen to have zero constant term, the functions P, o ¢,
belong to € (Exercise 2.12), showing that |¢| € £. By Exercise 2.13 £ is a vector
lattice. We leave it to the reader to devise a similar argument based on the second
part of Corollary 3.5 and proving that € is closed under chopping.

Finally, let us assume that £ is a vector lattice closed under chopping. Let ¢ € €
and 0 < € < 1 be given. Set M = ||¢||, + 1. For every = € dom ¢, the number

¢ (1) = \/ (2ked(z) — (2keg(z) A k?e?))

|k|<M/e

— — —92 —
of Lemma 3.6 is then as close as € to ¢(z)?, i.e., [|¢. — ¢ |l < €. As ¢_ belongs
to &, it is itself arbitrarily close to a function in &, in the uniform distance. Thus
¢* € €. Polarization

3 T=1/2(G+07 -7 -
shows that &€ is closed under taking products and thus is a ring. N

Theorem 3.11 (The Stone—Weierstrafl Theorem) Let S be a compact Haus-
dorff space—the reader not familiar with general topology may view S as a closed
and bounded subset of R or of R™ — and £ a ring, or a vector lattice closed under
chopping, of continuous functions on S.

Assume that € separates the points; that is to say, for any two points s # t
in S there is a function ¢ € E with ¢(s) # ¢(t).
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(i) If there is no point at which all the functions of £ vanish then every continuous
function f on S can be approximated uniformly on S by functions from £ .

(1) If all the functions of € vanish at the point z € S then every continuous func-
tion f on S that vanishes at z can be approximated uniformly on S by functions
in € —since £ separates the points there is at most one such point z.

Proof. This means of course that, given € > 0, there is a function ¢ € £ with

If — &llw =sup{|f(t) — ()| : t € S} < €.

Let C denote the collection of all continuous functions on S in case (i), of all
continuous functions vanishing at z in case (ii). It is to be shown that £ = C. By
Exercise 3.9 it suffices to show that C is the uniform closure of €. In other words,
we may assume that £ is both a ring and a vector lattice — see Proposition 3.10.
Let then f € C and e > 0 be given. For every pair s # ¢ in S find a function
st € € with s4(s) # s(t). For any s € S let 15 € € be a function with
1s(s) = 1. This is impossible only in case (ii) and when s = z, in which case we
set s = 0 and observe that f(s) = f(z) = 0. Then define ¢, by

f@) i (r) = f(8)s(T)
ws,t(t) - ws,t(s)

This function belongs to £ and takes at s and ¢ the same values as f. Fix t € S
and consider the sets

bun(r) = F()05(7) + ( ) (Wan(r) —ur(s))

Ul =[5> f—¢, ses.

They are open, and they cover S. Indeed, the point s € S belongs to U!. Since S
is compact, there is a finite subcover {[¢s,¢: 1 <@ < n}. Set ¢' = /| ds, ¢
This function belongs to £, is everywhere bigger than f — e, and coincides with f
at t. Next consider the open cover {[¢' < f+¢€|: t € S}. It has a finite subcover
{[¢% < f]: 1 <i <k}, and the function ¢ = /\f:1 ¢t € £ is clearly uniformly as
close as € to f. |

Corollary 3.12 Let £ be a ring of bounded functions on some set. Then the
uniform closure € of £ is both a ring and a vector lattice closed under chopping.
Moreover, £ is closed under composition with continuous functions that vanish at

zero; that is to say, if €& and f:R — R is continuous and vanishes at zero,
then fopef&.

Proof. From Proposition 3.10 we know that &£ is a ring and vector lattice closed
under chopping; only the last statement remains to be proved. Let € > 0 be given
and let M = ||¢||, + 1. Since f is uniformly continuous on the interval S, there is
a § > 0 such that |s—¢t| < ¢ implies |f(s) — f(t)] <e Vs,t € S. We may assume
that § < 1. There is a function ¢ € £ with |¢p(z) — ¢p(x)] < § V z. Since the
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polynomials with zero constant term form a ring separating the points of S, and
since f vanishes on the common zero set {0} of them, there is one of them, say P,
with |f(t) — P(t)| <€ for all t € [-M, M] (see Theorem 3.11.) The inequalities

[f(9(x)) = P(¢(2))] < |f(d(2)) = f(6(2))| + |f(¢(x)) = P(6(x))] < e+e=2¢,

true for all x, show that fo¢ € &, inasmuch as Po¢ € &. 1

Corollary 3.13 Let £ be a ring or vector lattice closed under chopping of bounded
functions on some set S, and Ay a subset of S. A function f: Ag — R can be
approzimated uniformly on Ay by functions from € or & if and only if it is the
restriction to Aoy of a function in & .

Proof. The condition is clearly sufficient. For the necessity suppose then that the
sequence (¢,) in € or £ converges uniformly on Ay to f. By taking a subsequence
we may assume that [[f — ¢nlle < 27771, Then ||¢ni1 — dnlle < 277, and the
function

@n déf —-27"v (¢n+1 - ¢n) A2 ’

which by Proposition 3.10 and Exercise 2.14 belongs to &, equals ¢,, 41 —¢, on Ag.
Therefore the sum

6 g+ Z@n
n=1

converges uniformly, with limit in € by Exercise 3.9. Clearly f =¢ on Ay. _1

Supplements and Additional Exercises

Exercise 3.14 Give examples to show that the conclusion of Theorem 3.11 may fail if S
is not compact or if £ does not separate points.

Exercise 3.15* (i) A continuous function on the line can be approximated uniformly by
polynomials, on every compact set. (This is Weierstrafy’ original theorem.)

(ii) Find a continuous function on the line that cannot be approximated uniformly by
polynomials. (iii) However, every continuous function ¢ on the line can be approximated
pointwise by a sequence of polynomials. If ¢ vanishes at zero then polynomials with zero
constant term will do.

In Exercises 3.16-3.20 £ is a ring of bounded functions—for a vector lattice
closed under chopping their conclusions are generally trivially true.

Exercise 3.16* (i) Every positive ¢ € € is the uniform limit of a sequence of positive
functions in €. (ii) £ contains the constants if and only if £ contains a positive function
¢ that is bounded away from zero.

Exercise 3.17* A continuous function 7 on a compact interval I can be  approximated
there uniformly by an increasing sequence of polynomials. Therefore if £ contains the
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constants then every ¢ € € is the uniform limit of an increasing and also of a decreasing
sequence in €.

Exercise 3.18% Let M > 0. The function ¢ — ¢ A 1 can be approximated uniformly on
[0, M] by an increasing sequence of positive polynomials that vanish at zero. For every
positive ¢ € £ there is therefore a sequence of positive functions in £ that increases
uniformly to ¢ A 1.

Exercise 3.19% Fix M >0 and ¢ > 0. (i) The function ¢+ 9 (t) % (t — )4 =t — (tAe)
is the uniform limit of both an increasing and a decreasing sequence of polynomials with
zero constant term. For every ¢ € £ the function (¢ — €)4 = ¢ — (¢Ae) is therefore the
uniform limit of both an increasing and a decreasing sequence in £.

(ii) The set Ego of E—confined functions in £ is a self-confining lattice ring uniformly
dense in £.

Exercise 3.20 Let 0 < a, M, e < co. There is a polynomial P(t) with zero constant term
such that for all ¢ € [0, M]

0< P(t) <t* and [t* — P(t)| <e.

[Hint: For o < 1 approximate at®~*AK by a polynomial and let P be its antiderivative.]

Exercise 3.21 Show that the finite linear combinations of functions of the form t +—
pa(t) =e**, t €[0,00), a > 0, are uniformly dense in the set Co[[0,00)] of continuous
functions on [0,00) that vanish at infinity. Deduce that the Laplace transform is one—
to—one — recall that the Laplace transform Lf of a continuous bounded function f :
[0,00) — R is defined by

Lfla) = /000 fe " dt, a>0.

Exercise 3.22 Let S be a compact space and £ a compler ring of complex—valued
continuous functions on S that separates the points of S and is closed under taking
complex conjugates.

(i) Show that every complex—valued continuous function f on S that vanishes where
every function of £ vanishes is the uniform limit of a sequence in £.

(i1) Show that the conclusion of (i) fails if S is not compact or if £ does not separate
the points or if £ is not closed under taking complex conjugates.

Another Version of the Stone—Weierstraf3 Theorem requires no assumption of
compactness, nor does the approximating class £ need to separate the points. We
shall not refer to the remaining material of this subsection in the main body, so
it may be skipped on first reading or altogether—it is meant for the compulsive
aesthetic.

The data are a set .S and a ring or vector lattice closed under chopping, of
bounded real-valued functions on S. In order to discuss this general theorem we
must introduce the £-uniformity on S. To this end note that for every ¢ € €

dy(z,y) = |o(z) — ¢(y)]

defines a pseudometric dy, on S: clearly, every d, is symmetric, dy(z,y) =
dy(y,x), and the triangle inequality dy(z,z) < dg(x,y) + dy(y, z) obtains. The
collection

D[] ={dy: ¢ €}



16 Review

of pseudometrics is called the £-uniformity on S. A function f on S with
values in some metric space with metric d is called £—uniformly continuous if
for every € > 0 there are a 6 > 0 and finitely many pseudometrics dg,,...,dg
in D[€] such that

de, (z,y) <9, ..., dg, (z,y) < imply d(f(z), f(y)) <e€.

n

Exercise 3.23 The uniform limit of a sequence of £-uniformly continuous functions is
E—uniformly continuous.

Exercise 3.24 Let E be another space equipped with a collection D of pseudometrics.
Define the notion of uniform continuity for a function f : S — E. Next let F be a
collection of uniformly continuous functions from S to E. Define the uniform closure F
of F and show that it consists again of uniformly continuous functions.

Theorem 3.25 (The General Stone-Weierstrass Theorem) Let S be a set
and £ a ring, or a vector lattice closed under chopping, of bounded real-valued
functions on S. Every real-valued &—uniformly continuous function f on S is the
sum of a constant and a function in the uniform closure € of &.

Proof. Consider the product of compact intervals

= [Tl ¢l -

oe€

A typical element of II is an “&E-tuple” {z4 : ¢ € £} with —||¢|l, < 24 <
lloll. V¢ € £. Under the product topology, II is a compact Hausdorff space. It
has a natural uniformity, given by the collection of “coordinate pseudometrics”

dy({zg: d € EY {yp: & € EY) = |y —yu|

one for every ¢ € &. The topology associated with this uniformity is clearly
nothing but the product topology. There is a natural map j : .S — II, to wit,

Soz{p(x): pc&}.

Let S denote the closure of j(S) in II. This is again a compact space (it is
called the Hausdorff completion of S). Let x,y € S be two points such that
j(x) = j(y). Then dy(x,y) =0 for all d, € DIE], and consequently f(z) = f(y)
for all uniformly continuous functions f on S. For every such f there is thus a
unique function f’ on j(5) such that

f=1foj.

It is easy to see that f’ is uniformly continuous on j(S). There is therefore a
unique uniformly continuous extension f of f' to S. Let & be the collection of
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functions qZA) : S — R, constructed from ¢ € £ in the way f is constructed from f.
This is clearly a ring or a vector lattice closed under chopping as the case may
be, and it separates the points of S. The Stone-Weierstraf3 Theorem 3.11 applies.
Suppose first there is a point z € S at which the functions ¢ all vanish. Then
fo = f f ( ) is the uniform limit of a sequence (¢,) in &£, and consequently
f= f o j is the sum of the number f(z) and the uniform limit of the sequence
(&n o7) in &. If there is no common zero z of g , the argument is even simpler. I

Corollary 3.26 A real-valued & umformly continuous function is bounded. It is
the sum of a constant and a function in €

Exercise 3.27 In the situation of Exercise 3.24, show that any £—uniformly continuous
function f from S to E has precompact range.

Exercise 3.28 Let £ be a self-confining ring or vector lattice closed under choppmg, of
bounded functions on some set S. We know from Exercise 3.19 that £gq is a lattice ring.
Show that every ¢ € £go is the uniform limit of some sequence (¢,) in £ all of whose
members are confined by the same function ¥ € £. In other words, ¢ is the “confined
uniform limit” of a sequence in £.

I.4 The Riemann Integral

The most frequently encountered construction of the Riemann integral is this:
First of all, one attempts to integrate only functions f that are bounded and
vanish outside some bounded interval (a,b]. Let us call F# their collection. Given
f € F*, partitions

P={a=xzp<x1 <23<...<xy=>0}

are invoked to define the upper and lower Riemann sums

U(f;P)= Z ( sup f(x)) X (; — xi-1) and

i—1 Ti_1<x<x;

L(f;P) Z( inf f(x)) x (zi — Ti_1) .

‘ zi1<x<xz;
1=1

(4.1)

The prospective integral of f should clearly lie between these two numbers, and
thus between the upper and lower Riemann integrals of f, which are defined as

i
/f:inf U(f;P) and /hfzsup L(f;P) , (4.2)
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respectively. The infimum and supremum are taken over all possible partitions P
of the interval (a,b]. There may be functions f for which f " f# fh f, in which case
there is doubt what the integral of f should be. If, however, these two numbers
agree then there is no doubt:

Definition 4.1 The function f is Riemann integrable if fh =/ d f, and the
common value is the integral of f, denoted variously by

/f(x) dx or /f(:r) A(dx) or /fd)\ or simply by /f.

The intuition behind this is, of course, that U(f;P) is the integral of a step
function ¢ majorizing f and L(f;P) that of a step function ¢ below f. Namely,

=y [sup{f(z) @i <x<a} forwe (vq,m],i=1...n,
¢(x) {0 elsewhere

and

_ finf{f(x) 2z <x<a;} forxe (vig,a],i=1...n,
9() {0 elsewhere.

Since ¢ < f < ¢, the integrals of these three functions should satisfy the same

order relation, to wit,
/ 6 < / f< / .

In other words, the requirement that the prospective integral respect the order
—the larger the integrand the larger its integral—forces the conclusion that the
maximal and minimal possible values of [f are

i
/ = inf{/qb : ¢ a step function > f} and
(4.3)
/f = Sup{/(b : ¢ a step function < f}, respectively.
i

If the two numbers on the left in (4.3) disagree then there is doubt how [ f should
be defined; we sadly discard f as non—integrable. If they agree there is no doubt;
we call the function f integrable and define the integral as the common value of
fh f=/ "f. We shall denote by £" [R] or L% the collection of Riemann integrable
functions.

To make all this precise we should define what a step function on the line is.
Definition 4.2 A function ¢ : R — R is called a step function on the line if

there exists a partition P = {xg < 1 < 23 < -+ < x,} of the line such that ¢
is constant on the intervals (x;—1,x;], it =1,...,n, and zero outside their union
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(x0,xn]. Any such partition — and there are many in general — will be called
a partition for ¢. The collection of all step functions on the line is denoted

by E[R].

Proposition 4.3 The step functions E[R] form a lattice ring of bounded functions.
For every step function ¢ there is another step function ¥ confining ¢, meaning
that ¢ vanishes outside the set [t > 1]. In the terms of Definition 2.16, E[R]is
self-confining.

The elementary integral ¢ — f @ is a linear and positive map from E[R]
to the reals — to say that ¢ — [¢ is positive means that ¢ > 0 implies [¢ >0
and has the evident consequence that [ is increasing: ¢ < ¢' implies [¢ < [¢'.

Proof. Let ¢, ¢ be step functions and P, P’ partitions for them, and let r, 7" € R.
The union of P and P’ is a partition Q for both ¢ and ¢’. It is obvious that
ro+1'¢, ¢, AP, ¢V ¢, and ¢ A1 are constant on the intervals of Q
and zero outside their union and thus are step functions. For the next statement,
let ¢ be the (indicator function of the) set [¢ # 0], which belongs to E[R]. The
last statement is left to the reader. S |

Remark 4.4 We chose half-open intervals of the form (a, b] for the intervals of constancy
of a step function — this is the usual convention. It is possible to choose intervals of the
form [a,b) instead. One must, however be consistent. Allowing intervals of both or other
forms leads to very messy arguments in Proposition 4.3.

The Definitions (4.2) and (4.3) of the upper and lower integrals look different but produce
the same numbers (see Exercise 4.9 and Exercise 4.11). The first of them obscures the
functionality of the definition of the integral through the requirement of preservation of
order by insisting that the estimating lower and upper step functions are optimal given
their partition; this is really a side issue concerning efficiency of computation.

Let us collect in one spot the pertinent properties of the upper integral:

Proposition 4.5 The Riemann upper integral is

(i) positive-homogeneous: fhr f=r- ft' Vr e Ry, Vf e Fi;
(ii) subadditive: fh(f—f—f’)ﬁfhf-l-fhf' Vf, fle Fo
(ii4) increasing: 0<f<f = fhf < fhf' Y, f € Fb,
(iv) and majorizes the integral | [ ¢| < fb\¢| Vo € ER] .

Proof. (iii) and (iv) are obvious. (i): Let fhf < 8. Then there is a ¢ € &
with f < ¢ and [¢ < s. Then r¢ € € majorizes rf and has integral r [¢ < rs.

Thus fhrf < rs, and consequently fhrf <r fhf — see Exercise 2.3 on p. 4. The
reverse inequality follows from applying the previous one to f/r: [ d =7 s f/r<
T- fhf/r; replacing r by 1/r yields rfhf < fhrf as desired. In case r = 0 there
is nothing to prove.
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(ii): Understanding well the very simple argument that leads from the additivity of
the integral on the elementary functions to the subadditivity of the upper integral
on all functions will take any mystery out of the future development.

Suppose s is a real number strictly exceeding [ d f+/ d f'. Then there exist step
functions ¢ > f and ¢/ > f" with [¢+ [¢/ < s. Now ¢+ ¢ is a step function
majorizing f + f’, and the additivity of [ on & gives

/h(f+f')</(¢+¢')=/¢+/¢’<s.

Hence fh(f +f) < fhf + fhf', as claimed (use Exercise 2.3). S |

Additional Exercises

Exercise 4.6* (i) A set A belongs to E[R] if and only if it is the finite union of half-open
intervals of the form (a,b], i.e., A = Ule(ai, b;]. Of the many representations of A in
this form there is one where the intervals (a;, b;] are disjoint and non—adjacent, and this
representation is unique. We call it the minimal representation of A.

(ii) The collection A[R] of sets in E[R] is closed under taking finite unions, finite dif-
ferences, and relative complements. (A collections of subsets of some set that has these
three closure properties is called a ring of subsets — this notion is discussed in detail in
Proposition I1.2.13.)

(iii) &[R] consists exactly of the linear combinations of functions in A[R] (Convention
2.6 on p. 6) — we say A[R] linearly generates £[R] —, and the elementary integral is
the unique extension by linearity of its restriction to A[R]. This restriction is denoted
by A and is called Lebesgue measure on A[R].

Exercise 4.7 A function ¢ : R — R belongs to £[R] if and only if it is left—continuous,
has only finitely many values, and vanishes outside a bounded set.

Exercise 4.8 Define the notion of a partition of the plane R? into half-open rectangles
(a,b] x (zc, d]. Use this to define step functions £[R?] and define the elementary integral
J : E[R?] — R. Redo Exercise 4.6 for this situation, and develop the Riemann integral
in the plane this way.

Exercise 4.9 Prove that the two Definitions (4.1) and (4.3) of jhf and [,f do, indeed,
coincide. Then show that [.f = —[*(=5).

Exercise 4.10 (i) Define the notion of negative-homogeneity and of superadditivity. (ii)
Show that [ is positive-homogenous, increasing, and superadditive.
(iii) Show that neither [* nor fh are negative-homogeneous.

Exercise 4.11 In many Calculus textbooks, the maxima and minima in the definition (4.1)
of the upper and lower Riemann sums are extended over the closed intervals [z;—1,z]
instead of the half-open ones, thus “counting the values of f at the endpoints z;_1
twice.” Prove that this does not affect the values of fhf and fhf in (4.1).

Exercise 4.12 Compute fbf for f(z)=(0,1](x) €e”.
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I.5 An Integrability Criterion

Now that the Riemann integrable functions have been identified, the next task
is, as the reader remembers from the Calculus, to establish the properties of the
integral: linearity, positivity, limit theorems, etc. It will become clear in Section 6
that they are entirely due to the structure of £ and to the properties of the upper
integral [ T listed in Propositions 4.3 and 4.5. The task will be facilitated greatly
by the integrability criterion of the present section.

The definition of integrability given in the previous section is intuitive enough,
reflecting as it does the order properties we expect from the integral. Evidently,
an integrable function f is rather close to being a step function, since it can be
squeezed arbitrarily closely by the latter. The following proposition will lead to a
precise formulation of this somewhat vague statement.

Proposition 5.1 Let f be a function in ]—'h The following are equivalent:
(1) f is Riemann integrable — i.e., o < ff = [f <+4o0;

(ii) For every € > 0 there is a step function ¢ such that f |f — | <e;
(iii) There exists a sequence (¢py,) of step functions with

h
Tim [ 1f = ¢a] =0. (5.1)

In this case, for any sequence (¢p) of step functions satisfying (5.1),
/f:1m1 b -
n—oo

Proof. (i)=(ii): Given € > 0, one can find step functions 9,5 with ¢ < f < ¢
and [¢— [¢ <e. Then

f=¢l =f-90 < o—0.

Since [(¢—¢) = [¢— [¢ < €, we have fh|f—g5| < € by the very definition of fh.
(ii) = (i): Assume that [ g |f — ¢| can be made arbitrarily small by the choice of a

step function ¢. Given e > 0, we can then find one such that fh|f —¢| <€/2. By
the definition of the upper integral, there is a step function

p=>|f—¢l with /}<dl

Then ¢=¢—p<f, d=¢+p>f, and

/?S/hfﬁ/hfS/EZ/Q+2-/p</Q+e.
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Thus fh fand [ t f cannot differ by more than €. Since € > 0 was arbitrary the

numbers fh f and [ d f agree, and f is integrable as claimed.
(ii) and (iii) are clearly but restatements of each other. The last claim follows
from the following consequence of the subadditivity, which is left for the reader to

establish: }/hf i /hf,
1= [ou=|[1- [on

Let us attach to every function f € F% a number ||f||* reflecting its size by

b
nﬂw:/ﬁﬂ,

and use it to measure the distance of two functions f, ¢ from each other via

b
g/%f—ﬁ|. (5.2)

Indeed, then

</h|f—¢>n|m0. _

1f = oIl -

Conditions (ii)—(iii) express the idea that for f to be Riemann integrable it must
be approximable by step functions in the sense that the distance of f from the
collection & of step functions, i.e., the infimum of the distances

||f7¢||h7 (]565,

is zero. The measure ||f||® of the size of f is different from | f||, and from other
ways of attaching a size to a function f, but it has the virtue of being adapted to
the problem at hand. What matters in the present context is not the maximal value
of |f| but the infimum ||f||® of the integrals of step functions exceeding |f|. This
is common practice; for example, an investor interested in long—term investment
will measure the merit of a stock’s performance by its growth, one whose interest
is in cash flow by its annual yield. In fact, it is a most fruitful device in the modern
analysis of functions — for instance in the theory of differential equations — to
start by assigning functions a size that reflects their utility for the problem at
hand. The utility of || ||* for integration lies in that it majorizes the elementary
integral:

[[o] < ter VoeE.
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Definition 5.2 The functional® || ||* on F* is called the Jordan mean, after the
French mathematician Jordan who first employed it. A sequence (f,) of functions
in F9 is said to converge in Jordan mean to the function f if

Tim [|f = falP =0

The integrability criterion 5.1 at the beginning of this section may then be
rephrased thus: The function f is Riemann integrable precisely if it can be approx-
imated arbitrarily closely by step functions ¢ € £, in Jordan mean; and if (¢,)
is any sequence of step functions so approximating f, then [f = lim, .o [¢y.
The reader having some background in topology sees that this means but the
following: £! is the closure of £ in F? with respect to the pseudo-metric
dist(f, ¢) = || f —&||?, and the Riemann integral is the unique continuous extension
of the elementary integral.

The properties of the Riemann integral are all consequences of the structure
of £ and of the following four properties of || ||*, which are evident from Propo-
sition 4.5 on p. 19.

Proposition 5.3 The Jordan mean || ||* is

subadditive: If+ % <A1+ 105
absolute—homogeneous: H?”th = |7“|||th ;

and solid: < 1gl = IFIIF < llgl".

It majorizes the integral: | [ < [IFI<IfIF YV fecLh.

1.6 The Permanence Properties

The reader remembers from the Calculus that one does, in practice, rarely check
a given function f for integrability by applying the original definition or even a
criterion such as Proposition 5.1. Rather, one tries to see that f can be obtained
from functions known to be integrable by algebraic, order—, or limit—operations,
or by other explicit constructions that are known to preserve integrability. The
list of such operations and constructions constitutes the “permanence properties
of the integral.” The permanence properties of a notion are, as a rule, closer to its
nuts-and-bolts applications than is its definition 3.

2 A functional is a function whose arguments are functions or elements of some “abstract vector
space.”

3 Tt is possible to imagine a student who, without understanding the notion of a derivative,
coasts successfully through his Calculus course by merely memorizing and applying its perma-
nence properties: sum rule, Leibniz’ rule, chain rule etc., plus the derivatives of a few functions
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Exercise 6.1 Recall the definitions of continuity and of differentiability. How do you know
that the function = — e~ !*! is continuous? How do you know that a power series yields a
continuous function? How do you know that x — arctan(z? + 2*) is differentiable? List
the permanence properties of continuity and of differentiability.

Here is a simple permanence property of the Riemann integral:

Theorem 6.2 If the sequence (f,) of Riemann integrable functions converges in
Jordan mean to f then f is Riemann integrable and

[r=tm [5..

Proof. For every n € N find ¢,, € £ with || f,, — ¢n||* < 1/n. By the subadditivity
of || %,

”f*(anh S ”f*fn”h + ”fn 7¢th < ”f*fn”h +1/” mO,

so f is integrable. Since | ||* majorizes the integral,
[ [al< [ir= sl <15 = gl 0.
Therefore [f =lim [¢, =lim [ f, as claimed. N |

The Algebraic and Order Permanence Properties of the Riemann integral get
our attention first. There are seven listed in the following theorem. The proof is
the same for every one of them and makes use only of the structure of the step
functions as a lattice ring of bounded functions (Proposition 4.3) and of the fact

that || ||* is subadditive, absolute-homogeneous, and solid (Proposition 5.3). We
carry it out in detail, since it applies literally also to the Daniell mean || [|* of
Chapter II.

Theorem 6.3 Let f, f' be Riemann integrable functions and let r be a real num-
ber. Then f+ f',rf, fVF, FAFIfl, fAL, and f- f' are Riemann integrable.
In other words, the space L5(R) of Riemann integrable functions is a lattice ring
of bounded functions.

Proof. We start with the sum. For any two functions ¢, ¢’ € €

(f+f)—(o+&)<|f—o|+|f —¢'|, andso
I(fF+F) =@+ DNE<f — ol + IF — &)

like x — x, cosz, sinx, expxz, Inz. As a matter of fact, I have heard from students who
accused their instructor of being “theoretical” when he explained the derivative where simple
memorization would do. An accomplished mathematician doing hard—core estimates of singular
integrals (whatever that is), will rarely use directly his definition of the Lebesgue integral, which
he understands very well, but rather apply its permanence properties.
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Since the right—hand side can be made as small as one pleases by the choice of ¢, ¢’
so can the left—-hand side. This says that f + f’ is integrable, inasmuch as ¢ + ¢’
belongs to £. The same argument applies to the other combinations:

((rf) = (r) < Irllf — ¢l

(FV )= (v <If = ¢l +If — ¢

(fANF) = @A <|f—ol+1f =&
Il =loll < |f — 9l ;
fAL=¢ A1 <|f =9

((F- ) =@ <IfIf =& +1lf = ¢l
<l 1f = &N+ 116l 1f — 01
These inequalities are true for all functions f, f’,¢,¢’ and scalars r. We ap-

ply || ||* to them and obtain, using only the subadditivity, absolute-homogeneity,
and solidity of || ||,

1(rf) = ro)lI* < [rlllf — ol ;
IV Y =@V <If—ol*+ 1 — ¢l
IFALY = @AIE<If = olF+ 11 = ¢l
]
111 = 1lI" < 1 = &lI* ;
IfFAL=ATJF < If = ¢l ;
G- £ = @ NE <Nl 1F = & NF+ 19 - (1 = @11 -
Given an € > 0, we may choose functions ¢, ¢’ € £ so that the right—hand sides are
less than €. This is possible because the functions f, f’ are integrable and shows
that the functions rf, f V f’,... are integrable as well, inasmuch as the functions
rg, ¢V ¢, ... appearing on the left belong to £.

The last case, that of the product, is marginally more complicated than the others.
Given € > 0, we choose first ¢’ € € so that

i < _
I = ¢ < 7

using the fact that the function f is bounded. Then we choose ¢ € £ so that

el — ¢
1= o= sy -

Then again ||f - f' — ¢ - ¢'||* < ¢, showing that f - f’ is integrable, inasmuch as
the product ¢ - ¢’ belongs to £. ]

Exercise 6.4 The extended integral [ : Lf(R) — R is linear and order preserving.
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Theorem 6.3 does not allow us to construct any new integrable functions.
For example, if f,f" € £ then f A f’ is integrable all right, but this is nothing
new since & itself is closed under taking finite infima. So Theorem 6.3 by itself is
not particularly useful. We have included it mostly for its proof, simple as it is.
Subadditive, absolute-homogenous, and solid gauges for the size of functions recur
throughout integration theory; the proof above applies literally to all of them and
yields the same algebraic and order permanence properties for function classes
defined with their aid.

The Permanence Property Concerning Limits is the main source of new
Riemann integrable functions:

Theorem 6.5 (The Dominated Uniform Convergence Theorem) Let (f,) be
a sequence of Riemann integrable functions and assume that

(i) fn s [ uniformly, and
(11) |fn| < g for some integrable function g and all indices n.

Then (fy) converges to f in Jordan mean, f is integrable, and [ f =lim, oo [ fn.

Proof. Since every Riemann integrable function is majorized by a step function we
may as well assume that the dominating function g itself is one of the latter. By
Proposition 4.3, there is a positive step function 1 > 0 such that g, and then all
the f,, vanish off the set [¢) > 1]. The domination condition is thus stronger than
it looks at first: It forces the f, all to vanish off a common simple set [¢) > 1], or
to be confined by 1, as we might say. This implies the order relation

|f_fn‘ S'L/) Hf_anuv

and we can use the solidity of || ||" to conclude that

1f = fall* < O1° - (1 f = fallu 750 0 -
The claim follows from Theorem 6.2. I |

Exercise 6.6 The conclusion fails without the domination condition or if (f,) converges
merely pointwise. It fails even when the convergence is uniform and the limit function f
is £[R]-confined.

The only new integrable functions produced from step functions by the
theorem are dominated uniform limits of step functions*. Yet it yields one of
the main results of the Calculus — its proof is left as an exercise:

Corollary 6.7 A continous function of compact support is Riemann integrable.

4 There are more: see Exercise 6.16.
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Supplements and Additional Exercises

Exercise 6.8 If f is Riemann integrable and if f’ is a function that differs from f in
but finitely many points then f’ is Riemann integrable. Thus any bounded interval is
Riemann—integrable, and a step function whose steps are any kind of interval is Riemann
integrable. (Note that Theorem 6.3 again does not produce new integrable functions when
applied after this result; the step functions over arbitrary intervals already form a ring
and vector lattice closed under chopping.)

Exercise 6.9 A piecewise continous function of compact support is Riemann integrable.

Exercise 6.10 It is not usually shown in the Calculus that the infimum and the product
of two Riemann integrable functions is again Riemann integrable. Why not?

Exercise 6.11 Let f be Riemann integrable and let ¢ : R — R be a continuous function
with ¢(0) = 0. The composition ¢ o f is Riemann integrable.

Exercise 6.12 Let (a,b] be a bounded interval on the line and ¢ a continuous function
on (a,b] that has a limit at a. The function that equals ¢ on (a,b] and equals zero
elsewhere is Riemann integrable.

Exercise 6.13* Let f be a function on the line, and a < b. One says f is Riemann
integrable on (a, b] if the function f-(a,b] = f-1(4,4 is integrable. In this case fab f(z)dzx
is defined as the integral of that function: fab f(x)dz X [ f(z)-(a,b](x) dz.
(i) Show that f - (a,b] is Riemann integrable if f is continuous on [a,b]. Show that this
may fail to be true if f is merely continuous on (a, b].

Assume henceforth that f is continuous and bounded on the line.
(ii) Show that b+ F(b) = [ f(z)dz is continuous and differentiable.
(iii) Prove the Fundamental Theorem of Calculus.

Exercise 6.14 Let f be Riemann integrable. Given an € > 0 one can find continuous
functions ¢, ¢ of compact support with ¢ < f < ¢ and [(¢ —¢) <e.

A subset N of the line is called Lebesgue—negligible if for every € > 0 there
is a countable collection of open intervals (a,,b,) such that

N C U(an,bn) and an—an <e€.
n n

N is then also called a set of Lebesgue measure zero.
Exercise 6.15 The union of countably many negligible sets is negligible.

Exercise 6.16 A function f is Riemann—integrable if and only if it satisfies the following
three properties: (i) it is bounded; (ii) it vanishes outside some bounded set; and (iii) it is
continuous except possibly in the points of a Lebesgue—negligible set. (This aesthetically
pleasing integrability criterion has little practical value.)
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1.7 Seminorms

These are devices to measure the size of functions or of elements of abstract vector
spaces. They are most useful tools in Analysis. We have met already two of them:
the uniform norm | |, and the Jordan mean | ||%. In fact, it is the theme of
these notes that the main ingredient in Lebesgue’s integration theory is the clever
choice of a seminorm. It is time to give a precise definition of this notion:

Definition 7.1 Let F be a vector space. A functional || || : F — Ry that attaches
a real number ||f|| >0 to every element [ of F is called a seminorm if it is
(i) subadditive: I+ I<NA+NFN Y eF

(ii) and absolute—homogeneous: Ilr-fll=Irl-Ifll YreR,VfeF.

It is called a norm if || f|| =0 only for f =0. The pair (F, | ||) is called
a semi—normed or normed vector space, accordingly.
Given a seminorm || ||, a sequence (f,) in F is said to converge to f € F
(in the sense || || ), if |f — full 5= 0. In that case f is the || ||-limit of (f,).
The statement “(f,) converges” means that there exists a limit f € F to which it
converges in the sense of the seminorm.

The sequence (f,) in F is called a Cauchy sequence if

sup || fm — full =52 0 -
m,n>N

The seminormed vector space (F, | ||) is complete if every Cauchy sequence has
a limit in F. A complete normed space is a Banach space.

The next exercises practice some simple arguments that everyone should do
once in his or her life.

Exercise 7.2* The subadditivity (i) is also called the triangle inequality. It has the
consequence that the seminorm is a contractive map from F to R: for any f, f' € F

AT =10 < 11F = £ -

Exercise 7.3 A convergent sequence in a seminormed space may have several limits.
Describe them. A convergent sequence in a normed space has exactly one limit.

Exercise 7.4 A Cauchy sequence in a seminormed vector space converges if and only if
it has a convergent subsequence.

Exercise 7.5 A sequence (f,) in a seminormed space (F, | ||) is summable if the
sequence of partial sums . _, f, converges; if so, the limit is denoted by > 77, fn.
The sequence (f.) is absolutely summable if the seminorms ||f,|| form a summable
sequence of reals: > > | || fall < co. Show that (F, || ||) is complete if and only if every

absolutely summable sequence is summable.
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Exercise 7.6* Let (£, || ||) be a seminormed space. The set N = {f € L : ||f|| = 0}
is a vector subspace of £. The quotient L = £L/N is a normed space under a suitably
defined “quotient norm.” L is complete if and only if £ is.

The next few exercises are meant to convince the reader that he is already
familiar with some (semi)norms and that he is adept at handling them and at
contriving new ones.

Exercise 7.7 Whatever the set S, the set F3[S] of bounded real-valued functions on S
is a vector space under pointwise addition and scalar multiplication, and || |l. is a
norm on Fu[S]. Moreover, (F[S], || |l«) is complete. The normed spaces (Cy[R], || ||«)
and (Co[R], || ||u) are complete, while the spaces (Cy°[R], || [lu), (Coo[R], | [lu), and
(CRIR, || Jlu) are not.

Exercise 7.8 (i) || || is a seminorm on £? but not a norm. (i) Is (£%, || ||*) complete?

Exercise 7.9 For & = (z1,...,zn) € R" set |x|i =Y, 2], ||lz]2= \/ZZ Lz,
and H:I:Hoo = supj_, |zi|. These are norms on R™. Note that the spaces (R",| |1 )
(R™, || ll2), and (R" Il o) all differ as normed spaces, yet have the same underlymg
vector space R™ and topology.

Exercise 7.10 For x € R™ and 1 < p < oo set ||z|, = (Z |x1|p)1/p || ||, is a norm
on B", and || < el < 2], < 2]i < nflzfle for 1<p<q<oco.

Exercise 7.11 For z € R" and 1 < p < oo set |zl = (X2, |a:i|p)1/p and let
P = {x : ||z||, < co}. Show that (¢7,] ||p) is a Banach space. Show that ¢% C ¢4
for 1 <p<qg<ooand # # £? for p # q. (These sequence spaces were introduced by
M. Riesz in 1906 and are called the “little /P —spaces.”)

Definition 7.12 Let (F, || ||) be a seminormed vector space and £ a subset of F .
The closure £ of £ is the collection of all f € F that can be approximated
arbitrarily closely by elements of &, i.e.,

E={feF: Ve>0 Fpec& with|f—o| <e}.

The set £ is dense in F if its closure is all of F. F is separable if it contains
a countable dense set.

Exercise 7.13 € = £. If £ is a vector subspace of F then so is £.

Exercise 7.14 The space ¢? is separable for 1 < p < oo, but £°° is not.

Exercise 7.15% The spaces (Co[R], || ||«) and (L%[R], || ||) are separable.

Exercise 7.16* The space Coo [R] of continuous functions of compact support on the line

is dense in (L%[R], || ||*). So is the space C§S[R] of infinitely often differentiable functions
of compact support.

The next exercise exemplifies the typical use of seminorms in Analysis. An
instance of it is Section 5, and the industrious reader should merely transport the
arguments there to the present “abstract” setting:

Exercise 7.17* Let (F, || ||) be a seminormed vector space and £ a vector subspace
of F. Let I : £ — R be a linear map majorized by the seminorm; that is to say
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[1(¢)] < ||#] V¢ € E. Then there is a unique linear map I : £ — R which is still
majorized by the seminorm and agrees with I on £. It is called the extension under
the seminorm || || . Next show that this remains true if the range space (R,| |) of I is
replaced by any Banach space (F, || ||).

Every single one of the seminorms and norms discussed in the previous
exercises was solid in the following sense:

Definition 7.18 A seminorm || || on a vector space F of functions is called solid
if [f1 < gl implies | fIl < llgl-

Making this definition is not meant to intimate that most seminorms are solid;
in integration theory, though, the naturally occurring seminorms are, and their
solidity plays a fundamental role.

Supplements and Additional Exercises

Exercise 7.19 Let (F, || ||) be a seminormed vector space and F : F — R a function.
Define the notions of continuity of F' at f € F and of uniform continuity of F'. Show that
the uniform limit of a sequence of uniformly continuous functions is uniformly continuous.

Exercise 7.20 Prove that the Fourier transform is one-to—one. (Recall that the Fourier
transform Ff of a continuous Riemann integrable function f : R — R is defined by

Ffla) :/700 f(x)e ™ dz, a €R )

The following project tests the comprehension of this chapter by way of a
generalization that was originally carried out by Jordan.

Project 7.21 Let S be any set, £ a ring and vector lattice closed under chopping of
bounded functions on S, and [: ¢ — [¢ € R an increasing linear map on E. Such
a pair (€, [) is called a positive elementary integral on S. Assume also that € is self-
confined (see page 8).

(1) Develop the Riemann integral of (€, [) and establish its permanence properties.

(ii) As an example treat the Riemann integral on R? and on R™.



Chapter 11

Extension of the Integral

Historical Note. Riemann introduced his integral in the context of Fourier series.
It happens in numerous contexts, from engineering to number theory, that one
wishes to write a function f defined on the interval (—m, 7] as a superposition of
simple trigonometric functions:

oo
a
fla)==2 4 Z ap, cos(nz) + by, sin(nz) | (1)
2
n=1
i.e. as a Fourier series. The reader might well have come across them in advanced
Calculus or in a course on differential equations. The problem is to determine
which functions can be represented as in Equation (1); in which sense they are
so represented, that is to say, in which sense the partial sums, the trigonometric

polynomials
a N
In(r) = =2+ Z a, cos(vr) + by, sin(vx)
2 v=0
converge to f as N — o00; and then to find the coefficients a.,, b, . Assume for

argument’s sake that the fy converge, say pointwise, to f. The coefficients should
then be given by

1 [ 1 [
ap = — f(x)cos(nz)dxr and b, =— f(z)sin(nzx) dz . (2)
FIy - 7 -
The reason is this: for N > n
fn(z) - cos(nz) de = wa,, and fn(x) -sin(nz)dx = wb, . (3)

This follows from the well-known orthogonality relations

/ " cos(v) cos(nz) dx = / " sin(ve) sin(nz) dz = {0 v

T ifv=n

—Tr —Tr

and / cos(vz)sin(nz)dz =0 .

—T

K. Bichteler, Integration — A Functional Approach, Modern Birkhéuser Classics,
DOI 10.1007/978-3-0348-0055-6_2, © Birkhduser Verlag 1998
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If we let N — oo in Equation (3), the integrals tend to
f(z)cos(nx)dx and f(z)sin(nzx) dx |

respectively. Voila.

This argument uses a theorem about the interchange of limit and integral that
does not exist! What we need here is a theorem like this: “If (f,,) is a sequence
of integrable functions that converges pointwise to f then f is integrable and
[ fn s [ f7 As mathematicians in the late 19" century were looking for
results of this nature, it became soon clear that any theorems one might conjecture
and that would really help are simply not true (see Exercise 1.6.6). Lebesgue cut
the Gordian knot in 1902 by proposing a notion of integral that encompasses
Riemann’s and features limit theorems strong enough to advance the theory of
Fourier series considerably. For example, the limit Theorem 1.6.5 stays, even when
uniform convergence in (a) is replaced by mere pointwise convergence — this
is Lebesgue’s celebrated Dominated Convergence Theorem (DCT). (The theorem
quoted at the beginning of this paragraph is not true in his theory, though, without
the domination condition (b); there exists no notion of integral for which it would
be.) The DCT produces vast numbers of new integrable functions, namely, the
pointwise limit of any dominated sequence of functions that have been shown to
be integrable. In fact, good limit theorems go hand-in-hand with abundance of
integrable functions.

Our strategy — or rather Daniell’s strategy — towards an integral extension that
provides more integrable functions is to replace Jordan’s mean || ||* with a smaller
semi-norm || ||*, Daniell’s mean, that still majorizes the elementary integral; this
makes it easier for a function f to be approximable by step functions: f may be
such that || f —¢[|* > 1 for all ¢ € £, yet there may be a sequence (¢,,) in € with
If — énll* — 0; f is then not Riemann integrable, yet is integrable in the new
sense.

Daniell’s constructlon of || ||* is quite similar to that of || ||". The Riemann
upper integral f is simply replaced by a better suited one, the Daniell upper
integral [*. The Damell mean || ||* is then defined by ||f||* = [7|f], just as || ||*
was defined by || f||* = f | f], and from there we proceed as in the previous chapter.
Not only will || ||* be finite on some functions that are unbounded or have
unbounded support — thus subsuming, for instance, positive improperly Riemann
integrable functions into the theory —, functions much wilder than Riemann
integrable ones can be approximated by step functions in the sense of || [|*. In
fact, the closure of the step functions under Daniell’s mean | ||*, the new class
of integrable functions, is so rich that it is quite hard to exhibit a function not in
t (Section 8).

Daniell’s seminorm || ||* is again solid and majorizes the elementary integral.
It has an additional continuity property that Jordan’s seminorm || ||® does not
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share: for every sequence (f,) of positive functions,

IS £l < DMl (CSA)
n=1 n=1

This is reasonably called countable subadditivity. It is the countable subaddi-
tivity of || ||* in conjunction with the other properties that leads to the beautiful
limit theorems of Lebesgue’s integral.

It turns out that countably subadditive solid function seminorms arise in
other contexts, not necessarily from Daniell upper integrals, so that the limit
theorems are available for them, as well. We shall make it a point to state in every
section which properties of || ||* are actually used in the proofs. This will allow
us later to invoke the results for means such as the p—norms, without having to
prove them again.

I1.1 XY-additivity

Before revamping Riemann’s theory of integration with all its intuitive appeal one
would try, of course, to prove limit theorems better than the Dominated Uniform
Convergence Theorem 1.6.5. One might imagine that the next result was discovered
this way. It is an extremely modest result, applying as it does only to a sequence
of step functions whose pointwise and monotone limit is a priori known to be a
step function again. Yet the whole development of the Lebesgue integral rests on
it.

Lemma 1.1 (i) Let (¢,,) be an increasing sequence of step functions on the line
whose pointwise supremum is again a step function ¢. Then

liran/gbn:/liranan:/qS.

(ii) Let (6,) be a sequence of positive step functions on the line whose pointwise
sum exists and is a step function ¢ again. Then

zn:/an:/zn:an:/gb.

(iii) Let (1) be a decreasing sequence of step functions with pointwise infimum
zero. Then

/wnmo.
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Proof. These three statements are in a trivial way consequences of each other: if
(iii) is true then we apply it to the sequence (¢ — ¢,,) and obtain (i); (i) applied to
the sequence of partial sums »_'_, §, yields (ii); and (ii) applied to the decreasing
sequence (¢, — ¥, y1) says that

I i/wy ) = h;;nijl/wy ~ ) = [r—tim [

and implies [, 77550 0.
So we prove (iii). Let € > 0 be given and let (—M,M] be an interval
containing the carrier [¢); > 0] of ;. All the 1, vanish off this interval. Let

xh,... ,x{z(n) be the points where 1, jumps, n =1,2,---, and consider the open
sets
n I(m)
= U U (xf —e2 mTT2 gl 4 e2mmTim2)
m=0 =1

They clearly increase with n. Next consider the sets
U, =B, U, <€ .

These sets are again open. For if x € B,, then B, itself is a neighborhood of =
contained in U, ; and if « € U,\B,, then v, does not jump at z, so that ¢, < e
in a whole neighborhood of x. The sets U, clearly increase with n. Their union
is the whole line. For if z € R then x € [¢),, < €] C U,, provided the index n is so
high that v, (z) < e. Such indices exist since 1, (x) |n—oo 0. There will exist an
index N such that Uy contains the compact set [—M, M]. Thus for all n > N

[~M, M] C [hn < ] UB, , (1.1)
n I m)
where U U _ 62_m_i_2, l‘in + 62_m_i_2]
m=0 =1

is a set of E[R] slightly bigger than B, . Equation (1.1) says that ¢, < € off B,
for n > N. Now B,, is a set of measure less than

i i27"7i716 =c.

n=0 i=1

The set G, = (—M, M]\B,, belongs to E[R], and 1, = Gy, - thn + By - ¥y, . Thus

/wn dx—/ U (x da:—i—/ n(x

< EA(G) + e sup i (x) < e-(M + i)

for n > N. Since € > 0 was arbitrary, (iii) follows. 1
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Statement (i) is commonly paraphrased as “the elementary Riemann integral
is o—continuous,” and statement (ii) as “the elementary Riemann integral is o—
additive.” (The prefix o— connotes countable behavior in increasing circumstances.)
Statement (iii) can be read as saying “the elementary Riemann integral is 06—
continuous at zero.” (The prefix §— connotes countable behavior in decreasing
circumstances.)

Exercise 1.2 Properties (i) — (iil) are equivalent with o—continuity at zero.

Lemma 1.1 is a rather modest limit result. Yet it is fair to say that Lebesgue’s
theory amounts to parlaying it into most satisfying limit theorems for his new
extension of the integral.

I1.2 Elementary Integrals

It was soon noticed that Lebesgue’s methods cover not only the integral on the
line, but also the integral on the plane or on R™. They make use only of the fact
that the step functions E[R] form a lattice ring and that the “elementary integral”
[ : E[R] — R is linear, positive, and o—additive. They do, in particular, not rely
on the nature of the “elementary functions” in E[R]. In other words, they apply
to the general positive o—additive elementary integral:

Definition 2.1 (i) An elementary integral is a pair (£,m) consisting of a lattice
ring £ of bounded functions on some set, and of a linear map

m:€E—R.

The functions in € are the elementary integrands or elementary functions.
If we need to refer to the set on which they live, we call it the ambient set. The
linear map m by itself is — in slight abuse of the language — again called the ele-
mentary integral. It is sometimes convenient to write [ ¢pdm or [ ¢(x)m(dx)
for m(o), or even simply f ¢ if there is no doubt which linear map m : £ — R is
meant:

m(o) = [odm = [ o@ymids) = [ o. bee.

The letter \ is reserved for the Lebesgue integral. Whenever we want to stress
that we are in the particular context of the usual integral on the line we write
(ER]LA), (ER], [ dz), (ER], [ d\), (E[R], [ A(dz)), and talk about the elemen-
tary Lebesgue integral.

(i) The elementary integral (€,m) = (€, [) is positive if 0 < ¢ € £ implies that
0 <m(e) or, equivalently, if [ ¢ < [+ for ¢ < in E.
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(i) The elementary integral (€, [) is o—additive if

[¥6=%[a

for every sequence (8,,) of positive elementary integrands whose pointwise sum
exists and is an elementary integrand — the proof of Lemma 1.1 shows that this
s equivalent with Jd—continuity at zero, and also with o—continuity: for every
increasing sequence (¢n) of elementary integrands whose pointwise supremum is
again an elementary integrand

li}bn/qbn :/liTIanSn = /(b. (2.1)

Exercise 2.2* The o—additivity, c—continuity, and é—continuity of an elementary integral
are equivalent, whether it is positive or not.

Exercise 2.3 The elementary Riemann integral on the plane (Exercise 1.4.8) is o—additive.
So is the elementary Riemann integral on R"™.

Lemma 1.1 states that the usual integral (E[R], [ dz) of step functions on the
line is a positive o—additive elementary integral. As pointed out above, Lebesgue’s
or Daniell’s extension theories of the elementary Lebesgue integral on the line use
only this fact. The Lebesgue integral does have special properties having to do
with the structure of the ambient space R as a topological field, but these do
not enter the extension theory. The latter applies to every positive o—additive
elementary integral. We shall therefore develop right away the integration theory
of the general positive o—additive elementary integral. Apart from the obvious
gain in generality, the arguments become clearer this way.

The reader interested only in the Lebesgue integral on the line can skip the
remainder of this section, provided he understands £ to mean E[R] and m(¢) =
[ ¢ tomean [ ¢(x)dz in the sequel. For the reader interested in the full generality
it may still be helpful to visualize the usual integral (€[R], [ dz) on the line during
the arguments, or better yet the integral (£[R?], [ dzdy) in the plane — especially
if he has done Exercise 2.3.

Mathematicians, too, are subject to temptations, and one of the more insid-
ious ones is to generalize for generalization’s sake — thus producing what in the
community is called “generalized abstract nonsense.” We owe it to the reader to
dispel his suspicion that Definition 2.1 does just that. To this end we exhibit in the
remainder of this section two rich classes of examples of positive o—additive ele-
mentary integrals, the Radon measures and the (linear extensions of) set functions.
Both occur abundantly in nature.



Section I1.2  Elementary Integrals 37

Radon Measures

Let S be a locally compact Hausdorff space®. Cpo[S] denotes the collection of
continuous functions on S that have compact support. This is plainly a lattice
ring of bounded functions and thus qualifies for the domain £ of an elementary
integral. A positive linear functional m : Cp[S] — R is called a positive Radon
measure — they abound, as we shall see later (Example 2.21 and Exercise IV.4.8).
In keeping with the notation of Definition 2.1 we also write m(¢) = [¢dm.
Radon measures are the prime tools in the analysis of the ubiquitous spaces C[K],
K compact.

Lemma 2.4 A positive Radon measure m 1is o—additive.

Proof. Let (¢,) be an increasing sequence in Cpo4[S] with pointwise supremum
@ € Cpo[S]. By Dini’s Lemma 1.3.1, the sequence (¢,,) converges to ¢ uniformly
on the support of ¢. There exists a positive function ¥ € Cy[S] that equals 1
on the support of ¢ 2 — in the language of Proposition 1.4.3, ¢ is confined by .
From here on we simply repeat the proof of the Dominated Uniform Convergence
Theorem 1.6.5: the order relation |¢p — ¢y, | < || — dnll in conjunction with the
positivity of m implies

(m(¢) —m(¢n)| = m(¢ —¢n) < m() - [|¢ = Pnllu 7= 0 - —1

Exercise 2.5 Let S be an open or closed subset of R™ and K C S compact. There exists
a continuous function v : S — [0, 1] of compact support which equals 1 on K.

Exercise 2.6 The Riemann integral restricted to Coo[R"] is a positive Radon measure.
Exercise 2.7* The proof of the c—additivity in Lemma 2.4 actually yields a little more: Let
® be an increasingly directed subfamily of Cooy ; that is to say, given any two members

of ® there is a third one that exceeds both. Assume the pointwise supremum of ® is a
function ¢ € Coo[S]. Then m(sup ®) = sup e m(P) = limges m(e).

The behavior of Radon measures shown in Exercise 2.7 gives rise to the following

Definition 2.8 (Order—continuous elementary integrals) An elementary inte-
gral (€, [) is order—continuous if for every increasingly directed subset ® of
elementary integrands whose pointwise supremum sup ® is also an elementary in-
tegrand

m(sup ®) = iiglb m(¢) .

1 The reader not familiar with general topology may take this to mean an open or a closed subset
of R™. In such a set any two distinct points clearly have disjoint compact neighborhoods — this
accounts for the words “Hausdorff” and “locally compact.”

2 Urysohn’s lemma provides it — see any textbook on point set topology. The reader not versed
in point set topology should do Exercise 2.5.
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Order—continuous elementary integrals have a slightly superior integration theory
(see, however, Exercise II1.5.11 on p. 90). It is left to the reader to establish this
in the exercises.

Set Functions

The next class of examples, the positive c—additive set functions, occur naturally
on R™ and in elementary models of probability theory.

A non—void collection R of subsets of some set S is a ring of sets if it
is closed under taking finite unions and relative complements — and then under
taking finite intersections: ANB = A\ (A\ B). If the ring R contains the ambient
set S then it is called an algebra of sets.

A measure on R is a map p: R — R that is additive: for any two disjoint
sets A,B € R,
(AU B) = u(A) + u(B) .

w is positive if 1(A) > 0 for every A € R and o —additive if

n(UAn) =D nAn)

for any countable collection {A,} of mutually disjoint sets in R whose union
belongs to R. A simple argument as in Lemma 1.1 or Exercise 2.2 lets us rephrase
the o—additivity as

o—continuity: R3A4,1AeR = u(4,) — n(A)
or as 6—continuity at ): R 3 A, |0 = p(A,) —0.

Exercise 2.9% The two previous conditions are reasonably called o—continuity and é—
continuity at zero, respectively. Show that o—additivity, o—continuity, and §—continuity
of a measure are equivalent, whether it is positive or not.

Exercise 2.10 A ring contains the empty set, and the empty set has measure zero.

Exercise 2.11 A non—void collection of subsets closed under taking finite unions is a ring
if it is also closed under taking relative complements and an algebra if it is also closed
under taking complements.

Exercise 2.12 Let S be a set. (i) The intersection of any collection of rings of subsets
of S is a ring of subsets. (ii) Let C be a non-void family of subsets of S. The collection
of all rings containing C is not void. The intersection of this collection is called the ring
generated by C. Let us denote it by [C]. (iii) If C is finite then so is [C], and if C is
countable then so is [C].

A measure (R, p) gives rise to an elementary integral by the simple expe-
dient of extension by linearity: A step function over R is, of course, a function ¢
that takes only finitely many values, each non—zero value on a set from R. That
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is to say, the “level sets” [¢ = r] belong to R for every r # 0, all but finitely
many of them being void. Let us denote by E[R] the collection of step functions
over R. There is an immediate and intuitive way to define the p—integral of a step
function, namely by the time-honored formula Y height—of-step X p—size—of-step:

[odu=3r uto=r). (22)
reR
This is a finite sum. It is not quite obvious that £[R] is, indeed, a lattice ring and
that the integral is linear.

Proposition 2.13 Let i1 be a measure on the ring R of sets.

(i) The step functions E[R] are exactly the linear span of the (indicator functions
of the) sets in R and form a lattice ring.

(ii) The map [ dp of Equation (2.2) is the unique linear extension of p to E[R].
That is to say, | dp:E[R] — R is linear, agrees on R C E[R] with w, and is the
only map with these two properties. For this reason we also write u(¢) for fd)du
when ¢ € E[R].

For the proof a little lemma is needed:

Lemma 2.14 For every finite collection T = {A1,..., A1} of sets in R there is
another finite collection C = {C1,...,Cn} of mutually disjoint sets in R such
that every A; € T is the union of sets in C:

A= J{Cn: Chc A} for 1<i<I. (2.3)

Proof. This is obvious if I = 1. If it is true for I — 1, and if ¢’ = {C4,...,Cn+}
is the finite collection of mutually disjoint sets in R such that (2.3) is satisfied for
1<i<I-—1,then

C={C,NAr:1<n<N}IU{C,\As: 1§n§N’}u{AI\ U C'n}

n=1

is a collection of at most 2N’ 4+ 1 mutually disjoint sets from R satisfying (2.3).

Now to the proof of Proposition 2.13. To show that the step functions over R
form a lattice ring let ¢, ¢2 be two of them. Let Z be the collection of non—void
level sets of ¢ and ¢o and C the disjoint collection provided by Lemma 2.14.
Note that we can write 3

¢i:Zr-[¢i=r]:Zr~Z{C€C: CClp;=r]}

reR reER
= > rC= > ¢(0)-C=> ¢(C)-C
r,CClpi=r] r,CClpi=T] ceC

3 ¢, is clearly constant on each C € C, and ¢;(C) denotes the value it takes there.
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for ¢ = 1,2. That is to say, ¢; is a linear combination of (the indicator functions
of) the sets in C. Since the latter are disjoint, it is evident that the sum, infimum,
etc. of ¢ and ¢y are step functions over C: E[R] is a lattice ring. There is a
simple expression for the integral in terms of C:

/@:Zr.um:r]) =2 > O =2 a(0)n(0).

r CClpi=r] cec

The linearity of the integral is obvious from this. I |

Exercise 2.15% The measures on a fixed ring of sets form a vector space under pointwise
operations. So do the elementary integrals on the step functions over that ring. The map
that associates with a measure on the ring its extension on the step functions is a linear
isomorphism that preserves the order: p >0 < [ du > 0.

The extension by linearity of a measure on a ring to an elementary integral on
the step functions over that ring is such a simple procedure that we shall perform it
automatically and without mention whenever we encounter a measure ;. We take
the liberty to denote the extension again by p if that is notationally convenient:

additive linear

p:R—R gives rise to piER]—R.

The extension preserves o—additivity, at least for positive measures:

Proposition 2.16 Let i be a positive measure on a ring R of sets. Then its linear
extension | du is o—additive if and only if p is.

Proof. The necessity is obvious. We shall prove the suffiency in the form of Equa-
tion (2.1): if (¢y,) is a sequence in E[R] with pointwise supremum ¢ € E[R] then
[ ¢n dp 750 | ¢ du. This is evident from the inequality

/<¢—¢n>du=/<¢—¢n>-[¢—¢nSe]du+/<¢—¢n>-[¢—¢n>ddu
< (6> 0) - e+ [Bllu - ([ — dn > €]) -

This number can be made arbitrarily small by the choice first of € > 0 and then
of n. Indeed, the sets [¢p— ¢, > €] € R decrease to the void set, which has measure
zero, and their y—measure thus tends to zero. 1

Exercise 2.17* Why did we stipulate that the elementary sets that can be measured
should form a ring, and that the measure be additive on it? The following is meant to
shed some light on this question. Let C be a collection of subsets of some set S. A step
function or simple function over C is, naturally, a function f that takes only finitely
many values, all of them finite, and such that the sets [f = r] belong to C for 0 # r € R.
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Show that the step functions over C form a vector space precisely if C is a ring; and that
they then form a lattice ring. Show that this ring of functions contains the constant 1,
i.e. is an algebra of functions, if and only if C is an algebra of sets.

A map p: C — R has a linear extension to the step functions over C if and only if it is
additive on C.

Example 2.18 The usual length function A on A[R] is an instance of a positive c—additive
measure on a ring, by Lemma 1.1; so is the area on the ring A[R?] of sets in £[R?] of
Exercise 1.4.8 and the volume of boxes and their finite unions in R™.

Exercise 2.19* (Distribution Functions) Let F' be an increasing function on the line. For

any a < b set u((a,b]) = F(b) — F(a). This “interval function” has a unique extension
to a positive measure p = dF on all of A[R]. p is o—additive if and only if F' is right—
continuous. The function F' is called a distribution function of u. The corresponding
elementary integral is denoted by [ ¢(z) F(dz) or [ ¢(z)dF ().

Example 2.20 (Probability) Here is another instance in which measures on rings of sets
arise naturally. Many elementary probabilistic models for a physical system start out with
modelling the states of the system by the points of a set €2, stipulating a correspondence
of observable events with an algebra A of subsets of €2, and assuming that the probability
of an event is modelled by the value P(A) of a positive measure P on the subset A C Q
corresponding to the event. The step functions ¢ over A are called observables and are
identified with measurements on the system, and the elementary integral f ¢ dP can
be defined on them as in Proposition 2.13 and is called the expectation and written as
E[¢]. The problem arises to extend E to sufficiently many functions of the state (more
observables) to obtain a rich calculus. To this end one requires that P be o—additive—a
requirement hard to justify except by its results—and then applies the integration theory
below.

Example 2.21 (Probability) There is another way to make a probabilistc model for a
physical system, one that comes with the o—additivity built in. For concreteness’ sake
assume the system is an ear of corn. There are many measurements one can perform:
length, diameter, number of kernels, weight, length plus weight, diameter plus 3 times
the number of kernels, etc. These measurements form in an obvious way an “abstract”
algebra M. For every m € M let ||m| denote the supremum of all values that the
measurement m could ever take, over all possible ears of corn. Clearly || || is a norm on
M with ||m1-ma|| < ||m1]-||m1| and |m?| = ||m|*. A commutative normed algebra
(M,]| |I) having this property is called a real C*—algebra, and there is a theorem that
it can be realized as the space of continuous functions on a compact space, with || ||
corresponding to the uniform norm || ||, . In other words, there is a compact space
K and an isometric isomorphism of M with (a dense subalgebra of) C[K]. Now the
expected value of a measurement * m evidently should be increasing and depend linearly
on m € M. Transported to C[K], it is modelled by a positive Radon measure ¢ — E[¢]
on K. As such it is automatically o—additive.

Example 2.22 Here is an example of an elementary integral that can be viewed both as
a Radon measure and as coming from a set function. Let S be any set, let R denote the
collection of all finite subsets, and £ the collection of functions that vanish at all but
finitely many points. Clearly, £ are the step functions over R, and R are the idempotent
functions of €. For A € R let p(A) be the number of points in A. This is plainly a o—

4 In the so—called frequency model this would be the limit of the average of the measurement m
taken over ever bigger samples of ears of corn.
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additive measure. Its linear extension to £ is given by the formula

Joidn=% o).

seS

If S is given the discrete topology by declaring every set to be open, then & = Cyo[S]
and [ du is a Radon measure. In any case, p is known as counting measure.

Remark 2.23 In the examples where we established o-additivity (Lemma 1.1, Exer-
cise 1.4.8, Lemma 2.4, Exercise 2.19, and Example 2.21), it was, with mind-numbing
monotonicity, due to compactness in the ambient space S. There are, in fact no natural
instances of o-additivity that are not ultimately due to compactness. This has led
Bourbaki [2] to identify integration theory with the theory of Radon measures. This
view does not have a large following, because keeping track of the compact sets in the
ambient space is often too cumbersome, in particular in the case of probability. The
preponderant view today is to establish o—additivity using compactness, rejoice in it,
and to invoke the topology thereafter only when it is inevitable.

I1.3 The Daniell Mean

In the remainder of the chapter, (£, [) is a fixed positive o—additive elementary
integral 5. If there is need to mention the set on which the functions of £ live we
refer to it as the ambient set.

The Construction of the Daniell Upper Integral [, replacement for the

Riemann upper integral f h, is in two steps. In the first step it is defined only
for functions h that are pointwise suprema of countable families in . Let &T
denote their collection: a function h belongs to €' if there exists a sequence (¢,,)
of elementary functions whose pointwise supremum equals h. Replacing ¢, by
¢1 V...V ¢, we see that such a sequence can be chosen to be increasing. It is
understood that a function in £' may take the value oo. The upper integral of a
function A in E' is defined by

/*h:sup{/¢:h2q§65}. (3.1)

If the set of numbers in the brackets is unbounded this is to mean the symbol
+o0. For an arbitrary function f set

/*f_inf{/*h:fghegT}. (3.2)

5 As pointed out at the beginning of Section 2, the reader may take this to be the usual integral
(E[R], [ dz) on the line.
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If the set of numbers in the brackets is void, i.e., if f is not majorized by any
function in £, this is to mean the symbol +oo. We refer to this up-and-down
way to define the Daniell upper integral as “Daniell’s up—and—down procedure.”

The reader might be wondering why we should want to make these definitions
or how anybody came to dream them up if they really should turn out useful. A
little patience; we shall address these questions on page 45. It will facilitate the
discussion to know the properties of [ ",

We start with the behavior of [ *on &T.

Lemma 3.1 (i) €' is closed under addition, multiplication with positive scalars,
and under taking finite infima and countable suprema.

(i1) f* is continuous along increasing sequences of E1; that is to say, for any
increasing sequence (hy) in 1 with pointwise supremum h — which by (i) belongs

to &1 — . . .
/ h = lim hn:sup/ hn . (*)
(iii) h — [“h s positive-homogeneous and additive on E' .

Proof. (i): Let hy,ha,... be a countable collection of functions in £T. Every one
of the h,, is the supremum of a countable collection in &:

hy, =sup{pni:k=1,2,...}, say.

Then hy + hg is the supremum of {¢1 5 + P2 : k € N} C &, while rhy is
the supremum of {r-¢1,} C &, provided r € R is positive. Next, sup,, h, is
the pointwise supremum of the countable collection {¢n : k,n =1,2,...} C E.
Lastly, observe that h,, is the pointwise limit of the increasing sequence

k
an,k:\/(bn,i 657 k:1a27
=1

Clearly hi A he = supy, 81,,6 A &527;6 belongs to P

(ii): Since [ *is clearly increasing, the limit in () equals the supremum. The
inequality [ “h > sup Ik “hy, is obvious. Only the reverse inequality needs proving.
Let [“h > r € R. There are an elementary function ¢ < h with [¢ > r and
countable collections {¢,r : k € N} of elementary functions with pointwise
supremum h,,. The elementary functions

(gn = (rb A \/ ¢m,k < hy

1<m,k<n
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increase pointwise to ¢. By Lemma 1.1,

lim (En>r.

n—oo

As [“hy, > [ én, we have sup,, ["hy, > 7, and thus the desired inequality

sup/hnZ/h.

(iii): The positive-homogeneity is obvious. Let then h,h’ € £!. There are se-
quences (¢p), (¢,) of elementary functions increasing pointwise to h,h’, respec-
tively. Clearly (¢, + ¢},) increases pointwise to h + h’. From (ii),

/*h+h’=n1;ngo/*¢n+¢;=n1;nolo(/¢n+/¢;>=/*h+/*h’- J

We are in position to investigate the behavior of [ * on arbitrary functions.

Proposition 3.2 The Daniell upper integral is increasing and positive—homo-
geneous. Moreover, it is countably subadditive; that is to say, for any sequence
(fn) of positive numerical functions

/*gjlfn < gjl/fn

Lastly /*gb:/d) for ¢ €€&.

Proof. The monotonicity and positive-homogeneity are obvious. As to the count-
able subadditivity, if ) [ *fn < r then there are functions h, > f, in £ with
S [“hy, < r. By (ii) and (iii) of Lemma 3.1,

% 00 % 0O * N
%= N N *
=g [ b= o 3 fh <

Exercise 3.3 (i) Prove the monotonicity and the positive-homogeneity of [*in all detail.
(i) Trace the countable subadditivity of [* to the o—additivity of [. (iii) Show that [*
is not countably subadditive.
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The countable subadd1t1v1ty is the only one of these features of f that the
Riemann upper integral f does not share. The celebrated limit theorems of the
Lebesgue integral all are its consequences.

Let us take a time out to address the questions on page 43 about the prove-
nance of the definition of [ *. It takes some experience, but not much, to see that
the “Little Limit Lemma” 1.1 will result in the additivity of the extension of the
integral to £, if that extension is defined by (3.1) — see Lemma 3.1 (iii). It would
be too early to rejoice, because £', though large, is not a vector space so that there
is no way to so much as talk about the linearity of the extended integral on it.
We have learned in Proposition 1.4.5 on p. 19, though, that taking an infimum as
in (I1.4.3) over a functional that behaves additively results in a subadditive func-
tional on all functions. Now, our experience with Riemann’s lower integral fb leads
us to expect that replacing the “up—and—down—procedure” by a “down—and—up—
procedure” will produce a Daniell lower integral f* that is defined on all functions
and is superadditive®. The set of functions on which [~ and [, agree will be a
vector space, and the common value will be both subadditive and superadditive
there; i.e., it will be additive. In this way we will arrive at an extension of the
integral that is defined on a large vector space of functions and is linear there. In
other words, once we have realized that Lemma 1.1 will result in the additivity of
the extension (3.1) on &' we simply follow in Riemann’s footsteps. This program
succeeds — see Exercise 6.2 on p. 59. To summarize: some analysis of what we
want to accomplish and what we have learned leads to the definitions (3.1) and
(3.2) in a rather straightforward way.

Actually, we have learned in Section 1.5 that it suffices to define the upper
integral and to establish its subadditivity and solidity. There is no need to worry
about the lower integral and its properties. A simple absolute—value sign will take
care of such worries very nicely:

Definition 3.4 As in Section 1.5 we define the seminorm || ||* associated with
the upper integral f*, the Danztell mean, by
*
910 = [ 11 €.
We say the sequence (f,) converges in || ||* -mean to f if ||f — ful* — 0.

Later we shall consider several elementary integrals p= [ dp,v = [ dv,...
on £. The corresponding Daniell means will differ, of course, so we denote them
by || %1 NI%,-... In particular, || ||* denotes the Daniell mean for Lebesgue
measure \.

We heed the lesson learned in Section 1.5. Instead of using

00<Af/*f<+oo

6 The reader can make sure by going through Exercise 3.14 on p. 47.
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to define the integrability of f we call f integrable if it is the || ||*-mean limit
of elementary functions. The two definitions should, of course, be equivalent, and
they are (Exercise 6.2 on p. 59); the second definition is just more expeditious”.

Before investigating integrability, though, let us list the pertinent features of || ||*:

Theorem 3.5 (Properties of the Daniell Mean) (i) The number | f||* € [0, o0
s defined for every numerical function f on the ambient space. The functional
| 1I* is absolute-homogeneous and solid®. Furthermore, | ||* is countably sub-
additive; that is to say, for any sequence (fy) of positive numerical functions

1> o
n=1

(i) The functional || ||* is finite on elementary functions. Moreover, for every
sequence (¢r) of positive elementary functions

A (054)
n=1

N
sl]ifp || Z¢"||* < oo implies ||pnll” 7755 0. (M)
n=1
(17) || ||* magjorizes the elementary integral: for all elementary functions ¢

|/¢| < el -

Proof. (i) and (iii) are immediate from Proposition 3.2. As for (M), if || 22[:1 On |
:Zgzl [ én is bounded independently of N then clearly [|¢,|* = [¢n 775 0.1

The reader might be wondering why (M) is included in the list 3.5, perfectly
obvious as its proof shows it to be. The reason is that countably subadditive solid
seminorms that satisfy (M) without being additive on £, occur frequently. In
fact, they appear with such frequency that they deserve their own name:

Definition 3.6 Let £ be a ring® of bounded functions, to be called the elementary
functions, on some set. Any functional || ||* having properties (i) and (i) of
Theorem 8.5 is called a mean for £ .

The designation “Jordan mean” of Definition 1.5.2 is really a misnomer, because
| ||* is not a mean in the sense of the definition above: it is not countably
subadditive. This will not cause confusion once it has been noted.

7 It has the additional advantage of applying in more general circumstances: to signed measures,
which we shall meet, and to stochastic integrals and spectral measures, which the reader might
meet elsewhere.

8 Recall that this means that ||f||* < ||g||* whenever |f| < |g|. Together with (ii) it implies in
particular that |||¢|||" = [|4]|* < oo for elementary integrands ¢.

9 Not necessarily a vector lattice!
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In the remainder of this and all of the next chapter we generally use only the
fact that £ is a ring of bounded functions and that || ||* is a mean on it. In the
later chapters we shall meet many other such pairs, so that we may then use the
results established here for them as well.

Supplements and Additional Exercises

Exercise 3.7% (Chebyshev’s Inequality) For any mean | ||*, any function f, and any
r>0

| «
117 > 11" < <1

Exercise 3.8 Let S be any set, and £ any ring of bounded functions on S that contains
the functions of finite carrier. Show that || ||. satisfies (i) of Theorem 3.5 but is a mean
if and only if S is finite.

Exercise 3.9 Suppose S is a locally compact metric space and & = Coo[S] is the lattice
ring ring of continuous functions of compact support. Then a function h belongs to T if
and only if it has o—compact carrier and is lower semicontinuous. (A function h is lower
semicontinuous if the sets [h > r| are open for all » € R. A subset of S is o—compact
if it is contained in the countable union of compact sets.)

Exercise 3.10 The Daniell upper integral has a property somewhat sharper than count-
able subadditivity. Let f,, be an increasing sequence of arbitrary functions — possibly
taking the values o0 — with pointwise supremum f. Then

/*leiin/*fn:

“The Daniell upper integral is continuous along arbitrary increasing sequences.”

Exercise 3.11% Prove the countable subadditivity of the Daniell mean using its finite
subadditivity and the result of Exercise 3.10.

Exercise 3.12 Try to show that f* is continuous along arbitrary decreasing sequences:
fo L f implies [“fu | ["f.

Exercise 3.13* Compare the Jordan and Daniell means: [*f < fhf and || f||* < |If|*
for all numerical functions f.

Exercise 3.14* (i) Define £ and the lower Daniell integral [ . (ii) Show that |
is positive-homogeneous, increasing, continuous along decreasing sequences of £, and
countably superadditive. (iii) Show that £ = —€' and [, f = — [*(—f) and that [, is
continuous along arbitrary decreasing sequences. (iv) Show that f*f < f*f v f.

Exercise 3.15 For all positive numerical functions f,

/ fd)\:sup{/ o fdN:peELR], ¢ <1},
and consequently for all positive numerical functions f

IfII" = sup{llg- fII" : ¢ € E+[R], p < 1} .

The Order—Continuous Case. For the remainder of this section (&, [) is a posi-
tive order—continuous elementary integral (see Definition 2.8). Denote by £ the
collection of all functions on the ambient space that are pointwise suprema of
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arbitrary, not necessarily countable, families of elementary integrands. Define a
new upper integral f *. the Daniell-Stone upper integral, first on functions

h e &M by
/h:sup{/¢:h2¢€5}

and then on arbitrary functions f by

/.f—inf{/.hiféhegﬂ}.

Finally, the Daniell-Stone mean is defined by

e = [ 1fl €, (3.3)

The following exercises develop the properties of these notions in complete analogy
with the main body of this section.

Exercise 3.16* (1) E™ is closed under addition, multiplication with positive scalars, and
under taking finite infima and arbitrary suprema.

i) [ ® is continuous along increasingly directed subsets of £T; that is to say, for
any increasingly directed subset H C £" with pointwise supremum h — which by (i)

belongs to £T —
h— sup/ h .
h'eH

(iii) h+ [*h is positive-homogeneous and additive on .

Exercise 3.17° || ||* is a mean and majorizes the elementary integral. Furthermore,
Il |I* is order—continuous in the following sense:

Definition 3.18 A mean | ||* is order—continuous if it is continuous along
increasingly directed subsets of ET.

Exercise 3.19 [ is clearly also o¢—additive, so we can construct both | |*
and || ||*. Show that || [|* < H |I* . Suppose £ contains a countable subset that
is uniformly dense; then || ||* = || H

I1.4 Negligible Functions and Sets

Recall the state of affairs: we are facing a mean || ||* on a ring £ of elementary
functions, for instance the Daniell mean of an elementary integral on £. Our goal is
the integration theory of (£, || ||*), i.e., the investigation of structure of the closure
of £ under || ||*. In this section only the solidity and countable subadditivity of
the mean || ||* are exploited.
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Definition 4.1 A function f is called negligible if its mean || f||* is zero. A set
1s megligible if its indicator function is negligible.

A property of the points of the underlying set is said to hold almost everywhere,
or a.e. for short, if the set of points where it fails to hold is negligible.

If we want to emphasize that the definition refers to the solid and countably
subadditive seminorm || ||* we talk about || ||*-negligible functions and || ||*-a.e.
convergence, etc. If || ||* is the Daniell mean || ||* for Lebesgue measure A and
if we want to emphasize that fact then we use the words “Lebesgue mnegligible.”

Exercise 4.2% Page 27 contains another definition of a Lebesgue negligible set.

(i) Show that it agrees with the present one. (ii) Show that the set Q of rational numbers
is Lebesgue negligible. (iii) leen € > 0, construct a dense open set U C R whose
Lebesgue outer measure \*( det f U d\ is less than €.

Here are the permanence properties of negligibility:

Proposition 4.3 (i) The sum of countably many positive negligible functions is
negligible. The union of countably many negligible sets N, is negligible. Any subset
of a negligible set is negligible.

(i) A function f is negligible if and only if it vanishes almost everywhere, that is
to say, if and only if its carrier [f # 0] is negligible.

(i5i) If f' and f" agree almost everywhere then they have the same mean.

(iv) A function with finite mean is finite almost everywhere.

Proof. (i): If f,, n=1,2,..., are negligible functions then

[V 1] <[ 1] < Sl =S 0=0.
n=1 n=1 n=1 n=1

The second claim is a particular instance of this, since sets are positive (idempo-
tent) functions (Convention 1.2.6). The third claim is immediate from the solidity
of | II*

(i): [f # 01(2) < 3252, |£(@)]. Thus if [|£]* =0 then

<Z||f|\* 20:0-

n=1

Conversely, |f| <307 [f # 0], so that || [f # 0] ||* = 0 implies

o0

=> 0=0.

n=1

(iii): || [/ # f"] H* =0 implies ||f" — f”||* =0, and by Exercise 1.7.2

11 = 171 ] <

[ralN

1"
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(iv): n-[|f]| =00l < |f] VneN, andso
n- | Il = oo I < IIFII" VneN.

If [|f| = o] is not negligible, || f||* must be infinite. S |

Functions Defined Almost Everywhere. The only functions of interest for the
purpose at hand are, of course, those with finite mean. We should like to argue that
the sum of any two of them has finite mean again, in view of the subadditivity of
Il II*. A technical difficulty appears: even if f and g have finite mean there may
be points © where f(z) = 400 and g(z) = —oco or vice versa; then f(z)+ g(z)
is not defined.

The solution to this tiny quandary is to notice that such ambiguities may
happen at most in a negligible set of arguments x (see Proposition 4.3 (iv)). We
simply extend || ||* to functions that are defined merely almost everywhere:

Definition 4.4 Let f be a function defined almost everywhere, that is to say such
that the complement of dom(f) is negligible. We set ||f||* = ||f'||*, where f’ is
any function defined everywhere and coinciding with f almost everywhere in the
points where f is defined.

Part (iii) of the previous proposition shows that this definition is good: it does
not matter which function f’ we choose to agree a.e. with f; any two will differ
negligibly and thus have the same mean. Given two functions f and g with finite
mean that are merely almost everywhere defined we define their sum f + g to
equal f(z) + g(z) where both f(z) and g(z) are finite. This function is almost
everywhere defined, as the set of points where f or g are infinite or not defined
is negligible. It is clear how to define the infimum, maximum, product, scalar
multiples, etc. of functions that are merely a.e. defined.

From now on, therefore, “function” will stand for “almost everywhere de-
fined function” if the context permits it.

Definition 4.5 An almost everywhere defined function f is said to have finite
mean, or to be finite in mean, if ||f||* < co. F* denotes the collection of a.e.
defined functions with finite mean. We write F*[|| ||*] if we want to stress the
point that the mean is || ||*.

Theorem 4.6 F* is closed under taking finite linear combinations, finite mazima
and minima, and under chopping; and || ||* is a solid and countably subadditive
seminorm on F*. The pair (F*, || ||*) is a complete seminormed space. Of the
utmost importance is this fact: Every mean—Cauchy sequence has a subse-
quence that converges pointwise almost everywhere to a mean—limit.
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Proof. The first statement is left as an exercise. For the remaining two claims let
(fn) be a mean—Cauchy sequence in F*; that is to say

sup || fm — ful* ==
m,n>N

For n =1,2,... there exists a function f/ that is everywhere defined and finite
and agrees with f, a.e. Let IN,, denote the negligible set of points where f,, is not
defined or does not agree with f],. There is an increasing sequence (ny) of indices
such that

£}, = lI* <2757 for n >y, .

- def
Clearly 5 = Fr I <27F s that g = Z [ren = o

has finite mean, by countable subadditivity. Therefore the “bad set”

is negligible (Proposition 4.3 (iv)). If = belongs to the “good set” G = B¢ then
g(z) < oo and

F@) = fa, @)+ Y (Fr, (@) = fr(2) = lim [}, (z)
k=1

exists, since the infinite sum above converges absolutely. Also,

U= gl =17 = £, = 6= £ =16+ 3 =
k=K
< H Z ‘fTILIH—l o f;%| H* < P jre=dUp
k=K

Thus (f, )32, converges to f both in mean and pointwise on G. So does the
subsequence (f,,) of the original sequence (f,). Given € > 0, let K be so large
that

Hf_fnkH*:Hf_f’I{Lk||*<€/2 for k> K
and | fm = [ lI" <€/2 for m,n > ng .
So if n > ny then 1= fall" <If = farll" + 1 frie = full" <€

This shows that f, 7=z f in mean and f,, 75z f both in mean and almost
everywhere. 1
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From now on we shall not be so excruciatingly punctilious. If we have to
perform algebraic or limit arguments on a sequence of functions that are defined
merely almost everywhere we replace without mention every one of them with
a function that is defined and finite everywhere and perform the arguments on
the resulting sequence; this affects neither the means of the functions nor their
convergence in mean or almost everywhere.

Exercise 4.7% Let (fn) be a mean—convergent sequence with limit f. Any function
differing negligibly from f is also a mean limit of (f,), and any two mean limits of (f»)
differ negligibly.

Exercise 4.8 F* is not in general a ring.

I1.5 Integrable Functions

In this section || ||* is a mean on £. For the time being the elementary integrands
& are merely assumed to form a ring of bounded functions on the ambient set. This
generality costs a little but comes in handy in connection with Fubini’s theorem
—see page 128.

Definition 5.1 An almost everywhere defined function f is called integrable if
there is a sequence (¢n) of elementary functions converging in mean to it: ||f —
Onl|* — 0. In other words, [ is integrable if it belongs to the mean—closure of €
in F*. The collection of integrable functions is denoted by L.

If we want to stress the point that the definition refers to the pair (€, ||*)
we talk about (€, | ||*)—integrability and LY[E, || ||*]. If || ||* is the Daniell mean
| || for the positive o—additive elementary integral [ = [ dp then the functions
in L' are called the p-integrable functions, and we write L' = L [u)].

The integrable functions are thus defined with the mean || ||* just as the Riemann
integrable functions were characterized with || ||% in Proposition 1.5.1.

The Permanence Properties

As discussed in Section 1.6 one does not want to apply the definition to discover
whether a given function f is integrable. Rather one establishes once and for all
the permanence properties of integrability and checks that f is made up from
functions known to be integrable via constructions that preserve integrability. It is
expedient to do this first, and then to define and examine the integral with these
tools at one’s disposal.
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Theorem 5.2 (Mean Completeness) (i) If (f) is a sequence of integrable func-
tions converging in mean to f then f is integrable.

(ii) L' is complete in mean. Moreover, every mean—Cauchy sequence (f,) has a
subsequence (fn, ) that converges almost everywhere to a mean limit of (fy).
(iii) If LY > f, — f in mean and g = f a.e. then f, — g € L' in mean as well.

Proof. For (i) copy the proof of Theorem 1.6.2, and (ii) is then immediate from
Theorem 4.6 on p. 50. (iii) is obvious, just a reminder. 1

The existence of a pointwise a.e. convergent subsequence of a mean—convergent se-
quence (fy) is frequently very helpful in identifying the limit, as we shall presently
see. One might be inclined to hope that a mean convergent sequence (f,), itself,
converges pointwise a.e. Alas, this is not so. Here is an example of a sequence (¢y,)
of elementary functions that converges in mean to zero but fails to converge at
any single point of (0,1]: every natural number n can be written uniquely in the
form n=2"+k, with m,k € N and 0 < k < 2™. This being done, let ¢,, be the
indicator function of the interval (k2=™, (k + 1)2=™]. Clearly ||¢,|* =27 — 0
as n — oco. Nevertheless, ¢,(z) takes the values 0 and 1 again and again, for
every z € (0,1]. (It might help to draw the graphs of the first few of the ¢,,.)

Lemma 5.3 (i) If ¢ € £ then |¢| is integrable. Therefore a positive integrable
function f is the mean limit of positive elementary integrands.
(ii) Property (M) extends to positive integrable functions: if a sequence (fn) of

them satisfies supy || ZL Inll* < oo then || fn|* — 0.

Proof. (i): Set M = sup, |¢(x)|, and let (P,) be a sequence of positive polyno-
mials with zero constant term that converges increasingly to the absolute value
function ¢ +— || on [—M, M]. Such is provided by Corollary 1.3.5 on p. 10. Then
On = P, o¢ € &4 increases to |¢|. The sequence (¢,,) is mean—Cauchy. Indeed, if
it were not then there would exist an € > 0 and a subsequence (gzbnk) so that the
positive elementary integrands 1, n,., — @n would have lvk]l* > €. This
impossible, though, by property (M) of a mean, since || >, ¥x||" < |||¢]]|* < oo.
Theorem 5.2 now provides a mean limit g € £! of (¢,), which must equal |4
almost everywhere, since some subsequence of (¢,,) converges almost everywhere
both to |¢| and to g. To prove the second claim of (i) let an € > 0 be given.
There is an ¢ € £ with ||f — ¢||* < €/2. Since |f — \¢|‘ < |f — ¢|, this implies
lf — |#|lI* < €/2. Then there is a positive ¢, € & with |||¢| — ¢n||* < €/2, and
the subadditivity of || ||* yields ||f — ¢n|* <e.

(ii): There are positive elementary functions ¢, with [|f, — ¢,|* < 27™.
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Since N N N
sup || Z ¢nl” < sup| Z(‘bn = fa)lI" +sup | Z fall®
N n=1 N n=1 N n=1
oS N
< ZQ*” + sup || anH* < o0,
n=1 N n=1
we have ¢ [ =50 0 and thus [|f,[]" 7=z 0. SE—

Theorem 5.4 (The Monotone Convergence Theorem or MCT) Let (f,) be
an increasing or decreasing sequence of integrable functions whose means form
a bounded set of reals. Then (f,) converges to its pointwise limit f in mean.

Proof. As the sequence (f,(z)) of reals is monotone it has a limit f(z), possibly
equal to £oo. First the case that the sequence (f,,) is increasing. Then (f,) is
mean—Cauchy. Indeed, assume it were not. There would then exist an € > 0 and
a subsequence (fn, ) with [|fn,,, — fa, || > €. However, this sequence of positive
integrable functions satisfies clearly

K
SUp | Fuar = Full* = 5D | fre = Fur " < I s ¥+ sup | fv]* < 00 .
L — K N

By Lemma 5.3 (iii), though, (fn,,, — fn,) must converge to zero in mean.

Now that we know that (f,) is Cauchy, we employ Theorem 5.2: there is a
mean-limit f’ and a subsequence (f,,) 1% so that f,, (x) — f’(z) for all x outside
some negligible set N. For every single x, though, f,(x) — f(x). Thus

f(x) = lim f,(z) = klgl;o Jop(@) = f'(z) forx ¢ N .

n—oo

Hence f is equal almost everywhere to the mean—limit f’ and thus is a mean—limit
itself.

If (fn) is decreasing rather than increasing then (—f,) increases pointwise
—and by the above in mean— to —f; again f, 7555 f in mean. 1

Theorem 5.5 (Permanence Properties concerning Algebra and Order)
Let f, f' be integrable functions and r a real number. Then f+f', rf, |f], fV [,
fAS, and f A1 are integrable; so is f-f' if f or f' is bounded.

In particular, L' is a vector lattice closed under chopping, and the bounded
functions in L' form both a ring and a vector lattice closed under chopping.

10 Not the same as in the previous argument, which was, after all, shown not to exist.
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Proof. If £ is a lattice ring then the proof of Theorem 1.6.3 on p. 24 applies word—
for-word, provided || || is replaced everywhere by || ||*. Nothing was used in
that proof beyond the subadditivity and solidity of the seminorm and the fact
that £ is a lattice ring.

If £ is merely known to be a ring then £! is a vector space as the very
first argument in the proof of Theorem 6.1 shows. The fact that the product
of two integrable functions is integrable provided one of them is bounded(!) can
again be taken literally from Theorem 1.6.3. This leaves the permance properties
concerning the order. Assume then f is integrable. There exists a sequence (¢y,)
of elementary integrands converging in mean to f. Since | |f] = |Dnl ’ <|f — onl,
H|f| — \¢H|H* < |||f— ¢>n|H* 7530 0, 80 | f] is integrable, inasmuch as the |¢,,| are
—see Lemma 5.3 (i) and Theorem 5.2 (i).

By Exercise 1.2.13 on p. 8, £L! is a vector lattice.

To see that it is closed under chopping, the only thing not yet proved, let
f € L£'. In order to show that f A1 € L! it suffices to show that (fA1l)y = fi Al
is integrable, because (f A1)_ = f AQ certainly is, and f A1 is the sum of these
two functions. In other words, we may assume that f is positive. Now if ¢ € &4
then ¢ A1 is the uniform limit of an increasing sequence of positive elementary
integrands (Exercise 1.3.18) and thus is integrable. If f > 0 is merely integrable,
we approximate it in mean by a sequence (¢,) of positive elementary integrands
—so that ¢, A1 is integrable—and use the solidity of || ||* on the inequality
[f AL =@ AL <|f— én| to show that f A1 is integrable as well. _ 1

The permanence properties concerning order and algebraic operations are
thus not any better than for the Jordan norm || ||*. The ones concerning limits
are much superior, though, and permit the construction of vast numbers of new
integrable functions. The best is yet to come; compare the following result with
Theorem 1.6.5 on p. 26.

Theorem 5.6 (The Dominated Convergence Theorem or DCT) Let (f,) be
a sequence of integrable functions and assume that

(i)  fn 7=sc [ pointwise almost everywhere and
(i) |fnl < g for some function g with finite mean and all indices n.

Then (fn) converges to f in mean, and consequently f is integrable.

Proof. Asin the proof of the Monotone Convergence Theorem we begin by showing
that the sequence (f,) is Cauchy. To this end consider the positive function

K
gN:SUP{lfn_fm‘3m7n2N}:Khinoo \/ |fn_fm| < 2g.

m,n=N
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By Theorem 5.5 and the Monotone Convergence Theorem, gy is integrable. More-
over, gny(x) converges decreasingly to zero at all points x at which f,(z) conver-
ges, that is, almost everywhere. By Exercise 5.7,

lgn I F== 0

Now || fn — fmll* < llgn|* for m,n > N, so (f,) is indeed Cauchy in mean.
By Theorem 5.2, the sequence has a mean limit f’ and a subsequence (f,,) that
converges pointwise a.e. to f’. Since (fy, ) also converges to f a.e., f and f’ agree
almost everywhere, namely, at all points = at which both (f,(z)) and (f,,(z))

converge. Thus ||f, — fII* = fn — f'II 7= 0. S |

The Dominated Convergence Theorem is central. Most other results in inte-
gration theory follow from it. It is false without some domination condition such as
(ii), as the following example shows. Let ¢,, be the elementary function equal to n
on (0,1/n] and zero elsewhere; the sequence (¢,,) converges to zero at every single
point, yet [|¢,||* = J ¢n(x) dz =1 for all n. However, a slightly weaker condition,
uniform integrability, suffices (Proposition 5.20). The assumption of pointwise a.e.
convergence in Theorem 5.6 and Proposition 5.20 can also be replaced with a
weaker condition, convergence in measure. These matters are deferred until later
(Corollary I11.4.12 on p. 84).

Supplements and Additional Exercises

For the while, || ||* is still an arbitrary mean on a ring £, not necessarily the
Daniell mean for some o-additive elementary integral.

Exercise 5.7% Show in detail that the conclusion of Theorem 5.4 continues to hold if the
fn are merely defined a.e. and are increasing or decreasing merely a.e.

Exercise 5.8% A function f is integrable if and only if there is a sequence (¢n) of
elementary functions with Y77 | [|¢n]|* < 0o and f =37 | ¢, almost everywhere.
Exercise 5.9% A function h € £ is integrable if and only if ||h|* < co. The mean is
continuous along increasing sequences of £ .

Exercise 5.10 The collection £; of bounded integrable functions is a lattice ring closed
under chopping and mean-dense in £'. So is the collection £}, = (£t)o of Li—confined
functions in £f .

Exercise 5.11 Suppose £ is a lattice ring. The collection Eyp of E—confined functions in £
then is a self-confining lattice ring uniformly dense in £ and mean—dense in £'.
Exercise 5.12 (i) £' is not in general a ring; (ii) in fact, it is a ring precisely if it is
finite-dimensional, and then it is an algebra. (iii) Discuss when this can happen.

Exercise 5.13* (Fatou’s lemma) The following is an easy but very useful corollary of the
Monotone Convergence Theorem: let (f,) be a sequence of positive integrable functions.

Then [[liminf f,||" < liminf || f,]]* ;

and if liminf, o ||fn||* is finite then liminf, .. fn is integrable.
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Exercise 5.14 The composition v o f of a continuous function v with an integrable
function f is integrable, provided there is a function h € F* with |yo f| < h a.e.

Exercise 5.15 A function g : R — R is called a Lipschitz function if there is a
constant K such that |g(s) —g(t)| < K|s—t| for all s,¢ € R. Show that the composition
go f of a Lipschitz function g that vanishes at zero with a bounded integrable function f
is integrable.

Exercise 5.16 (On Order—continuous Means) Assume the mean || || is order—continuous,

say || || is the Daniell-Stone mean || ||* of an order—continuous elementary integral
(see page 48). Prove: if ® is an increasingly directed or decreasingly directed family
of elementary integrands with sup,cg [|¢[|* < oo then sup® or inf®, respectively,
is integrable and ® — lim® in mean. The conclusion continues to hold if ® is an
increasingly directed subset of £T with sup,cq [|h]|® < 0.

Uniform Integrability. To discuss this notion, let us first introduce order
intervals: Let g,g’ € L. The order interval [g, ¢'] is defined by

lg.g1={feLllg<f<g}
The domination condition (ii) in the Dominated Convergence Theorem amounts

to requiring that the f, all lie in some fixed order interval [—g, g].

If f is any function in £! there is a function fg, in [g,¢'] closest to f in
mean, to wit:

fS=gvfng.

It is obtained by chopping f below with ¢ and above with g¢'. It is advisable to
draw a picture.

Exercise 5.17 Show that ||f — f¢'|* < ||f = I V[ €lg,d].

Definition 5.18 A collection S of integrable functions is called uniformly inte-
grable if for every € > 0 there is an order interval [g,g'] C L' such that the mean
distance from f to |g,4']:

inf (= ST =1 = A= 1 = v A

I'€lg.g
is less than € for all f € S.

Exercise 5.19 S is uniformly integrable if and only if there is, for every ¢ > 0, an
elementary function v such that for all f € S

lf = (= VA" <e.

Uniform integrability can replace condition (ii) of the Dominated Convergence
Theorem; and this much domination is also necessary. We leave the proof of this
fact as an exercise:
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Proposition 5.20 Let (f,,) be a sequence of integrable functions converging point-

wise a.e. to some function f. Then (f,) converges in mean to f if and only if
the family {fn : n € N} is uniformly integrable.

I1.6 Extending the Integral

In this section we assume that the mean || ||* majorizes the elementary integral:
[ ¢] <ol
This holds, for instance, if | ||* is the Daniell mean for [, but there are other

instances (Section V.2). The elementary integrands are assumed to form a ring €.

The extended integral is now defined exactly as in Proposition 1.5.1 on
p. 21, with || ||* replacing the Jordan mean'! || ||*. Namely, if f is a || ||*~
integrable function there is a sequence (¢,) of elementary integrands converging
in mean to f, and the integral of f is defined as

/leim/¢n.

Why is the integral well-defined? '? First, since || ||* majorizes the integral,

| [6n=[om] =] [t6n =)
< lon = omll* < lldn = FI" + If = dmll” mm==2 0.

Thus ([¢y) is a Cauchy sequence of reals and does have a limit. Next, if (¢],) is
a second sequence of elementary functions converging in mean to f then

lfn = &ull™ < lldn = fII" + I1f = S0l 7= 0

$0 | [n — [OLl =1 [dn— ¢, — 0, and ([¢,) and ([¢],) have the same limit:
the integral is well defined.

Here are some basic properties of the integral:

Theorem 6.1 (i) The extended integral is linear and increasing; that is to say, for
any f,g€ L' and r,s €R

Josss=r [r+5 [o.
and f§g=>/f§/g-

11 which is no mean, of course, see page 46
12 1f you did Exercise 1.7.17 on p. 29 you know.




Section I1.6 Extending the Integral 59

A <P 101

(ii) The integral is still majorized by the mean: for f € L,
agrees with f on the positive elementary integrands then

‘/f‘§/|f|:/*|f|=fll* vier .

(i1i) If the sequence (fy) of integrable functions converges in mean to f then f is
integrable, and [ fn == [ f-

(iv) Suppose the sequence (f,) of integrable functions increases or decreases a.e.
to a function f and lim [ f, is finite or (f,) converges a.e. to f and f*sup|fn\
is finite. Then f, — f in mean, f is integrable, and [ f, — [ f.

Proof. The first statement is an instance of Exercise 1.7.17: Let (¢,), (¥,) be
sequences in £ converging in mean to f,g € L', respectively. Then (r¢, + si,)
converges to rf 4+ sg in mean, since

|(rf +59) = (rdn + sa)||” <17l || = dull” + 18l lg = ¥n||” 522 0.
Thus

/(rf+sg)—li?/(rqﬁnanzbn)_liTIln<r/an+s/¢n> :r/f+s/g.

This shows that the integral is linear. By taking differences the monotonicity is
seen to be equivalent to

f20:>/f >0 Vfert.

By Lemma 5.3, there are positive elementary functions converging in mean to f.
The limit of their integrals, [ f, is then positive as well.
(ii): Let (¢n) be a sequence of elementary functions with Hf — ¢nH* 7= 0. As

[1£1=16al] < 17 =ul, 11110l
inequality |[ ¢n| < [[¢n| produces

o=t fo

Now ||¢nll* 7= I fII* by Exercise 1.7.2 on p. 28, and the desired inequalities

" w550 0 and [|f| =lim [ ¢,,. The elementary

< nm/|¢>n| < Tim || -

follow. (iii) is evident and so is (iv) when || ||* is the Daniell mean for [; the
general case is left as a (non-trivial) exercise. S |
Exercise 6.2* Assume not only that || ||* majorizes the elementary integral [, but that

it is, specifically, the Daniell mean || || for the c—additive elementary integral | du.
Show that a function f is then (&, | ||*)-integrable if and only if

—oo</kf:/*f<+oo 6.1)
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(see Exercise 3.14). In this case the common value [*f = J.f is the integral. Compare
this with Proposition 1.5.1 on p. 21.

Remark 6.3 The Dominated Convergence Theorem is often stated as follows: If the
sequence (fn) of integrable functions is dominated and converges to the function f a.e.
then f is integrable and [ fn 7== [f-

This is evident, since f, 7=z f in mean and the integral is continuous in mean. This
statement seems genuinely weaker than the DCT. However, it is not really, given some
argument: Prove the following generalization of the DCT: Let (g») be a sequence of
integrable functions converging almost everywhere to an integrable function g and assume
that lim, [gn = [g. If (fn) is a sequence of integrable functions converging to f almost
everywhere and if |fn| < gn Vn then (f,) converges to f in mean.

The Lebesgue Integral.

If || ||* is the Daniell mean || ||* for the usual integral on the line we write
LYA] or LYR] for £! and talk about Lebesgue integrable functions. The
integral of an integrable function f is then called its Lebesgue integral and
written as f fdX or f f(x)dx. We shall even mark the upper integral and write
[ f(x) MNdz) = [ f(x) dz instead of just [

How does Lebesgue’s integral compare with Riemann’s?

Proposition 6.4 A Riemann integrable function is Lebesque integrable, and its
Riemann integral coincides with its Lebesque integral.

Proof. From Exercise 3.13, || ||* < || ||F. So if (¢,) is a sequence of elementary
functions that converges to the Riemann integrable function f in Jordan mean
then it converges in Daniell-mean:

If = éul* <IIf = nll® 5= 0.

The integral in either sense is the limit of the sequence ( [¢,) of reals. 1

Supplements and Additional Exercises

The mean || ||* is now Daniell’s mean || ||* for the o—additive elementary inte-
gral [ dp.

Exercise 6.5 For any f € F*[|| ||*] there is an integrable function h with |f| < h.

Exercise 6.6 A function f with finite upper integral [ * f is majorized by an integrable
function f with ["f = [f. Such f is called an integrable upper envelope of f.
A function f with finite lower integral f* f majorizes an integrable function f with

f*f = fi Such f is called a integrable lower envelope for f. If f is a set then f
and f can be chosen to be sets.
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Exercise 6.7 ["(f+ f')= ["f+ [*f if one of f, f' is integrable.

Exercise 6.8 Let || || be a mean on E[R] having ||¢|| = [¢ for all positive elementary
integrands. Then || f|| < ||f||* for all f:S — R.

Exercise 6.9 Suppose someone has somehow constructed a vector space L£L* of functions
containing £ and a linear and positive extension [ of the elementary integral to £* such
that the MCT and DCT hold; that is to say, if (f») is a sequence in L* that either
increases with sup [ f, < oo or that converges pointwise being dominated by a function
in £*, then the limit function f belongs to £* and [f = lim [ f,. Show that then there
is a mean || || majorizing the elementary integral and such that £* is the closure of &
with respect to it.

Exercise 6.10% Cyo[R] is dense in L*[R]. (L*[A], || ||*) is separable.

Exercise 6.11% Lebesgue integral is translation invariant — the meaning of this will
become clear during the exercise. For a € R and any function f on the line denote by
fa the translated function z — f(z —a). Then forall a e R, ¢ € £, and f: R—R

(i) ¢ € ER] if and only if ¢, € E[R]: the collection E[R] is translation invariant.

(i) [¢a(z) A(dz) = [¢(x) A(dz): the elementary integral is translation invariant.

(iii) [*fa(x) A(dz) = [ f(z) A(dx): the upper integral is translation invariant.

(iv) f € £L'[N if and only if f. € £'[A], and then [ f(z) A(dz) = [ fa(x) A(dz): the class
of integrable functions and the extended integral are translation invariant.

Exercise 6.12* Let f be a Lebesgue integrable function such that [ f(z)é(z)dz vanishes
for every continuous function ¢ of compact support. Show that f =0 a.e.
Can we draw the same conclusion if [ f(z)¢(z)dz =0 for every ¢ € Co5[R]?

I1.7 Integrable Sets

Again, the arguments of the section apply to any mean.

According to our Convention 1.2.6 on p. 6, sets are identified with their
indicator functions: A set is integrable if its indicator function is integrable. The
permanence properties of the class of integrable sets are immediate from those of
the class of integrable functions:

Proposition 7.1 The union and set difference of two integrable sets are integrable.
The intersection of a countable family of integrable sets is integrable. The union
of a countable family of integrable sets is integrable provided it is contained in an
integrable set C'.

Proof. Let Ay, Ao, ... be a countable family of integrable sets. Then

Al UAy=A;V Ay,
Ai\As = A1 — (A1 A Ag)



62 Extension of the Integral

00 [e9) N
n=1 n=1 n=1
and GAn:C_K(C_An)v

in the sense that in every line the set on the left has — or s, see Convention
[.2.6—the indicator function on the right, which is integrable by the permanence
properties of Section 5. ]

Some Notation will facilitate the discussion of integrable sets and their connection
with integrable functions. Recall from Proposition 2.13 on p. 39 that a collection
of subsets of some set is a ring of sets if it is closed under taking finite unions and
relative complements — and then under taking finite intersections. A ring of sets
that is closed under taking countable intersections is called a § —ring. Proposition
7.1 can thus be expressed by saying that the integrable sets form a d-ring.

A finite linear combination of integrable sets is clearly integrable. It is an integrable
function that takes only finitely many values, every nonzero one in an integrable
set. Such functions are called integrable simple functions. In other words, the
integrable simple functions are the step functions over the J-ring of integrable
sets.

A set A is called o—finite if it can be covered by countably many integrable sets.
In many instances the whole ambient set is o—finite. In that case we say that the
mean is o—finite. If the mean is Daniell’s mean for some elementary integral and
is o—finite, then we also say the elementary integral or measure is o—finite. This
is the same as saying the ambient space is the union of countable many integrable
sets. Most means are o—finite. The only example of a mean that is not and can still
be considered a natural example is that of the Daniell mean of a Radon measure
on a locally compact space so huge that it cannot be covered by countably many
compact sets.

Exercise 7.2% If there is a sequence of elementary integrands whose pointwise supremum
is strictly positive then any mean is o—finite. Thus Lebesgue integral on the line or
on R" is o—finite. Conversely, if the Daniell mean of [ on & is o—finite then there exists
a sequence of elementary integrands ¢, € £ with sup,, ¢n = 1.

Exercise 7.3 If || ||* # 0 is o-finite then there is a countable collection of disjoint
non—negligible integrable sets whose union is the ambient space.

Exercise 7.4* If the mean is o—finite then any collection M of mutually disjoint non—
negligible integrable sets is at most countable.

Recall from Proposition 2.13 on p. 39 that a collection of subsets of some set
is an algebra of sets if it is a ring and contains the whole ambient space. An algebra
of sets that is closed under taking countable intersections is automatically closed
under taking countable unions and is called a o—algebra. The integrable sets do
not, in general, form a o—algebra — the line R, for instance, is not Lebesgue
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integrable. If they do, then we say the mean is finite or totally finite. If the
mean is Daniell’s mean for some elementary integral and is totally finite, then we
also say the elementary integral or measure is totally finite.

Let us now investigate the relation of the integrable sets to the integrable
functions.

Proposition 7.5 Let f be an integrable function. (i) For any strictly positive
real v, [f >7], [f >7], [f <—r], and [f < —r] are integrable sets.

(ii) f is the limit almost everywhere and in mean of a sequence (f,) of simple
integrable functions with |fn| < |f|. (i1i) f has o—finite carrier.

Proof. For the first claim, note that

[f>1]= lim 1A (n(f—fA1))

n—oo

is integrable: the functions f, = 1 A (n(f — f A'1)) are integrable by Theorem
5.5 and are dominated by |f|. By the DCT, their limit is integrable. This limit is
zero at any point x where f(x) <1 and 1 at any point z where f(xz) > 1; in
other words, it is (the indicator function of) the set [f > 1], which is therefore
integrable. This is the first and only place where we use the fact that L' is closed
under chopping.

The set [f > r] equals [f/r > 1] and is thus integrable as well. Finally,

[fZT}:{ﬂ[f>r—1/n]: N9n>1/r}

is integrable, and [f < —r] =[—f >7] and [f < —r] = [-f >1].
For (ii), let f, be the simple integrable function

22'n,
fo=) k2T k27 < f < (B4 1)27"]
k=1

22n

=Y k2[R > f > —(k+1)277].
k=1

By (i), the sets
27" < f<(k+1)27"=[f>k27"] \ [f > (k+1)27"]

are integrable if k£ # 0. Thus f,, being a linear combination of integrable functions,
is integrable. Now (f,,) converges pointwise to f and is dominated by |f|, and
the claim follows.

As for (iii), the carrier [f # 0] of f equals the union of the integrable sets
(11> 1/n]. I
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Remark 7.6 Suppose the mean || ||* is Daniell’s mean || || for some elementary integral
[ dp. Let us write p(A) for [ A dp when A is an integrable set. According to Equation
(7.1), the integral of an integrable function f is the limit of sums of the form

L= > k27"uA), (7.2)

1<jkl<2n
where A, %z f(x) lies between k27" and (k+41)27"}.

Proposition 7.5 can then be read as follows. Instead of chopping the domain into little
pieces as is done in the Calculus to approximate the integral of f by a Riemann sum,
subdivide its range into intervals of length 27" and replace the Rieman sum by the
sums (7.2). It is sometimes said that this “transition from the z—axis to the y—axis” is
Lebesgue’s great contribution; this makes things sound too easy to do him justice. There
is, after all, the not—so—small matter of attaching a measure to the sets A,,.

Exercise 7.7% Let f, be a sequence of integrable functions, all vanishing off the same
integrable set A and converging uniformly to f. Then f, — f in mean and f is
integrable.

Exercise 7.8 Let f be a positive function. The following are equivalent:

(i) f is integrable; (ii) there exists an increasing sequence (s,) of simple integrable
functions with f = sups, a.e. and sup f S$n < 00. In this case the previous supremum
is the integral of f, provided || ||* is the Daniell mean of [; (iii) there exists a sequence
(sn) of simple integrable functions with f = > s, a.c. and Y [ s, < oco. In this case
the previous sum is the integral of f if || ||* is the Daniell mean of [.

Assume henceforth that an elementary integral [ = [ dpu is given and that
the mean majorizes the integral:

]/Mu\swn* VéeE. Then ]/f(x)u(dx)\gufn* viec.

The integral of an integrable set A, [ A(z) pu(dz), is usually denoted by wu(A).
Let f be an integrable function. An integrable set A being a bounded function,
the product A-f = 14-f is integrable. Its integral is usually denoted by

/A f or /A fdu or /A F(s)u(ds)

Exercise 7.9% (A Borel-Cantelli Lemma) Given a sequence (A,) of integrable sets that
are all contained in some other integrable set, let A denote the set of points that lie in
infinitely many of them. A is integrable. If > [ A, < co then A is negligible.

Exercise 7.10* (The Riesz Representation Theorem) The restriction of the integral to
the integrable sets is a positive o—additive measure. The step functions over this ring,
the simple integrable functions, are dense in £'.

Exercise 7.11 Exercise 7.10 produces a o-additive set function p on the §-ring R C £*
of integrable sets. We are in the situation of page 38. We would then produce a elementary
integral by linear extension and then extend this, for instance by constructing its Daniell
mean, or by using statement (ii) of Proposition 7.5 as the definition if integrability, to
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a new class of integrable functions. Show that either way we end up right back at £':
much ado with nothing to show for it.

The remainder of the section deals specifically with the Lebesgue integral. We
write [, f(2) A(dz) for [, f in order to emphasize that it is Lebesgue measure we
are integrating with. The d-ring of Lebesgue integrable sets is denoted by A[)A].
The integral [14(z) A(dz) of a Lebesgue integrable set is traditionally written as
A(A) and called the Lebesgue measure of A. Similarly, the upper integral of
(the indicator function of) a subset A of the line is denoted by A\*(A4) and called
the outer Lebesgue measure of A.

Proposition 7.12 (Regularity of Lebesgue Measure) Recall that an open sub-
set of the line is the union of at most countably many mutually disjoint open
intervals (a;,b;), among which may or may not be one or both of the infinite in-
tervals (—oo,b) and (a,00). For the purpose of this proposition let us call this
representation of an open set its canonical representation.

(i) The outer Lebesgue measure of an open set is the sum of the lengths of the
intervals in its canonical representation.

(ii) A bounded open subset of the line is Lebesgue integrable, and its Lebesgue mea-
sure is then the sum of the lengths of the intervals in its canonical representation.
(iii) A compact subset of the line is Lebesgue integrable.

Now let A be any Lebesgue integrable set, and let € > 0.
(iv) There exists an open integrable set U containing A with N(U\ A) < e. This
fact is called outer regularity of Lebesque measure.
(v) There exists a compact set K C A with N(A\K) < €. This fact is called inner
regularity of Lebesgue measure.

Additional Exercises

Exercise 7.13 Every o—additive measure on the line is inner and outer regular.

The remaining exercises deal specifically with the Lebesgue integral.

Exercise 7.14 (See Exercise 3.15) Show that

/ fdx= sup{/ f : A integrable}
A

for all positive numerical functions f, and consequently

I£]I" = sup{||A- f||" : A integrable} .

Exercise 7.15 Let A be a subset of the line, and let a € R. Show that the right translate
A+a={x+a:xz € A} has the same outer measure as A: A (A +a) = ["laja =
J*A = X"(A). Show that if A is Lebesgue integrable then so is A+ a and has the same
measure. [Hint: A+ a = A, in the notation of Exercise 6.11 on p. 61.]
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The following project permits the reader to check her understanding of the
material presentend so far.

Project 7.16 For ¢ € Coo[R] let f¢ denote its Riemann integral. The triple (R, Coo[R], f)
has the same properties as the triple (R, E[R], [) we have been considering so far. Namely,
Coo[R] is a lattice ring of bounded functions, and [: Coo[R] — R is linear, positive, and
o—additive (Use Lemma 1.3.1). Define the upper integral for this triple as in Section 3, re-
placing € everywhere by Coo[R]. Define the corresponding mean, the integrable functions,
the extended integral, and produce the permanence properties of the past sections.

Then show that the integrable functions so obtained are exactly the Lebesgue integrable
ones, and that the integrals coincide.

I1.8 Example of a Non—Integrable Function

Let us try to think of a non-integrable function f on the line. There is f(x) = 2,

which can’t be integrable because ||f||* = oo: “f is too big.” We understand
this obstruction to integrability very well. Let us accept it and look for a “small”
function f that is not integrable. Let us try to find one that is bounded and of
compact support, say, so that its mean is finite. This is not easy: how would we
describe such a function? How does one usually describe a function? Well, one
starts with simple ones, polynomials or step functions, say, and produces more
complicated ones as algebraic or order combinations or as limits of these. The
permanence properties of the class L' are so good, though, that we have no
chance at producing our non—integrable function that way. We might be led to
the conjecture that every function f with ||f||* < oo is integrable. Alas, this is
not true. This section exhibits an example of a bounded set B C R that is not
Lebesgue integrable. However, this is not easy and, in fact, requires a logical device
not openly employed so far, the axiom of choice.

We start the construction of B by defining an equivalence relation ~ on R
by r~r = r—-reQ.

Every equivalence class is countable, and there are uncountably many of them.
Every equivalence class clearly has an element between —1 and 1 in it. Using the
axiom of choice, we pick from every equivalence class a number between —1 and 1
to make the “bad” set B.

(i) The sets B4+q and B+¢q' are disjoint if ¢ # ¢’ € Q. Indeed, if their intersection
has a number b+q = b +¢  init, b,b’ € B, q,q' € Q, then b ~ b’ and consequently
b = b, since only one representative of every equivalence class is in B. In that
case ¢q equals ¢’, and the two classes are identical.

Let us enumerate the rationals in (—2,2): QN (-2,2) = {q1,42,...} and let B,
be B translated by ¢,: B, = B + ¢,, n € N. The sets B, are countable in
number, mutually disjoint, and contained in the interval (—3,3).
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(i) The interval (—1,1) is contained in the union of the B, . Indeed, if r € (—1,1)
then r is in one of the eqivalence classes and differs from the representative chosen
from this class by a rational ¢ which cannot be bigger than 2 in absolute value.
q is one of the ¢, and consequently r € B,,. From the countable subadditivity of
the upper integral we deduce now

2:/*(_1’1“/*,@13“2/*3”'

Thus one of the numbers f *B,, must be strictly positive. By Exercise 7.15, all the
B,, have the same upper integral, and so

/B:/Bn>0 VneN.

Now assume, by way of contradiction, that B is Lebesgue integrable. Then so
are all the B, (Exercise 7.15), and the countable additivity of the measure on
integrable sets yields

[(Qm-5 [ -5 fn-e

This is impossible, since |J -, B, C (—3,3) and thus A\*(J,_, Bn) < 6. This
contradiction shows that B cannot be Lebesgue integrable. 1

Exercise 8.1 Construct a decreasing sequence f,, of functions with pointwise infimum
zero such that [*fn /4 0.






Chapter 111
Measurability

Recall the example of a non—integrable function given in Section IL.8. It was (the
indicator function of) a bounded set B. The reason this function is not integrable
clearly is its wild behaviour: it jumps at every point. But then there is Q, the
indicator function of the rationals; it also jumps at every point, yet it is integrable.
The difference between these two wildly jumping functions is that the latter is
negligible; there is an arbitrarily small set off which Q is actually constant —see
Exercise 11.4.2 on p. 49. This observation leads to the conjecture that the local
behaviour of an integrable function is this: it is allowed to behave wildly on small
sets but has to be somewhat smooth elsewhere. One would not conjecture that an
integrable function is constant on large sets, but, perhaps, that it is as smooth as
an elementary function there. Once conjectured, this is not hard to prove — see
Observation 1.1 below. This local behaviour of the integrable functions is called
measurability.

It was Littlewood who made this observation and related ones. Because of
their importance they are known as Littlewood’s Principles: integrable functions
are “nearly elementary,” integrable sets are “nearly elementary sets,” and measur-
able functions are “locally nearly elementary.”

It is a hallmark of the most insightful results in mathematics that they get
turned into definitions. This is an instance. After detailing Littlewood’s Principles
in the first section we shall define a function to be measurable if it is, on arbitrarily
large sets, as smooth as an elementary function.

Measurability describes precisely the “local structure” of the integrable func-
tions: a function f is integrable if and only if it is measurable and its mean is
finite. Its permanence properties are superior to those of integrability in that no
domination is required for the limit. The main use of this notion is this: Suppose we
are confronted with a function f and want to determine whether it is integrable.
Since measurability is preserved under algebraic and order operations and under
limits of sequences, it is frequently quite easy to see from the way f is given that
it is measurable; we prove in some other way that its mean is finite and conclude
that it is integrable. This is often much preferable to checking that the domination
condition of the Dominated Convergence Theorem holds in the various steps that
comprise the definition of f.

The arguments are quite general in nature; they apply to any mean || ||* for
a ring £ of bounded functions.

K. Bichteler, Integration — A Functional Approach, Modern Birkhéuser Classics,
DOI 10.1007/978-3-0348-0055-6_3, © Birkhduser Verlag 1998
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ITI.1 Littlewood’s Principles

Observation 1.1 Let f be (&,] ||*)-integrable and € > 0. There exists a set
U € & with |U||* < € and a function f' almost everywhere equal to f that
s, on the whole complement of U, the uniform limit of elementary functions.
Therefore (Corollary 1.3.13) f itself coincides with a function of € on a set whose
complement has mean less than €.

We boldly paraphrase this by saying “an integrable function is largely from E.”

Proof. The proof of Theorem I1.4.6 on p. 50 provides a sequence of elementary
functions ¢y with [¢g||* < 27% for k = 1,2,... so that f = > ;- ¢) in mean
and almost everywhere. We set [’ equal to f where this sum converges, equal to
zero elsewhere. Consider the elementary integrands

(o)
o et Z k- ¢ and set g/déleiin ¢K:Zk'|¢k‘~
1<k<K = k=1

Since lg" = vxc|l* < Y k27* =20,
K<k

¢’ is integrable. Observe next that for any M, K € N

Ilg" > MI|" < |lg'/MI" <M~ k- gl + Y k278
k<K k>K

By choosing first K and then M sufficiently large, we can have ||[¢' > M]|* <.
U g > M]is aset in E': it equals the supremum of 1 A (n- (vx—(rAM)))
over n, K. On its complement U¢ we have ¢’ < M and thus for all K € N

=Dl <D okl <KUY ke lon] < ¢/ /K < M/K

k<K k>K k>K

showing that on this set the convergence of ), ¢ to f is uniform. The set of the
second claim is U¢ U [f # f’]. This argument does not even use the assumption
that || ||* be a mean; solidity and countable subadditivity suffice! _ 1

Observation 1.2 Let (f,) be a sequence of integrable functions and assume that
fn(x) converges to f(x) for almost all x in the integrable set A. For every € > 0
there is then an integrable subset Ag C A with ||A\ Ao||* < € such that (fy)
converges to f uniformly on Ag.

To paraphrase this, there are “arbitrarily large” subsets of A on which the conver-
gence is actually uniform, or “almost everywhere convergence is largely uniform.”
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Proof. By Proposition I1.7.5 on p. 63,
r def 1
AL, = AN [|fn—fm| > ;}

is an integrable set for r,m,m = 1,2,..., and then so is the set (see Proposition
I1.7.1 on p. 61)

By | a,,=4n |J |:|fn_fﬂ%|>%:|'

m,n>p m,n>p

As p increases, B, decreases, and the intersection ﬂp By, is contained in the neg-
ligible set of points where (f,) does not converge (1.2.5). Thus, by the Monotone
Convergence Theorem,

lim [[B)[|" =0.

p—00

For every r € N there is therefore a natural number p(r) such that

[Bymll™ < 27"€.
Set B=|JBy,  and Ay=A\B.

It is evident that ||A\Ap|/* = || B||* < €. It is left to be shown that (f,,) converges
uniformly on Ag. To this end let § > 0 be given. We let N = p(r), where r
is chosen so that 1/r < §. Now if z is any point in Ay and m,n > N then z
is not in the “bad set” Bj,, and therefore |fy(z) — fm(x)| < 1/r < 4. Thus
|f(z) = fu(z)| <6 forall x € Ag and n > N. 1

Considering a Lebesgue integrable function f note this consequence: due to
Theorem 11.4.6 f is || ||*-almost everywhere the pointwise limit of elementary
functions. By Observation 1.2, f is on arbitrarily large integrable sets the uniform
limit of elementary functions. Moreover, by Theorem I1.4.6 and Exercise 11.6.10,
f is a.e. the pointwise limit of wniformly continuous functions. It is thus on
arbitrarily large integrable sets the uniform limit of uniformly continuous functions
and so is uniformly continuous on them. Furthermore, every Lebesgue—integrable
set contains an arbitrarily large compact subset, by Proposition I1.7.12 on p. 65,
and on compact sets continuity and uniform continuity coincide. To summarize:

Corollary 1.3 Let f b a Lebesgue integrable function, A a Lebesgue integrable
set, and € > 0.

(i) There exists an integrable subset Ag C A with A(A\ Ay) < € such that f is,
on Ay, the uniform limit of elementary functions.

(ii) There exists an integrable subset Ay C A with M A\ Ao) < € such that f is
uniformly continuous on Ag.
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(iti) There exists a compact subset K C A with A(A\ K) < ¢ such that the
restriction of f to K is continuous.

The upshot of all this is that a Lebesgue integrable function is rather regular
on large sets.

Definition of Measurability

Recall that we are searching for the local structure of the integrable functions, to
be called measurability. Corollary 1.3 offers the answer: A function f should be
called measurable if it behaves as described there. Which of the three possibilities
shall we choose? The second one is particularly appealing, exhibiting as it does
the local smoothness in a succinct and intuitive way; however, the first one is the
easiest to express for an arbitrary mean || ||*, so we settle for it *:

Definition 1.4 Let A be an integrable set. A real-valued almost everywhere defined
function f is called measurable on A if for every € > 0 there is an integrable
subset Ag of A with ||A\Ao||* < € on which f is the uniform limit of elementary
functions, that is to say?, on which f coincides with a function in the uniform
closure &.

A real-valued a.e. defined function f is called measurable if it is measurable on
every integrable set.

If there is need to stress that this definition refers to the pair (€, || ||*) then f will
be called (€, || ||*)—measurable. If || ||* is the Daniell mean for Lebesque measure
on the line or on R™ we talk about Lebesgue measurability.

Supplements and Additional Exercises

Exercise 1.5* The constant function 1 is measurable.
Exercise 1.6 Let || ||* be the Daniell mean for counting measure (see Example 11.2.22).
Then every function is || ||*~measurable.

An Alternative Definition of Measurability. The following contemplations are for
the reader with a good background in topology; in particular, he must be at ease
with the general Stone—Weierstrass Theorem 1.3.25 on p. 16.

Definition 1.4 can be read as follows: f is measurable if and only if it is £—
uniformly continuous on arbitrarily large sets. This statement could have served as
the definition of measurability. Doing that has two advantages: First, it makes sense
also for functions f that take values in some other uniform space, for instance, in a
metric space or a Banach space—this is true also for statement (ii) of Corollary 1.3.

1 See, however, Definition 1.7 below.
2 See Corollary 1.3.13 on p. 14.
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Second, it does not refer to the topology of the line and so it makes sense also
when the space S on which one wishes to integrate has a priori no topology. It
may even happen that S has a relevant topology but that it is too cumbersome
to carry through all the arguments.

Definition 1.7 A function f with values in a uniform space is called measurable
if for every integrable set A and € > O there is an integrable subset Ay C A with
|A\ Ao||* < € on which f is E—uniformly continuous. To paraphrase as above: f
is measurable if it is “largely £—uniformly continuous.”

Exercise 1.8 A real-valued function is £-uniformly continuous on Ag if and only if it
agrees there with a function of £.

If we don’t like the E—uniformity in the alternate Definition 1.7 we don’t have to
use it. Let C be any collection of everywhere defined bounded integrable functions
and assume that the ring £ generated by it is dense in £'. It is not hard to see
that the £&’—uniformity and the C—uniformity are equivalent, in the sense that they
have the same uniformly continuous functions. By Corollary 3.3, the statement
“f is measurable if it is C—uniformly continuous on arbitrarily large sets’ is true
and can serve as the definition of measurability:

Exercise 1.9 Use this definition with C the collection of functions ¢ +— t-[—n, n] to prove
(ii) of Corollary 1.3. More generally, show that a function f with values in some uniform
space is Lebesgue measurable if and only if for every integrable set A and e > 0 there
is an integrable subset Ag C A on which f is uniformly continuous (with respect to the
usual distance | | on R).

II1.2 The Permanence Properties

Again || ||* is an arbitrary mean on a ring £ of bounded functions.

The notion 1.4 of measurability is rather intuitive, describing as it does a
large degree of smoothness. We have yet to show that it captures exactly the local
structure of the integrable functions. This we refer to later sections, as it is more
expeditious to establish the permance properties of measurability first. They are
excellent, as we shall presently see. The task is facilitated greatly by the following
little result.

Lemma 2.1 Let A be an integrable set and (f) a sequence of functions that are
measurable on A. For every € > 0 there exists an integrable subset Ao of A with
|A\ Aol|* < € such that everyone of the f, agrees on Ag with a function in £ .

Proof. Let A; C A be integrable with ||A\A;|* < e27! and so that, on A, f;
agrees with a function ¢, € £. Next let A2 C A; be integrable with |41\ Asz|* <
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€272 and so that, on A,, fo agrees with a function ¢, € €. Continue by induction,
and set Ag =(o—, An. Then Ay is integrable by Proposition IL.7.1,

AN A" = [[(ANAD) U JANA)||" <D 2 =€

i>1
due to the countable subadditivity of || [|*, and every f, coincides on Ay with a
function in &, inasmuch as it does so on the larger set A,, . I |

Lemma 2.1 renders the proof of the permanence properties of measurability
rather simple. We start with limits:

Theorem 2.2 (Egoroff’s Theorem) Let (f,,) be a sequence of measurable func-
tions and assume that (f,) converges || ||*—a.e. to a function f. Then f is mea-
surable. Moreover, for every integrable set A and € > 0 there is an integrable
subset Ay of A with ||[A\Ao|* < € on which (f,) converges uniformly to f — we
paraphrase this behaviour by saying “(fn) converges uniformly on arbitrarily
large sets or even (f,) converges largely uniformly.”

Proof. et A and ¢ > 0 be given. There is an integrable set A3 C A with
|A\A1]|* < €/2 such that, on it, everyone of the f, coincides with some function
in €. Thus f,, - A; is integrable for every n € N (why?). These functions converge
to f-A; pointwise a.e., so there is an integrable set Ag C A; with ||A1\Ap||* < €/2
on which the convergence is uniform (Observation 1.2). Clearly ||A\Ap||* < €, and
f agrees on Ag with a function in £ (Corollary 1.3.13). 1

Theorem 2.3 Finite algebraic and order combinations of real-valued measurable
functions are measurable. The composition o f of a continuous function v with
a measurable function f is measurable (see Proposition 5.16 on p. 91 for more).

Proof. Let f, f’ be measurable. Given A integrable and ¢ > 0, we find Ay C A
integrable with ||A\Ag|* < e and functions ¢, 5/ € € that agree on Ay with f, f/,
respectively. Then f * f’ agrees on Ay with ¢ * 5/ € &. For * read +,—,-,V,A.
The functions |f|, f A1 coincide on Ay with |@|, ¢ A 1, respectively.

For the last statement let (p,, ) be a sequence of polynomials that converge point-
wise to (Exercise 1.3.15 (iii)). Then p, o f is measurable by the previous ar-
gument, and then so is the pointwise limit © o f of this sequence. The following
consequence is left as an exercise: S |

Corollary 2.4 Let (f,) be a sequence of real-valued measurable functions. Then
the functions inf f,, sup f,, liminf f,,, limsup f,, are measurable as well, provided
they are finite almost everywhere.
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Additional Exercises

Exercise 2.5 Deduce Theorem 2.3 from the following fact: if fi,..., f, are measurable
functions and ¢ : R®™ — R is continuous then &(fi,..., fn) is measurable. Prove this
fact.

Exercise 2.6 The definition of measurability does not permit us to call measurable as
smooth a function as the constant oo, the reason being that we don’t have a notion
of uniform approximation in R. This can easily be remedied: A natural metric on R is
the arctan metric d of Exercise 1.2.4. Use this to define the notion of measurability of
a R-—valued function, and check that all the previous results continue to hold, and to
improve Corollary 2.4.

The following exercises are for the reader with sufficient background in topo-
logy. They use the “proper” Definition 1.7 of measurability.

Exercise 2.7 Prove Egoroff’s theorem for a sequence (f,) of functions with values in a
metric space (E,d).

Exercise 2.8 Let f be a measurable function with values in a uniform space E and ¢ a
real-valued function on F. Assume (a) that ¢ is uniformly continuous or (b) that E is
complete and ¢ continuous. Show that ¢ o f is measurable. Show that the same is true
if ¢ takes values in some uniform space.

Exercise 2.9 Let (E,d) be a complete metric space and assume there is a countable
collection C of uniformly continuous functions that separates the points of E. Show that
a function with values in E is measurable iff the following two conditions are satisfied:
(a) v o f is measurable for all v € C and (b) f has locally nearly relatively compact
range; that is to say, for every integrable set A and ¢ > 0 there is an integrable subset
Ap of A with ||JA — Ap||* < € such that f(Aop) is relatively compact in (E,d).

IT1.3 The Integrability Criterion

Let us now show that the notion of measurability captures exactly the degree of
smoothness of the integrable functions.

Theorem 3.1 (The Integrability Criterion) A function f is integrable if and

only if it is measurable and has finite mean and o—finite carriers.

Proof. An integrable function has finite mean and is measurable, being almost
everywhere the pointwise limit of a sequence of elementary functions (Theorem
I1.5.2 on p. 53). By part (iii) of Proposition II.7.5 on p. 63 it has o—finite carrier.
The three conditions are thus necessary.

For the sufficiency assume to start with that f vanishes off an integrable set A.
There are then integrable subsets Ay of A with ||A\ Ag||* < 27% on which f

3 If the mean || ||* is Daniell’s mean then this follows, of course, from ||f|* < oco.
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is the uniform limit of elementary functions. Due to Exercise I11.7.7 fi, = f-Ag
is integrable. If = belongs to [,-x Ax then fi(z) = f(z) for k > K; thus
fe(@) 550 f(2) if 2 € Ug Nesx Ar- Now this set has negligible complement
in A. In other words, (f;) converges to f a.e. Since this sequence is also domi-
nated, by |f| € F*, f itself is integrable.

In the general case use a countable collection {A4;, As, ...} of integrable sets that
cover the carrier of f. Replacing if necessary A, by |J,.,, Ar the A, can be
chosen to increase with n. The functions f-A, are clearly measurable, so they
are integrable by what was shown above. The sequence (f,) converges to f at
every single point and is dominated by |f| € F*. We conlude with the Dominated
Convergence Theorem that f is integrable. S |

Exercise 3.2* If the mean is o—finite or is Daniell’s mean or is maximal (Section 6) then
a function of finite mean automatically has o—finite carrier

Corollary 3.3 Let D be any collection of integrable functions that is mean—dense
in L. A real-valued function f is measurable if and only if for every integrable
set A and € > 0 there is an integrable subset Ay of A with || A\ Ao||* < € on
which f is the uniform limit of functions in D.

Proof. Suppose f is measurable. Given an integrable set A and € > 0 we find
A C A integrable with ||A\ A{|l* < €/2 such that f coincides on A} with a
function in €. Then f- A} is integrable and is therefore the limit in mean and a.e.
of a sequence (d,) in D. By Observation 1.2, there is an integrable set Ag C Aj
with ||Aj\Ao||* < €/2 on which (d,,) converges uniformly. Clearly [|A\Ao|* <,
and f is, on Ap, the uniform limit of functions in D.

Conversely, assume “f is largely the uniform limit of functions in D.” Let an
integrable set A and e > 0 be given. Let A C A be integrable with ||A\Ap|* < €/2
and (dy) a sequence in D converging uniformly on Aj, to f. Then f - Af, being
the dominated limit of (d,, - Af) is integrable and thus is the limit a.e. of a sequence
(¢n) of elementary functions. By Observation 1.2, (¢,,) converges uniformly to f
on some integrable subset Ay of A} with [|A{\Ao||* < €/2. Clearly [|A\Ao|* < e.
|

Exercise 3.4 Redo Exercises 11.5.15 and 11.5.14.

The Localization Principle

The following result shows nicely that measurability describes, indeed, the local
structure of the integrable functions. In its consequence, the recommended Exer-
cise 3.10 on p. 78, this point becomes particularly clear.
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Theorem 3.5 (i) A function measurable on the integrable set A is measurable
on every integrable subset of A. (ii) A function measurable on the integrable sets
Al A% is measurable on their union. (iii) If f is measurable on the integrable sets
Al A2 .. then it is measurable on every integrable subset of their union.

Proof. (i) is utterly obvious. (ii): A?\A! is measurable and f is measurable on this
set, by (i). We may thus assume that A' and A% are disjoint. Let us write B =
A'U A2, Given € > 0 we find an integrable subset By of B with ||B\B1|* < ¢/2
on which both (the indicator functions of) A', A% coincide with functions a',a@?,
respectively. Now we find Af C A* N By with [|(A* N B1)\A[|* < ¢/4 on which f
agrees with ¢ € €, i = 1,2, and set By = A} U A2. Clearly ||B\By||* < e. On
By, f agrees with @151 + @252 € €. Thus f is measurable on A!' U A2.

(iii): Let A C o2, A™ be integrable and let € > 0 be given. There is an integer N

such that ||A\U7]:]:1(Aﬂ AM)||* < €/2.By (i), f is measurable on every one of the
sets AN A™, by (ii) on their union ngl(A N A™). There is an integrable subset

Ao of that union with | UnN:1(A NA™)\ Ao|l* < €/2 on which f coincides with a
function from £. Clearly ||A\Ao||* <e. S

Corollary 3.6 A function is measurable if and only if it is measurable on every
set of the form [¢p >r], €&, r>0.

Proof. Let A be integrable. There are elementary integrands 0 < ¢,, < 1 con-

verging in mean to A. The sets [¢, > 1/r] cover A almost everywhere. 1
Absolute Continuity of Means Consider now two means || ||°, | ||* on &.
We say that || ||” is absolutely continuous with respect to || ||* and write

| I” < || |I* if every || ||*—negligible set is || ||>negligible.

Corollary 3.7 If || |I” < || |I* then every | |*-measurable function is || ||° -
measurable. Two means with the same negligible sets thus have the same measurable
functions.

Proof. It suffices to show that a || |*~measurable function f is || ||’~measurable
on sets of the form A = [¢ > r|, which are integrable for both means. If G C A
is || ||*~integrable then there exists a sequence ¢, € & converging in || ||*—
mean and | ||*-almost everywhere to G. So does the sequence of functions
U, = A - ¢, of functions which are integrable for both means. Since this latter
sequence converges || ||”-almost everywhere to G, this set is || ||>~integrable. Let
now G be a maximal collection of mutually disjoint integrable (for both means)
and non-negligible subsets of A on which f is the restriction of a function in £.
Then G is countable and exhausts A || ||*—almost everywhere. Indeed, if A\ |JG
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were not negligible, one could adjoin to G an integrable non—negligible subset of
A on which f agrees with an element of £, in contradiction to the maximality
of G. Therefore A- f =Y {f -G : G € G} | ||*~almost everywhere, and thus
| ||’~almost everywhere: f is || ||”~measurable on A. N |

Supplements and Additional Exercises

Exercise 3.8 The mean of a positive measurable function f is the supremum of the means
of the positive simple integrable functions majorized by f.

Exercise 3.9 Let C be a collection of integrable set so that every integrable set is a.e.
contained in the union of a countable subcollection of C — we say C is an adequate
cover. Show that a function f is measurable if and only if it is measurable on every set
of C. Show that a o—finite mean has an adequate cover.

Exercise 3.10 Let f be a function on the line and || ||* a mean for £[R]. Show that f is
measurable iff every point € R has a neighborhood on which f is measurable.

Complex Valued Integrands. The order has played such an important role in
the preceding arguments that one might have misgivings about handling complex—
valued functions f = u + tv. There is really no problem: one simply declares such
a function to be integrable if both its real part u and its imaginary part v are,
and in that case one defines the integral by

[r=[uvifo.

The Dominated Convergence Theorem holds if the absolute value is understood
in the complex sense: |f| = vVu? + v2.

Exercise 3.11 If f = u + 4v is integrable then so is its absolute value |f|.

Exercise 3.12* Here is an equivalent way to subsume complex—valued function into the

theory: Define || ||* on arbitrary complex—valued functions f by

1117 = s
Then || ||* is a seminorm on the space F¢ of almost everywhere defined complex—valued
functions f with || f||* < oo. This space is a complex vector space complete under || ||*,

and every Cauchy sequence has an almost every convergent subsequence.
Next let £ ® C denote the collection of all functions ¢ that can be written in the form

I

¢>:Z&”¢>z‘ e€C, ¢, €€

i=1

(This is the same as saying ¢ = p + io, with p,o € £.) These functions are reasonably
called the compler—valued elementary integrands. They form a complex vector space
contained in F¢ . A complex—valued function f is integrable in the sense above precisely if
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it belongs to the || ||*~closure £{ of £®C in F¢. The Dominated Convergence Theorem
continues to hold.

Define a complex—valued function to be measurable if for every integrable set A and
€ > 0 there is an integrable subset Ag C A with ||A — Ag||* < € on which f is the
uniform limit of complex—valued elementary integrands, or, which is the same, on which
f agrees with a function from the uniform closure £ ® C = £ ® C. Prove the permanence
properties: the measurable complex—valued functions form an algebra; Egoroff’s theorem
und the integrability Theorem 3.1 hold. Show that f is measurable if and only if its real
and imaginary parts are.

Exercise 3.13 (The Riemann-Lebesgue Lemma) Take the measure space to be (—m, 7]
equipped with the step functions £(—m, n] and their usual integral. If f is an integrable
function, then its Fourier coefficients an,bn, given by Equation (II.2), converge to zero
as n — 00.

Exercise 3.14 (The Riemann—Lebesgue Lemma) The Fourier transform F f of a Lebesgue
integrable function f:R — R is defined by

Ffla) = /_ ¥ @) dz, a €R.

Show that the integrand is actually integrable. Show that Ff is a continuous bounded
function of « that vanishes at infinity.

Exercise 3.15 The Fourier transform is one-to—one in the sense that two integrable
functions with the same Fourier transform are a.e. equal.

Banach Space Valued Integrands. The construction of Exercise 3.12 can easily
be extended to functions with values in a Banach space (E, || || ). To start with
we extend the definition of || ||* to such a function f by

1A = || s

and define Fj, as the collection of all E-valued almost everywhere defined func-
tions on which || ||* is finite.

Exercise 3.16 (Fz, || ||*) is a complete seminormed vector space, and every Cauchy
sequence has an almost every convergent subsequence.

Next let £ ® E denote the collection of all functions ¢ that can be written as

I

¢=Y Li-di, &LEE,p€eE. (3.1)

i=1

These functions are reasonably called the E—valued elementary integrands. They
form a vector space contained in Fj,. Define the E-valued integrable functions £}
as the || ||*—closure of £ ® E in Fj,. The functions in L} are called Bochner
integrable.
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Exercise 3.17 They form a vector space complete under the seminorm || ||*. If f € £}
then |||z € L&. The Dominated Convergence Theorem continues to hold.

Define a E—valued function to be measurable if for every integrable set A and € > 0 there
is an integrable subset Ag C A with ||A — Ap||* < € on which f is the uniform limit
of E—valued elementary integrands. Prove the permanence properties: the measurable
FE—valued functions form a vector space; the product of one of them with a real-valued
measurable function is another one of them; if E is a complex Banach space then the
product of one of them with a complex valued measurable function is another one of
them; Egoroft’s theorem und the integrability Theorem 3.1 hold.

Assume now that || ||* majorizes the real-valued elementary integral [, for
instance that it is its Daniell mean. For ¢ as in (3.1) define the integral by

/¢i§i'/¢i- (3.2)

This is a linear map [ : € ® E — E — provided it is well defined. We do
have to worry about whether [ ¢ is independent of the particular choice of the
representation (3.1) of ¢. The next exercises will guide the reader through a

proof of the independence and define the extension of the integral to a linear
map [: L}, — E.

Exercise 3.18 Suppose £ consists of step functions over a ring R of sets. Then £ ® F
are exactly the F—valued step functions over R: for every ¢ € E Q@ E

6=y clo=¢ and [o=3 ¢ [o=g. (3.3)

[3S8) EEE

Consequently || [ ¢|lz < | f]|*, and [: £€®E — E has a unique extension by continuity
to a linear map [ : Ly — E.

Exercise 3.19 If £ does not consist of step functions, for instance, if f is a Radon
measure, let S denote the simple integrable functions. They are the step functions over
the ring of integrable sets. Define S ® E naturally in analogy with Equation (3.1), and
show that this vector space is dense in L. The previous exercise provides a unique linear
map [ : Lp — E that is majorized by || ||*. Show that this map agrees on £ ® E with
the integral defined in Equation (3.2) and provides the desired extension.

In the sequel || ||* is some order—continuous mean, for instance the Daniell-
Stone mean of some order—continuous elementary integral.

Exercise 3.20 Any function in €T is measurable.

Exercise 3.21 Let A be any integrable set. There exists an integrable subset A C A
whose complement in A is negligible with the following property: if ¢ is an elementary
integrand such that ||¢- A||* =0 then ¢ vanishes on A. We call A the support of || ||°®
on A.

Exercise 3.22 There exists a collection C of mutually disjoint integrable sets whose union
has locally negligible complement in the sense that ||A- (|JC)¢||* = 0 for all integrable
sets A.
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IT1.4 Measurable Sets

According to our convention of Section 1.2:, sets are identified with their indicator
functions: a set is measurable if its indicator function is measurable.

Exercise 4.1 A set F' is measurable if for any integrable set A and € > 0 there are an

integrable set Ag C A with ||A\ Ao||* < € and a function ¢ € £ which equals 1 on
AoNF and 0 on A\ F.

Proposition 4.2 Let Ay, Az, ... be a countable family of measurable sets. Then
¢ N2, A, and o~ Ay, are measurable as well. In other words, the measur-

able sets form a o—algebra.

Proof.
(1: =1- Al )
00 oo N
) An= A An = lim A .
n=1 n=1 N—oo n=1
o9 o] N
d A, = \/ A, = li A,
. nL:Jl n\:/1 Ngnoo n=1

in the sense that the set on the left has the indicator function on the right, which
is measurable by the established in Section 2. S |

While the definition of measurablity of a function is quite intuitive, its straight
reformulation for a set in Exercise 4.1 is not. The next little result provides a very
simple criterion.

Proposition 4.3 A set M is measurable if and only if its intersection with every
integrable set A is integrable.

Proof. If M N A is integrable then it is measurable on A. The condition is
thus sufficient. Conversely, if M is measurable and A integrable then M N A
is measurable and has finite mean, so is integrable (3.1). — 1

A finite linear combination of (indicator functions of) measurable sets is
clearly measurable. It is a measurable function that takes only finitely many values,
every one in a measurable set. Such functions are called simple measurable
functions. In other words, the measurable simple functions are the step functions
over the o—algebra of measurable sets.
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The simple measurable functions relate to the arbitrary measurable functions
in much the same way the simple integrable functions relate to the arbitrary
integrable functions (see Proposition I1.7.5 on p. 63):

Proposition 4.4 Let f be a real-valued function.

(1) If f is measurable then the sets [f > r], [f > ], [f < 7], and [f < 1] are
measurable for any number r.

(ii) Let D be a set of reals that is dense in R. If the sets [f > d| are measurable
for all d € D then f is measurable.

(11i) A measurable function f is the pointwise limit of a sequence (fy,) of measur-
able simple functions.

Proof. This is but a repetition of the argument of Proposition I1.7.5. Note that we
use below only the following two properties of the measurable functions: they form
a lattice that contains the constants, and they are closed under taking pointwise
limits of sequences. For the first claim, observe that

lim 1A (n(f—fA1))

is measurable, in view of these permanence properties. It is zero at any point x
where f(x) < 1 and 1 at any point = where f(z) > 1; in other words, this
limit is the (indicator function of the) set [f > 1], which is therefore measurable.
The set [f > r] equals [f/r > 1] when r > 0 and is thus measurable as well.
[f > 0] = U,Z,[f > 1/n] is measurable. Next, [f > r] = (o, /,[f >r—1/n],
[f <-=r]=[-f>r],and [f < —r] = [-f > r]. Finally, when » < 0 then
[f>r]=1—[-f>—7], etc.

r € R; simply take a sequence (d,) in D that decreases to r and observe that
If >r] =U,lf > dn]. The sets [f < r] = [f > r|° etc. are then measurable as
well. With this in mind let f,, be the step function over measurable sets

22n

fo= ) R2TUR27 << (41277 (+)

k=—22n

The sets [k27" < f < (k+1)27"] = [k27" < f]N[(k+ 127" < f]¢ are then
measurable. Then so are their linear combinations f,. These evidently converge
pointwise to f, so f is measurable. The following is now nearly obvious: _1

Corollary 4.5 A function f is measurable if and only if the sets [f > d] are
measurable for every dyadic rational d.
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Supplements and Additional Exercises

Exercise 4.6 Show that a set F' C R is Lebesgue measurable if and only if
A (S\F) + X" (SNF)=X"(5) ©)

for every set S € A. If so, this equality is satisfied for all integrable subsets S and then
for every set S C R. Show directly that the sets F' that satisfy (C) for all S C R form
a o—algebra.

Exercise 4.7 Let D be a set of reals dense in R. A function f is measurable if and only
if the sets [f > r] are measurable for all » € D. Then f is measurable if and only if the
sets [f > r] are measurable for all € R. Devise two more criteria along these lines.

Condition (C), though lacking in intuitive appeal, is often used to define
the measurablity of sets F', and the statement of Exercise 4.7 to define the
measurability of a function f. In other words, a function f is defined to be
Lebesgue measurable if

N (S\[f > d)) + X (SO [f > d]) = X*(S)

for all subsets S of R and all d € R.

Exercise 4.8 Using this definition of measurability show that the sum of two, and the
limit of a sequence of, measurable functions is measurable.

Exercise 4.9 Show that A C R is Lebesgue measurable if and only if any or all of its
translates A+ a are, a € R (See Exercise 11.7.15).

Convergence in Measure

We do not make use of the results of this subsection later on, so it may be skipped
on first reading. For simplicity’s sake we assume that the mean is o—finite.

Definition 4.10 A sequence (f,) of functions converges in measure* to f if, for
every 6 > 0 and every integrable set A,

lim H[f—fn>5mAH*:o.

n—oo

L% denotes the space of a.e. finite measurable functions, equipped with the topology
of convergence in measure.

Theorem 4.11 Let (f,) be a sequence of measurable functions. (i) If (fn) con-
verges in mean or almost everywhere to f then it converges in measure to f.

4 A different definition is frequently found: f, — f in measure if || [|f — fn| > d]||* === O for
all 6 > 0. It is somewhat easier to state, but also less desirable; it is not true, for instance, that
an a.e. convergent sequence converges in measure in this sense.
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(i1) Conversely, if (fn) converges in measure to f then it has a subsequence con-
verging to f almost everywhere.

Proof. If ||f — full* 77552 0 then, since 6 - [|f — fu] > 0] < |f — ful,

*

n—0o0 O)

|17 = sl >a| < 5|7 - £l

and hence f, — f in measure. Assume now that f, — f a.e. and let an integrable
set A and € > 0 be given. There is an integrable Ay C A with ||[A — Ag||* < e
on which (f,,) converges uniformly. If n is so large that sup{|f(z) — fn(x)| : x €
Ao} < 6 then || ANIf — fu] > 0] ||* < |]JA— Aol|* < €: again (f,) converges in
measure.

Lastly, assume that (f,) converges in measure to f. Let Aj be a sequence of
mutually disjoint integrable sets whose union is the whole space — since the mean
is o—finite, such exists. Find N;; € N so that for n > N,

| Ak N [ fn — f1 > 277 <277,

n; = \/ Ahk~

4,k<j

and set

Then the set

N= LkJ <Ak N Ylfn = £1> 2‘%)

IeNi>T

is negligible. For x ¢ N, say = € Ay, we have

ze |J N —r1<277,

IeNi>T

which says that for i sufficiently large |f,,(z) — f(z)] < 27°. __ 1

Corollary 4.12 (The General Dominated Convergence Theorem)
A sequence (fy) of integrable functions converges in mean if and only if it con-
verges in measure and is uniformly integrable.

Proof: Exercise. 1

Exercise 4.13 For every integrable set A (in an adequate cover) and measurable functions

frg set
da(f,g) =lA-1A[f =glll"

(i) Show that da is a pseudometric, and that f, 7=z f in measure if and only if
da(fn, f) — oo for all integrable sets A (in the adequate cover).
(ii) A sequence of measurable functions is Cauchy in measure if da(fn, fm) mm=s 0
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for all integrable sets A (equivalently, for all integrable sets A in an adequate cover).
Show that the a.e. finite measurable functions form a vector lattice and algebra that is
complete in measure: every sequence Cauchy in measure converges in measure.

Exercise 4.14 Let (Ax) be a sequence of non—negligible integrable sets whose union is
the ambient space, and define the pseudometric of convergence in measure by

[es] 2—k: )
po(F9) = > e IAxlT =gl ALl
k=1

Show that f — po(f,0) has all the properties of a mean except positive-homogeneity,
and that
lim po(r-f,0)=0 Vf€ cl.

Show that (f,) — f in measure if and only if po(fn, f) 7=s 0. Show that (£°,po) is a
complete pseudometric space in which £ is dense.

IT1.5 Baire and Borel Functions

The Concept of a Closure under algebraic or order properties is well known to
the reader. Let us review it briefly, though, in preparation of the concept below of
a closure under limits of convergent sequences.

Suppose, for example, that G is a subset of some vector space. If we want to
investigate the linear relations between the elements of G' we have to take linear
combinations of elements of G, which will take us outside G, in general. So we
adjoin to G all linear combinations of elements of G to obtain the vector space
generated by G, and inside that we can carry on our investigation.

Next, let G be a collection of real-valued functions on some set and suppose
we are interested in the algebraic relations between the functions in G. In order
to investigate them we have to take both linear combinations and products of
functions in G; but that will lead us outside G, in general. The natural thing to
do is to adjoin to G first all finite products of functions in G and then all finite
linear combinations of such products. We obtain a ring containing G, in fact the
smallest one, which is called the ring generated or spanned by G. We can now
study the algebraic relations of G inside this ring.

It is generally easier, though, to define the ring generated by G as the
smallest ring containing G, i.e., as the intersection of all rings containing G. This
intersection make sense, because there does exist at least one ring containing G, to
wit, the ring of all real-valued functions. If the functions in G are all bounded then
so are the functions in the ring generated by G. Instead of producing a bound for
every linear combination of products in G it is easier to use this “soft” argument:
the collection of all bounded functions is a ring containing G and thus contains
the ring generated by G.
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Similarly, there is the vector space (algebra, lattice, vector lattice, lattice ring,
etc.) generated by G. It is the intersection of all vector spaces (algebras, lattices,
vector lattices, lattice rings, etc.) containing G.

Closure under Limits. We can make new measurable functions in the following
way. We adjoin to the elementary functions £ the pointwise limits of sequences
in £ and get a larger class of functions, all measurable by Egoroff’s theorem. We
adjoin to the functions in this class the pointwise limits of their sequences and
get an even larger class. We continue on — these three words are given a precise
meaning in Exercise 5.2. Since we are talking pointwise convergence at every point
rather than almost everywhere, the functions we so obtain are all measurable for
every single mean on &; the question arises what structure they have in common.
Note that we cannot expect to arrive at every function in this way; for instance,
we will not get the (indicator function of the) bad set B of Section IL.8, since that
set is not Lebesgue measurable. We would hope that these functions have some
kind of local smoothness in common that can be described without reference to
means. Alas, there seems to be no intuitively understandable description of this
kind. We simply do as often before: work so much with these functions that we
end up thinking we know what they are. Anyway, what counts in the end are their
permanence properties, and those we shall exhibit in detail.

To get a better description of the functions above than by the procedure of
adjoining more and more limits of more and more sequences, let us introduce the
notions of a sequentially closed set of functions and of the sequential closure of a
family of functions. A collection B of functions is sequentially closed if the limit
of any pointwise convergent sequence in 5 belongs to B as well. The intersection of
any family § of sequentially closed collections of functions is sequentially closed; for
if (fy) is a sequence in (| § with pointwise limit f then f € F forall F € § as F
is sequentially closed, and thus f € (§. Given a collection &£ of functions there
is thus a smallest sequentially closed collection B(£) = £* of functions containing
&, to wit, the intersection of all sequentially closed collections of functions that
contain &. (There is at least one such collection, the collection R of all functions
on the ambient set S.) It is reasonable to call £* the sequential closure or
sequential span of £. Another name for them is the £-Baire functions. It is
clear that it is exactly the £-Baire functions so defined that we were after with
the somewhat vague prescription of adjoining more and more limits of more and
more sequences to &£.

Exercise 5.1% (i) £ C & = &7 C &™) (ii) (E¥)” =£¥.

Exercise 5.2 £ can be constructed by transfinite induction as follows: Set & = £. If
Eo has been defined for all ordinals a < 3 define €3 to be the set of all functions that
are limits of a sequence in &, if 8 is the successor of «; if § is not a successor define
&g = Ua<5 Eo. (The functions in & are known as £-Baire class 1 functions, those
in & as £-Baire class 2 functions, etc.) Show that £ = £ if § exceeds the first
uncountable ordinal ws .
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Let us begin the investigation by showing that algebraic and order properties
are passed on to the sequential closure.

Proposition 5.3 Let £ be any family of real-valued functions.

(i) Any function f in E¥ is in the sequential closure of a countable subfamily
Er C E. The carrier [f # 0] of f can thus be covered by the carriers of countably
many functions in & .

(ii) Suppose & is closed under +,—, -, \,V, under taking absolute values, or under
chopping. Then so is £ .

Proof. (i): The collection &’ of functions f that lie in the sequential closure of
a countable family &y C & is sequentially closed; for if £ > f, — f then f
clearly belongs to the sequential closure of the countable family |J, &, . Thus
E¥ C &', which is the first claim. The carrier of f is contained in the countable
union {[(b £0]: o €& f}, because the functions whose carriers are contained in
this set is plainly a sequentially closed family containing & .

(ii): Let * stand for anyone of the operations +,—, -, V, A. Set

E.={fcE%: fsxpcE and pxf€E® Vope&}.

Since £ is closed under *, &, contains £. Also, &, is sequentially closed. For if
(fn) is a sequence in &, that converges pointwise to some function f, then (f, *¢)
converges to f*¢ and (¢* f,,) converges to ¢* f. Since ¢ * f,, fuxd €EX Vn,
the limits f * ¢, ¢ * f belong to £ as well. But that means that f is in &,.
Therefore £, = £*. That is to say, for f € E¥ and ¢ € &, fxp,p*x f € EX. In
other words, £ is contained in the collection

Er={ge&”: frge&”andgxfe&” Vfe& }.

Now & is seen to be sequentially closed in exactly the way &£, was. Thus it equals
E¥ . This again says that £ is closed under *.

We leave it to the reader to show that if £ is closed under taking the absolute
value or under chopping then so is £*. N |

Corollary 5.4 If A is a ring of sets then its sequential closure is a o-ring, i.c.,
a ring closed under countable unions — and then automatically under countable
intersections.

If A is an algebra of sets then its sequential closure is a o—algebra; the same
conclusion holds if A is a ring and the whole space can be covered by a countable
subfamily of A.

An algebra (ring) of sets is a o—algebra (oc-ring) if and only if it is sequentially
closed.

Proof. The collection of all subsets of the ambient set is sequentially closed and
contains A, so it contains its sequential closure: A* consists of sets. Since A is
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closed under taking infima (intersections) and suprema (unions), so is A*. To see
that it closed under taking relative complements, apply the previous proof with
the operation Ax B = A\ B. In summary, A* is a sequentially closed ring, which
is easily seen to be a o—ring.

If A is an algebra, i.e., a ring containing the constant function 1, then A* is
a o-ring containing the constant function 1, i.e., a o-algebra. A* will contain
the whole ambient space if and only if the latter can be covered by a countable
subfamily of A (Proposition 5.3, (i)).

It is left to be shown that a o—algebra or o—ring F is sequentially closed. This is
plain. Namely, if 7 > F,, — F then F =y U,>n Fn € F. 1

Exercise 5.5% The sequential closures of C[R"], Cu[R™], Co[R"], Coo[R"], CSS[R"],
and the polynomials all coincide. A function in this sequential closure is called a Baire
Sfunction on R™. Of special importance are the Baire functions on the line. The subsets
of the line that are Baire functions are called Baire sets.

Corollary 5.6 Suppose £ is a ring, or a vector lattice closed under chopping.

(i) Then E* is both. Furthermore, ¢ o f € E* for all f € E¥ and any Baire
function ¢ on the line that vanishes at zero®.

(ii) The sets in E* form a o-ring R(E). They form a o-algebra if and only
if there exists a countable subfamily of € whose pointwise supremum is strictly
positive.

(iii) For f € E* the sets [f > 7] and [f < —r] belong to R(E) provided r € R is
strictly positive. Conversely, if the sets [f > d] and [f < —d] belong to R(E) for
every strictly positive dyadic rational d then f € £%.

(iv) Suppose R(E) is a o—algebra. Then a function f belongs to E* if and only
if the set [f > r] belongs to R(E) for every r € R.

Proof. (i): The uniform closure € of £ clearly belongs to £, and thus (£)* = £*.
By Proposition 1.3.10 on p. 11, £ is a lattice ring, and then so is £~. The next
claim is true if ¢ is a polynomial with zero constant term, an arbitrary polynomial
if £ is o-finite, for then the constants belong to £*. The family of functions ¢
such that ¢ o f € £ for f € £F is sequentially closed, therefore it contains the
sequential closure of these polynomials, which is the class of Baire functions or of
Baire functions vanishing at 0 as the case may be.

(ii): The (indicator functions of the) sets in £* form a sequentially closed family.
The claim follows from 5.4. (iii) and (iv) are left as exercises. 1

Proposition 5.7 Let || |* be a mean on a ring £ of bounded functions.

(i) Any (&, | |I*)—integrable function f coincides || ||*—almost everywhere with
some E-Baire function.

(i) Let || ||* be another mean, and assume that ||¢||* < ||@||* for all ¢ € £, .

5 This restriction is superfluous if € is o —finite, meaning that there is a countable subfamily of
£ whose pointwise supremum is strictly positive.
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Then this inequality holds on E¥ : ||f||* < ||f|IF V f € EX. In particular, if || ||*
and || ||* agree on £, then they agree on all €-Baire functions.

Proof. (i): There is a sequence (¢,) in € that converges to f almost everywhere.
Set h = limsup,, ¢,,. This function agrees with f almost everywhere. It is not
quite an £-Baire function, though, inasmuch as it might take the values +co. We
have to change the definition a little. The set C' of points where (¢,,) converges,

AU N [¢n—dml <1/k],

keNNeNm,n>N

is a £-Baire function, and h = limsup,, C - ¢,, meets the description.

(ii): Let f be an | |*integrable function. If ¢, € € converges to f in || ||*~
mean then it converges in || ||*~mean as well, and f is || ||*~integrable. Thus
1A = lim [ = im [l |7 < Lim 6l = ILFIF-

Next let h € EE. There is a countable family {¢1,¢o,...} C £ whose carriers
cover the carrier of h. The £-Baire functions

hn=hAn- | (¢l > 1/n]

1<v<n

are integrable for any mean on € (Theorem I1.5.5), and so ||h,|/* < ||ha|/* Vn.
The h, increase pointwise to h. If ||h||* < r then sup,, ||h,|/* < sup,, [|ha|* < oo,
and by the Monotone Convergence Theorem (h,) converges to h both in || ||*—
mean and in || ||*-mean. Hence ||h||* < r. We conclude that |h|* < ||A||*. The
inequality follows for all £-Baire functions h, since the solidity of the means

implies |2 = ||[2]||" < [|II]|F = |IAllF. o

Measurability on a Y —algebra

The last statement (iv) of Corollary 5.6 describes the membership of a function
in a sequentially closed algebra £ in terms of its relation to the o—algebra of sets
in £. It repeats the measurability criterion (ii) of Proposition 4.4 on p. 82 and
gives rise to the following

Definition 5.8 Let F be a o-algebra on the ambient space S. A function
f:S =R is said to be measurable on F, or F—measurable if [f > r] € F
for all r € R. The collection of all F-measurable functions is denoted by M(F).
Continuing the use of the word, we call an F-measurable function simple if it
takes only finitely many values (each one of them evidently in a set of F ).

Warning We have now two notions of measurability: for a mean (€, || ||*) and
on a o—algebra F. We shall carefully both distinguish and compare them.
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Exercise 5.9% Let F be a o-algebra, f a function, and D a dense set of reals. The
following are equivalent: (i) [f >r]e€e F VreR; (i) [f <r]eF VreR;

(iii) [f>r]e F VreR;({iv) [f=>2r]eF VreR;(v)[f>deF VdeD;

(i) [f<dleF VYdeD; i) [f>d e€F VdeD; (viii) [f>deF VdeD;
(ix) [di < f <do] € F Vdi,d2 € D; (x) f is F-measurable; (xi) f~'(B) € F for all
Baire sets B C R; (xii) ¢ o f is F—measurable for all Baire functions ¢ on the line.

M(F) is sequentially closed: If f,, € M(F) converges pointwise to f then
f > 1 = NyU,snylfn > 7], which is evidently a set in F, and so f is
measurable on F. We know from Exercise I1.2.17 on p. 40 that the simple F-
measurable functions form a lattice algebra of bounded functions. Its sequential
closure consists of F-measurable functions. In fact, due to Corollary 5.6 (iv) the
class of real-valued F—measurable functions is precisely the sequential closure of
the F-measurable simple functions. The F-measurable functions are therefore
closed under addition, multiplication, taking infima, etc.

Exercise 5.10 Show this directly, using only Definition 5.8.

Generating o—algebras. Y-algebras are most frequently given by specifying
a generator: the o—algebra generated by a collection C of functions is the
smallest o—algebra on which every function in C is measurable. Such exists: it is
the intersection of all o—algebras on which every function in C is measurable, and
C is called its generator.

For instance, the Borel o -algebra B*[S] of a topological space S is defined
as the o—algebra generated by the topology, in other words as the smallest o—
algebra containing every open set. Its elements are the Borel sets, and the
functions measurable on it are called Borel measurable or Borel functions.
There is also the o—algebra B*[S] generated by the continuous bounded functions.
It is called the Baire o—algebra. The functions measurable on it are called
Baire measurable or Baire functions. Every topological space is considered
to be naturally equipped with these two o—algebras.

Exercise 5.11% (i) B*[S] C B*[S]. On a separable metric space S the two o—algebras
coincide. If the two o—algebras agree then every o—additive measure on C3[S] is order—
continuous, and so is every mean on C3[S]. [Hint: C,I [S] = C,IT[S} .] (ii) A function is
Baire measurable if and only if it belongs to the sequential closure of the continuous
bounded functions.

Exercise 5.12 Let S be a locally compact space . A function h on S is lower semicon-
tinuous if the sets [h > 7] are open for all » € R. The set H of lower semicontinuous
functions is closed under addition, finite infima and suprema, and under multiplication
with positive reals. Tt coincides with C{l|[S] (See page 47). The collection Hj, — Hp of
differences of bounded lower semicontinuous functions is a vector lattice closed under
chopping. The Borel-measurable functions are the sequential closure of it. If || ||® is an
order—continuous mean on Coo[S] then any Borel function is || ||*~measurable.

6 Hausdorff and normal would suffice for this exercise.
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Exercise 5.13 Let £ be a ring of bounded functions on some set S. Give S the topology
generated by the sets [¢ > 7], ¢ € E,7 € R. Then £ consists of lower semicontinuous

functions, and the sequential closure of 53 - EJT is exactly the class of Borel measur-
able functions. They are measurable for any order—continuous mean on £. Since for a
continuous function f the set [f > r] is open and thus

Example 5.14 Prepare uncountably many copies of the unit interval, say I,,a < Ni,
and let K be their product. This is a compact space. The polynomials in finitely many
coordinates form an algebra separating the points, so they are uniformly dense in C[K].
Every continuous function on K therefore depends on countably many coordinates at
most, and then so does every Baire function (Proposition 5.3, (i)). The set of points in K
that have at least one coordinate in (0,1/2) is an open subset, therefore Borel. As it
depends on all coordinates it is not Baire.

Exercise 5.15 Let f be a measurable function with values in a complete uniform space F
and ¢ a Baire function on E. Show that ¢ o f is measurable.

One the line the Baire and Borel sets coincide. An open interval (a,b) is the

pointwise limit of the continuous functions ¢,, that equal zero off (a,b) and one
on [a+1/n,b—1/n] and are linear on [a,a+1/n| and [b—1/n,b]. (a,b) is thus a
Baire set, and then then so is every open set on the grounds that it can be written
as a countable union of open intervals.
An open interval, and then every open set, is, by a similar argument, an E[R]-
Baire function. The o—algebra generated by the step functions is thus again the
Borel o—algebra. The sequential closure of the polynomials contains C[R] (Exercise
1.3.15 on p. 14 (iii)) and thus all Borel functions. We see that the polynomials, the
continuous functions, and the step functions all have the same sequential closure,
namely the Borel measurable functions.

Let M be an algebra of functions that is sequentially closed, for instance
the class of functions measurable on some o—algebra, or the (&, | ||*)-measurable
functions of some mean || ||*. For any Baire function ¢ on the line and any
f € M, the composition ¥o f belongs to M. Indeed, the collection of functions ¢
with ¢ o M C M is plainly sequentially closed and contains the polynomials, so
it contains all Borel functions. In other words,

Proposition 5.16 A sequentially closed algebra of functions is closed under (left-)
composition with Baire functions.

As a consequence note the following. If f is an (€, ||*)-measurable or F—
measurable function and B a Borel subset of the line then the set [f € B] is
measurable. Indeed, this set is nothing but the composition Bo f = 1go f of a
Borel function with f.

Exercise 5.17 (The Monotone Class Theorem) Let M be a vector space of real-valued
functions that is closed under pointwise limits of increasing or decreasing bounded se-
quences and contains the constants, a monotone class.

If T C M is a collection of bounded functions that is closed under taking finite products
then M contains the o—algebra generated by Z and every bounded function measurable
on it.
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Example 5.18 Suppose (&, || ||*) is a mean. We have seen in Proposition 5.7 above that
a (&€,] ||*)-integrable function agrees almost everywhere with an £-Baire function. One
might hope that an (&,]| ||*)-measurable function agrees almost everywhere with an

£—Baire measurable function, i.e., a function measurable on the o—algebra generated
by £. This is true if £F contains the constants, but not in general. To see this let S
be an uncountable set, £ the lattice ring of functions with finite carrier, and || ||* the
Daniell mean for counting measure (see Example 11.2.22 on p. 41). Only the empty set is
|| |I"—negigible, and every function is || ||*—measurable. Not every function is measurable
on the o-algebra F generated by £. Indeed, F is the collection of all sets of the form
AU B where A is countable and B has countable complement, on the ground that the
sets of this description form a o-algebra on which the functions of £ are measurable,
evidently the smallest one. Not every set belongs to F.

Exercise 5.19% On the positive side, assume that the ambient set S is o—finite for
the set £ of elementary integrands. That is to say, assume that there is a countable
subfamily of €& whose pointwise supremum is strictly positive. Then 1 € £¥, and a
function is measurable on the o—-algebra £° generated by £ if and only if it belongs to
the sequential closure £F of €.

Let now || ||* be a mean on £. The o-algebra of (€,]| ||*)-measurable sets is the o—
algebra generated by £ and the || ||*—negligible sets. A set A belongs to it if and only if
there is a set A’ € £7 with [||4 — A'|||" = 0. A function is (&, ||*)-measurable if and
only if it differs || ||*-negligibly from a function in £=.

Exercise 5.20 Let £ be a lattice ring of bounded functions and F the o—algebra generated
by . é set F' belongs to F if and only if it has the form FF = AU B with A € £¥ and
Beeg”.

Measurable Spaces and Maps. A measurable space is a pair (S, F) consisting
of a set S and a o—algebra F of subsets of S. Let (T,G) be a second measurable
space. A map ® : S — T is called F/G—measurable if the preimage of every set
in G belongs to F: f_l(g) C F. This should remind the reader of the definition
of continuity of a map between topological spaces.

Exercise 5.21 Let ® : (S,F) — (T,G) be measurable. For every G-measurable func-
tion f, f o ® is F—measurable.

Exercise 5.22 Let A be a Lebesgue measurable set. Show that there exist Borel sets A
and A with A C A C A and Lebesgue negligible difference A\ A.

IT1.6 Further Properties of Daniell’s Mean

Let us summarize the development so far. Daniell’s construction produces the
seminorm || ||*. Since || ||* is a mean, the Dominated Convergence Theorem
holds on the mean closure £! of the elementary functions, which implies that
L' is rich. Since the elementary integral is majorized by | [|* it has a unique
extension by continuity to all of £!.

It is not hard to see that any extension of the elementary integral to a vector
lattice of functions on which the Monotone and Dominated Convergence Theorems



Section II1.6 Further Properties of Daniell’s Mean 93

hold is an extension by continuity with respect to some mean (Exercise I1.6.9). The
question arises whether we did the best possible. Are there not, perhaps, other
means on £ that majorize the elementary integral, smaller than the Daniell mean
if possible so they would produce even more integrable functions? Indeed there
are. In fact, the Daniell mean is the largest mean that agrees with the elementary
integral on £, . However, the other means one can think of are not canonical in any
sense, while Daniell’s mean is, by virtue of being mazimal. These thoughts would
lead the thorough thinker into investigating means per se. We won’t indulge in
this — nobody has so far — but make a few observations about them.

Maximality. Let || ||* be a mean for a ring € of bounded functions. There exists
a maximal mean that agrees with || ||* on &;. Namely, if 91 is the collection of
all means that coincide with || ||* on &4, set

11 =sup {II£1: || I € m} .

Let us show that || ||* is countably subadditive: if > ||fall* < 7 < oo then,
for every single | ||” € M, S |fall® < 7 and |3, fall® < 7; consequently
| S, fall® < r. The other properties of a mean refer only to its behaviour on € and
thus are evident. || ||* is evidently the largest mean that agrees with || ||* on &, .
Let us call || ||* a mazimal mean if it coincides with || ||¥. The means || |*
we shall encounter in the sequel will be maximal — and if one isn’t we simply
replace it by its associated maximal mean || ||*. We know from Proposition 5.7
on p. 88 (i) that || ||* and || ||* agree on the class £ of £&-Baire functions.

Lemma 6.1 For all numerical functions f on the ambient space

171 =it {in)": 1] < ke g™} (6.1)

Proof. Let |f||" denote the right-hand side of (6.1). It defines a mean. Again
everything is obvious except possibly the countable subadditivity. To show it,
let f, > 0 be functions with > || f.]|" < 7 < co. There are functions h,, € £*
with f, < h, and Y, ||hs|* < r. The function h = > _h, belongs to &%,
exceeds Y., fn,and has ||h||* < r. We conclude that || 3", f,||" < r and that || |
is countably subadditive.

Clearly || || < || ||I*. For the converse inequality assume ||f||T < r. There exists
If| < h e & with ||h|* < r. Then || f||* < ||h||* = ||k]|* < r and consequently
LAIE < IAIT I

Proposition 6.2 (i) The Daniell mean of an elementary integral is mazimal. It can
thus be characterized as the unique mazximal mean that agrees with the elementary
integral on &£ .
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Let now || ||* be a mazimal mean for a ring £ of bounded functions.
(ii) For any positive function f with finite mean there exists an integrable func-
tion f > f with | f||* = ||fII*. Every such f is called an integrable upper enve-
lope of f. It can be chosen in £, and if f is a set it can be chosen to be a set
as well.
(iii) For every integrable function f there exist E-Baire functions f,f with
f<f<fand|f—flI* =0. They are called an &-Baire upper and lower
envelope, respectively. If f is a set, f and f can be chosen to be sets as well.
(iv) The mean is continuous along arbitrary increasing sequences in the
following sense: for every increasing sequence (fy,) of positive numerical functions
with pointwise supremum f

sup || ful|" = [[fII" -
n

Proof. (i): The very construction of the Daniell mean shows that it is maximal, in
view of Equation (6.1):

1A =t (Al 11 <he €} =mt {141 < he ™) =)

(ii): According to (6.1) there are f < h, € £F with |h,|| < ||f|| + 1/n. Each of
the h, is integrable (Exercise I1.7.7), and so is their pointwise infimum f, which
evidently has the same mean as f and belongs to £>. If f is a set then replacing f
by [f > 1] € £* produces a smaller £ Baire envelope.

(iii): Let h be an £-Baire function that coincides almost everywhere with f, as
provided by Proposition 5.7 on p. 88, (i). There is another £-Baire function hg with
|f —h| < ho and [|hg]|* = 0. The functions f = h —hg and f = h+ hg evidently
meet the description. If f is a set then [f > 0] and [f > 1] are idempotent lower
and upper & Baire envelopes, respectively.

(iv): If sup,, || fn]|* = oo there is nothing to prove. In the remaining case we employ
the upper the envelopes f,, of (ii). Replacing if necessary f,, by A,s, f., We see
that the f,, can be chosen to increase with n. Their pointwise limit g is integrable
by the Monotone Convergence Theorem, since sup,, || f,[|* = sup, ||f.||* < oo.
Since f < g, |IfII* < llglI* = sup,, || f=|l*- The reverse inequality is evident from
the solidity of || [|*. 1

Exercise 6.3 If 0 < f, T f merely a.e., where all the f, are a.e. defined then again
Ifnll™ TN
Exercise 6.4 Is there a minimal mean that agrees with a given mean on £ 7

Exercise 6.5 Define the notion of a maximal order—continuous mean and show that the
Daniell-Stone mean || ||* of Equation (I1.3.3) on p. 48 is one. Show that a maximal
order—continuous mean is again continuous along arbitrary increasing sequences.
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Strict Monotonicity. A mean || ||* on £ is called strictly increasing if for any
two || ||*—integrable functions f,g

0<f<gae.
and imply f=g ae.
11 = llgl™

In other words, if 0 < f < g and f < ¢ on some non-negligible set then
I£11* < |lgll*. Any mean is e—close to a strictly increasing mean with the same
integrable functions (Exercise IV.4.10 on p. 118). That Daniell’s mean has this
property is a nearly trivial observation, but it will come in handy later on.

Proposition 6.6 Daniell’s mean || ||* for an elementary integral [ is strictly
mereasing.

Proof. Let f, g be two integrable functions with 0 < f < g a.e. By Theorem I1.6.1

on p. 58, (ii), [|f[|* = [lg|l* implies 0 = |lg||* — |f|* = ["9 = ["f = [9— [f =
flg=f)=["1lg— fI=llg — fII*, which says that g — f is negligible. |

Exercise 6.7 Let || |* be a maximal and strictly increasing mean. Two integrable upper
envelopes of a function 0 < f € F*[|| ||*] agree almost everywhere.

Exercise 6.8 Let S = {1,...,n} and £ the collection of all bounded functions on S; i.e.,
E =R". Then || ||. is a mean on &£ that is not strictly increasing.

ITI1.7 The Procedures of Lebesgue and Carathédory

Daniell’s method of extending a measure or elementary integral is not the only
one. In fact, there are several, none of them canonical. This section explains two
of the more common ones. This gives the reader a chance to connect with the
literature and, so we hope, will convince her that no method produces any better
results than any other. The section contains no new facts, so it may be omitted
on first reading.

We will discuss only Lebesgue measure A on the ring A = A[R] of finite
unions of intervals, and leave the generalization to arbitrary measures to the reader.
As hinted at in Section 1.1, Lebesgue’s idea towards extending the integral to a
larger class of integrable functions was to start by measuring more sets than merely
intervals and their finite unions, then to assign an integral to a step function ¢
over the enlarged class of sets by the time—honored formula

/ o(x) = Z height—of-step x measure—of-step , (7.1)
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and lastly to integrate even more functions by applying the Riemann squeeze or
some similar device. Carathéodory later generalized Lebesgue’s ideas to abstract
measures. His is still the approach taken in most textbooks on integration, notably
in Halmos’ influential book [6] and its descendants.

Let us start by analyzing (7.1). Suppose we have succeeded in extending the
measure of intervals to a set function A on a large class R of sets. If we require as
little from the integral as its linearity then the step functions over R must form a
vector space; else we cannot even formulate linearity. This in turn forces R to be
aring and A to be additive on it (see Exercise I1.2.17 on p. 40). Thus if we want a
linear integral, and if we want to find it by first measuring sets and then applying
(7.1), then the pair (R, ) must be a positive measure in the sense of Proposition
I1.2.13 on p. 39. How can we construct such a pair (R, A)?

Just as the main body of Chapter II rested on the “Little Limit Lemma”
I1.1.1 for the elementary integral, does progress come from the observation that
(A, ) is a o—additive positive measure in the sense of Proposition 11.2.16:

Lemma 7.1 For every increasing sequence (Ap) in A whose union A belongs
to A
A(A) =sup A(4,) .

Inasmuch as A,, A are step functions on the line, this is but a special case of
Lemma I1.1.1, (i) — still, it is a good exercise to give a direct proof.

Let us now define the outer measure A* on the collection A" of sets H that
are countable unions of sets in A = A[R] by

N(H)=sup{\A): HDAc A} , HecA .

Just as the o—additivity of the elementary integral resulted in the additivity of f -
on &' does Lemma 7.1 yield the additivity of \* on AT. It is too early to rejoice,
though, because A' is not a ring. So we extend the definition of \* to all sets
F C R, which do form a ring, by

MN(F)=inf{\*(H): FCHe A} .

This is, of course nothing but the “up—and-down—procedure” of Daniell, restricted
to sets. The trouble is that this extension is not additive anymore, it is merely
subadditive. What to do? The following idea succeeds: let us replace the “up—
and-down—procedure” by a “down—and—up—procedure.” The resulting inner mea-
sure A, will be superadditive, or so we hope. The sets F' with \.(F) = \*(F) will
form a ring, on which both A, and A\* are additive. If this ring is large, progress
has been made.
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Let us flesh out the last paragraph with a few details. A; denoting the
collection of sets that are countable intersections of elementary sets, we define the
Lebesgue inner measure A, first on sets K € A by

M(K) =inf{A\(A): K C A€ A}
and then on arbitrary sets F' C R by
M(F) =sup{\(K): FDOK e A}
The properties of A*, \, are analogue to those of [ § f* established in Section II.3:

Proposition 7.2 (i) A" is closed under taking finite intersections and countable
unions, and \* is continuous along increasing sequences on Al and thus is additive
on A';

(i) A* is countably subadditive: MUy Fo) <500 (F) s

(i43) N* is increasing along arbitrary increasing sequences: F, 1 F implies
A (Fn) TA(F);

(iv) A« is superadditive and continuous along arbitrary decreasing sequences of
sets. Furthermore,

AM(F)<A(F) VEFCR, and M(A)=AA)=X(4) VAcA.

Proof. The proofs of Proposition 11.3.2 and Exercise 11.3.10 apply in particular
to idempotent functions, i.e., sets. It is a good exercise to redo these proofs,
judiciously replacing every function by an appropriate set, thus arriving at the
claims above. Another and faster way to establish the claims (i)—(iv) is to notice
that .

/\*(F)z/F and /\*(F):/F VFCR. *)
The statements (i)—(v) then appear as restrictions of known facts about functions
to sets. Let us prove (¥). First A\*(H) = ["1y for all H € A'. Indeed, let
(An), (A]) be sequences of subsets of H in A such that (a) (JA, = H and (a’)
sup A(A},) = A*(H). Then the sequence of sets A = J'_ (A, U A!,) has both
properties (a) and (a’). Since Al C €T, we get from Lemma I1.3.1

/ H= hm/A;; dX =lim A(A”) = \*(H) .

Next, \*(F) > [*F, since the infimum in the definition of \*(F) is extended
over the subset A" of €T, which latter appears in the definition of Ik “F. Only the
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reverse inequality \*(F) < [*F needs to be shown. Now if [*F < r then there
isan h € &1 with ["h < r. For any € > 0, the set

“h

1
h>1—¢ <
[ - 6]_1—6

belongs to A! and contains F. Consequently,
* 1 *
)\*(F)S)\*([h>l—e]):/[h>1—e} Sm/ h <

Since € > 0 was arbitrary, the desired inequality results. The second equality of
(%) is shown similarly. ]

r
1—€’

Corollary 7.3 For every F CR, \*(F) = ["F and \.(F)= [ F.

Lebesgue—Carathéodory would, of course, prove Proposition 7.2 directly from
the definitions of A\*, \.. Once their properties are established it is clear what our
sought—after ring R should be:

Proposition 7.4 The collection R of sets F C R with
M(F) = X"(F) < o0 (L)
forms a d—ring of sets, and the restriction X\ of A* (or of A\.) to it is o—additive.

This is evident. By Exercise I11.6.2 and Corollary 7.3, R consists precisely of the
integrable sets in our sense, which by Proposition 11.7.1 on p. 61 form a d-ring.
Some treatments of measure theory go this route and adopt (L) as the definition
of integrability of a set F'.

There is a slight aesthetical flaw in this definition: one has to develop the
properties of both A* and A, . At the corresponding juncture in Daniell’s treatment

the simple observation that
[1=-[cn

made it easy to deduce the properties of [, from those of [* (Exercise I1.3.14).
This is not possible here, since we are limited to sets: if F' is a set, —F' is not
one. Carathéodory avoids the use of A, by the following consideration. Suppose we
have succeeded in restricting A* to a large ring R of sets on which it is additive.
For any set F' € R we have then

A(S\F)+ A (SNF)=X"(S) forall SeR. (7.2)

We cannot, of course, use this equation as the definition of the integrability of F,
since we do not know which sets S belong to R ; such a definition would be begging
the question. So Carathéodory defines a set F' to be integrable if \*(F) < oo and

N(S\F)+ X (SNF)=X(S) for all subsets S CR. @)
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This “Carathéodory Cut Condition” is a priori much more restrictive than (7.2),
and it is not even obvious that sets F' from A satisfy it. Yet this definition succeeds:

Exercise 7.5 Show directly that the sets F' satisfying (C) form a d-ring containing A,
and that the restriction of A\* to it is o—additive.

It is time to show that all roads lead to the same point.

Theorem 7.6 Let F' be a subset of R. The following are equivalent.

(i) F is integrable in the sense of Section II.7;

(i) Ae(F) = X" (F) < 00;

(iii) N(F) < oo and X*(S\ F) + A (SNF)=X(S) for all subsets S C R;
(iv) N(F) < oo and X*(A\F)+ X (ANF) =XA) forall Ac A;

(v) For every € > 0 there exists a set A € A with N*(FAA) <e.

Proof. The equivalence of (i) and (ii) is immediate from Corollary 7.3 and Exercise
11.6.2.

(ii) = (iii): If A*(S) = oo there is nothing to prove. In the other case let S denote
the integrable outer envelope of S provided by Exercise I11.6.6 or Proposition 6.2
on p. 93. Then

X(S) = A(S) = AM(S\F) + A(S N F) > A*(S\F) + \*(S N F) > \*(8)

so that equality obtains throughout. Clearly (iii) implies (iv).

(iv) = (v) = (i): Let € > 0 be given. There exists a set H € Al with
F C H and M*(H) < X*(F) 4+ e. H is integrable (Theorem I1.5.4) and can be
written as the countable union of disjoint sets A,, € A. Addition of the equalities

N(ANE)+ X (A, NF)=AA4,)
results in the inequality
MNMHANF)+ XN (HNF)<A(H) <X(F)+e.

Now HNF =F,and |[H — F|* = A*(H \ F) < e follows. For sufficiently large
index N and A = Uﬁ;l A, we have ||[H — A||* = M*(H — A) < ¢, which gives
|F — Al* =X (F A A) < 2e. |

We have succeeded with the first part of the program, measuring sets. Let
us denote by A[A] the collection of Lebesgue integrable sets, identified by the
equivalent conditions of Theorem 7.6. This is the ring R we were looking for.
A[N] contains the elementary sets A but is strictly bigger, because it is a d—ring,
which A is not. Progress has been made.

Integrating functions is the main purpose of measure theory. The first step is
to integrate the step functions over A[A\] — let us again call them the integrable
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simple functions and denote their collection by E[A]. The integral of an integrable
simple function is, of course, the sum step—size x height—of-step. We know from
Exercises I1.2.17 or 7.5 that A[}\] is a ring and from Proposition I1.2.13 that there
is a unique linear map

s>—>/5d>\ : EN—-R

extending A. It is c—additive (Proposition I1.2.16 on p. 40). The pair (E[)], [ dA)
is a positive o—additive elementary integral; but progress has been made, since
&[N is much larger than the original lattice ring E[R].

We want to integrate more than simple functions. We might think of applying
the Riemann squeeze with E[A] replacing E[R]; however, this is easily seen to lead
to too restriced a class of integrable functions: they would all be bounded above
and below by a simple function. Not even positive improperly Riemann integrable
functions would be subsumed.

What to do?

The easiest thing is to use Daniell’s method on the elementary integral
(E[A], [ ), even at this juncture. However, we are discussing here the situation
where his scheme had not yet been thought of. Lebesgue and Carathéodory had
ingenuity at their disposal, we use hindsight: to be integrable, a function must
not be too big and must be measurable (Theorem 3.1 on p. 75). What should
“measurable” mean? Since at this juncture only the integrable sets are known, we
should perhaps define first when a set is measurable. Carathéodory simply declares
a set F' to be A*—measurable if it satisfies his Cut Condition (C) of page 99.

Exercise 7.7% A set F satisfies (C) if and only if its intersection with every integrable
set is integrable. The collection of such sets forms a o—algebra.

He then declares a function f to be measurable if the sets [f > r| are measurable
for every r € R and proves the permanence properties of measurability from this.
It is clear from Proposition 4.3 and Corollary 4.5 that Carathéodory’s class of
measurable functions agrees with ours. Finally, he declares a positive measurable
function f to be integrable if the supremum of the integrals of simple integrable
functions majorized by f is finite, and sets f fd\ equal to this supremum.
An arbitrary measurable function is declared integrable if both its positive and
negative parts fi, f_ are, and the integral is then defined as [ f = [ f4 — [ f—.
By Exercise 3.8 on p. 78, Carathéodory arrives precisely at the integrable functions
of Daniell. The reader can find the details in the books [6] and [9], for example.

Exercise 7.8 Show that the Daniell extension procedure applied to the pair (E[)], [)
leads no further than to £*.

Project 7.9 If v is a positive o—additive measure on some ring R of sets, not necessarily
Lebesgue measure on A[R], we can clearly define the associated outer and inner measures
W s in the same way. Redo the present section in this context.



Chapter IV
The Classical Banach Spaces

Historical Note and Motivation. Let us return to the beginning of Chapter II.
Given an integrable function f on (—m, 7], we can define its Fourier coefficients
an, b, by Equation (I1.2), and ask in which sense the formal partial sums

Jn= i a, cos(vr) + by, sin(va)

v=0

converge to the original function f. One might hope that f,, — f at least almost
everywhere. It was long known that this is true when f is piecewise continuously
differentiable. In 1876 DuBois Reymond [5] showed that one cannot hope for
convergence everywhere when f is continuous. Thirty years later Kolmogoroff
[7] provided an integrable function whose Fourier series diverges at every single
point. This looked very discouraging, until in 1966 Carleson [4] showed that a
condition on the size of f will produce almost everywhere convergence. Namely, if
one requires that not only f but also its square f2 is integrable, then f, — f a.e.
It is now known that it suffices to require that |f|? be integrable for some p > 1.

From the fact that forty years passed between the last two results it is plain
that the proofs of Carleson’s and subsequent theorems are too complicated to be
included in these notes. Let us take them as the motivation to study the spaces LP
of functions whose p" power is integrable. They are known as the Classical Banach
Spaces LP. For the precise definition see Section 3 on p. 108. The LP—spaces
were actually discovered as early as 1906 by F. Riesz [8], who was at the time
investigating compact subsets of £'. They are in many ways superior to £'. As
Banach spaces they are, for instance, reflexive when 1 < p < oo, which £! is not.
L' is not in general closed under multiplication, as we know (Exercise 11.5.12);
Holder’s inequality (Theorem 1.2) permits the estimation in £! of products of
functions in terms of the £P—sizes of the factors. There are amazing interpolation
results linking the various £P and operators between them (Section V.4).

Throughout we consider a fixed mean || ||* on the lattice ring £. It sim-
plifies things to assume that || ||* is continuous along arbitrary increasing
sequences, and we shall do so. This will for instance be the case if the mean is
maximal (see Proposition II1.6.2 (iv)). Whether || ||* is the Daniell mean of some
o—-additive elementary integral does not matter for a while — yet it may be helpful
to visualize it as that.

K. Bichteler, Integration — A Functional Approach, Modern Birkhéuser Classics,
DOI 10.1007/978-3-0348-0055-6_4, © Birkhduser Verlag 1998
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IV.1 The pnorms

The space L£P can be defined as the space of measurable functions f such that | f|P
is integrable, or as the closure of the elementary integrands under the mean

f— (|||f|p||*)1/p. By Theorem 2.5 below, this amounts to the same thing. We
choose the latter route, because the properties of single p—integrable functions as
well as the properties of their collection LP are easier to establish this way —in
fact they have already been established in the previous chapters when we were
developing the properties of an arbitrary mean.

Definition 1.1 Let f be an almost everywhere defined numerical function.
(i) For 1 < p < oo, the p—norm or p—mean of f is the number

*\ 1/p
def =
I < (i) ) eRes
I £lloe < inf{r e R: [|f] >r] is negligible}
covers the case p = 0o and is called the infinity norm or essential supremum
norm of f1.

(ii) A sequence (fy) of numerical almost everywhere defined functions with finite
p-norm is said to converge in p—norm to f (and also in p—mean if p < o0 )

if
1f = fullp 7= 0.
Note that || || = || ||*. First a result relating the p—norms to each other:
. . 1 1
Theorem 1.2 (Hélder’s Inequality) Let p,p’ € [1,00] with —+— = 1. (Such a
p D

pair of exponents is called a conjugate pair). Then for any two functions f,g,

1 - glle < [1fllp - gl -

Proof. Let us dispense with a few easy cases first. If f or g is negligible then
|||fg\ H* = 0, and the inequality is satisfied; if p = 1 and consequently p’ = oo it
follows from the inequality

[fgl < 1f1-Nlglloe a.e.

1 The infimum of the empty set is by convention +oc.
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upon application of | ||*. We need to deal thus only with the case p # 1 # p’
and || f|l, # 0 # ||gllpr . To this end consider the inequality

a* bM< Aa+ (1= A)b.
It holds for any a,b € [0,00] and X € [0, 1], and is left to the reader to establish. We

employ it with a = |f(m)|p/||f|\g, b= |g(x)|p//||g||§,, and A=1/p, 1 —-A=1/p,
and obtain

1 ’ 1/p’ ’
1 |MF:<UP>”. A WV W 7
1T llglle 1117 o) = AR TP gl

We apply || ||* to this and obtain the desired inequality in the form

| =

.1
Mvw!§5+ =1. o

/

1
1A llo Mgl

3

Exercise 1.3%* Let 1 < p < 0o, and 1/p+ 1/p’ = 1. Then, for any f,

[f1lo = sup{ll fgllr : llgllr <1}

If f is positive and/or measurable then the g in {---} can be restricted to be positive
and/or measurable.

Exercise 1.4 For p,q,r € [1,00] with % = % + %,

1fgll- < 11fllp - llglle and [|fllp = sup{[lf-gll- : llglls <1} .

To justify the name “p-norm” it must be shown that || ||, is subadditive:

Theorem 1.5 (Minkowski’s Inequality) For Minkowski’s inequalityany two func-
tions f,g
I1f+gllp < Lfllp + llgllp 1<p<oo.

Proof. First the case p = 00. If ||f]lco + ||gllcc < b then there are r,s € R with
sum < b such that both [|f| > r] and [|g| > s] are negligible. Then [|f + g| > b]
is negligible and thus ||f + g|lcc < b.

Now to the case 1 < p < co. Let p’ be the conjugate exponent of p, defined
by 1/p+1/p' =1, 0r p' =p/(p—1). By Holder’s inequality.

17115+l < 1Sl - 17 + g2
e gl -1 + g7 < gl - [1£ + 9,
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Upon addition: If + gl = [|(lf +gl) -
< |1 f1+ gD -
< (I fllp + llgllp) - |

b

(£l + Nlglle) - |1 £ + gl

because p/p’ = p—1 and (p—1)p’ = p. We divide both sides by ¢ = (|| f + gll,)" "
and arrive at Minkowski’s inequality. For this to make sense, ¢ must not equal
zero or oco. Well, if it is zero then there is nothing to prove in the first place.
Neither is there if || f]|, or ||g||, is infinite; but if both are finite then so is ¢, since
|f +gIP < 2°(|fP + |g[*) and thus |[f + g[|, < oco. — 1

The time has come to list all the properties of || |, .

Theorem 1.6 Let 1 < p < oco. (i) The number || f||, € [0,00] is defined for every
numerical function f, and || ||, is absolute-homogeneous, countably subadditive,
solid, and continuous along arbitrary increasing sequences:

0<fut f = lfnllp TS5 (5)
Moreover, || ||, is finite on elementary functions.
(i1) For 1 <p < oo, || ||, is a mean, mazimal or strictly increasing if || ||* is
Proof. It is plain that || ||, is subadditive, absolute-homogeneous, and solid. The
continuity along increasing sequences is easy: if (f,,) is an increasing sequence of
positive functions with supremum f then (fF) increases to fP. Since || |*

assumed to be continuous along arbitrary increasing sequences | f2(* 1 ||f7]*,
and (S) follows upon taking p'" roots. This takes care of the case 1 < p < oo.
For p = oo we argue as follows: If 0 < f, T f and [[fullo < b V n then
[f >b] C U[fn > 1] is negligible and thus || f|lcc < b. Hence || ||, is continuous
along increasing sequences in all cases.

The countable subadditivity follows easily from this and the subadditivity. Indeed,
for any sequence of positive numerical functions f,

o) N N [e%s)
|32 5], = gim [ 32 ], = pim 320 = 3205

(ii): To show that || ||, is a mean for 1 < p < oo, property (M) of page 46
must be established. That is to say, for every sequence (¢,,) of positive elementary
functions

N
sup [| > énll, <00 implies [inllp 5= 0. (A1)
n=1
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To see this, let Yy = Zivzl ®n- Then ¢} € £¥ is || ||*~measurable and majorized

by |||t -9y and so is || ||*~integrable. The sequence (¢k;) increases and
supy [[¥%]]* is finite. This sequence is therefore Cauchy with respect to || [|*. In
particular,

||,(/J§]V - 51\/'—1”* N—00 0.
Since ¢ < W% — WAy, 641 = lénll2 s 0, and (M) follows. [Note that

(M) has no chance of being true if p = oo: the sequence ([n,n+1)) of elementary
functions is a counterexample.]

To see that || ||, is maximal we check that it equals its associated maximal mean
| |5 of Equation (IIL6.1) on p. 93. Let f > 0 have [|f]l, < r, ie., [[fP|* <rP.
There exists h € £} with f? < h and ||h|* < rP. By Corollary IIL5.6 on
p. 88, h/P belongs to £F. Now f < hY/P and ||h/P||, < r: we conclude that
1£112 < || f]lp- Since the converse inequality is obvious, equality obtains.

The strict monotonicity is best proved after integrability with respect to || ||, has

been discussed and is left as an exercise. S— |
Remark 1.7 Nowhere did we make use of the assumption that || ||* be additive on & .
We can apply the construction of || ||, from || ||* to any mean || || that is continuous
along increasing sequences, in particular to || ||, —this does not lead anywhere, though.

IV.2 The £P-spaces

So || |lp is asolid and countably subadditive seminorm if 1 < p < oo, and a mean
on € if 1 < p < co. We can and will talk about || ||,—negligible functions and sets,
about the class FP of functions with finite p—norm, and about functions defined
| [|,~almost everywhere.

It is evident from the definition that a function or set is || ||,—negligible if
and only if it is || ||*-negligible. The notion of almost everywhere convergence,
in particular, is the same for | ||* and for any of the || ||, . The word function
means “almost everywhere defined function” as before.

Since only the solidity and the countable subadditivity of || ||* were used in
the proof of Theorem I1.4.6, we get it for free in the present case:

Proposition 2.1 Let 1 < p < co. FP is a vector lattice closed under chopping and
| llp is a solid and countably subadditive seminorm on it. The pair (F?, || ||p)
is complete. Moreover, any p—norm convergent sequence (f) in FP has a subse-
quence that converges almost everywhere to a norm—limit.

We concentrate now for a while on the case of finite p.
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Definition 2.2 Let 1 < p < oo. A function f is p—integrable if it is the limit
i p—mean of a sequence of elementary functions. The collection of p—integrable
functions is denoted by LP, and by LP[E, || ||*] or LP[A] = LP[R] if we want to
exhibit the ingredients.

In other words, £P is the || ||,~mean closure of &, just as £! was the || ||*~mean
closure of £.

The proofs of Section II.5, Chapter II made use only of the fact that || |*
was amean on €. Sois || ||, . Therefore the permanence properties of £ are for
free:

Theorem 2.3 Let f, f' be p-integrable functions and r € R. Then f+ f/,
rf, fV ', FASSIfl and f A1 are p—integrable; so is f - f' if f or [’ is
bounded. LP is complete in p—mean; moreover, every p—mean convergent sequence
has an almost everywhere convergent subsequence. The Monotone and Dominated
Convergence Theorems hold: If (f,) is a sequence of p—integrable functions that
converges pointwise almost everywhere to some function f then f is p—integrable
and (fn) converges to f in p—mean, provided (f,) is increasing or decreasing and
sup,, || fnllp < 0o or there is a function g € LP with |f,] < gVn € N or {f,} is
uniformly || ||, —integrable.

Exercise 2.4 (f,) converges to f in p—mean if and only if it converges to f in measure
and {fn} is uniformly p-integrable.

What have the spaces £P to do with each other?

Theorem 2.5 Let 1 < p,q < co. A function f is p—integrable if and only if the
function f-|f|(”/q)_1 1s q—integrable. In particular, f is p—integrable if and only if
f|f|P~Y is integrable.

Proof. Assume f is p-integrable. There is a sequence (¢,,) of elementary functions
with Y ||¢nllp < 00 and f =3 ¢, a.e. (Exercise II.5.8). Set

(g)

This is an £-Baire function. Clearly v, 7=z f almost everywhere, and (¢,) is
dominated by the function h = (3 |¢,|)P/?, which has ¢-mean

[Stearr] = (| S )/ < (X leul)" <00

By Exercise 11.5.14 1), is g—integrable, and by the Dominated Convergence The-
orem so is f.
The reverse implication follows from interchanging p with ¢. ___ 1

n (»/a)-1

> én

k=1
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Corollary 2.6 For 1 <p < oo, the p—integrable and the integrable sets coincide.

Let us now talk about measurability. It is plain what the definition should
be: for 1 < p < oo, when | ||, is a mean, a function f should be declared
to be measurable in p-mean if, for every (p-mean-) integrable set A and ¢ >
0, there is a ( p-mean-) integrable subset Ay of A with ||[A — Agl[, < € on
which f is the uniform limit of elementary functions. Since two means on &
with the same integrable sets have the same measurable sets (Proposition II1.4.3)
and measurable functions (Corollary II1.4.5), though, there is no novelty in this
definition: measurability is the same for all the p—means. The results of Chapter
III did use only the structure of £ and the fact that || ||* was a mean. They carry
over. For instance,

Theorem 2.7 Let 1 < p < co. A function f is p—integrable if and only if it is
measurable and has finite p-mean and o—finite carrier.
Exercise 2.8 A measurable function f belongs to £F iff |f|P belongs to £'.

We turn to the case p = oo. The closure of £ under the essential supremum
norm || [l is too small to be useful. In its stead consider the space £ of all
measurable functions having finite essential supremum norm; its natural seminorm
is || |lo - This is a space with interesting properties:

Exercise 2.9% Show that £ is an algebra and that || ||e is submultiplicative, defining
this notion. In fact, £ is a complete seminormed lattice algebra.

Exercise 2.10% Let 1 < p < co.If f € LP and g € £ then f-g € £LP and ||fg|l, <
£l - llglloe -

Exercise 2.11 Exercise 2.10 can be read as saying that every g € £ acts by pointwise
multiplication as a continuous linear operator on £P, whose operator norm is less than
lgllso - Show that the operator norm of multiplication with g € £°° actually equals ||g||oo -

Additional Exercises

Exercise 2.12 Describe the closure of £ in the essential supremum norm.

Exercise 2.13 Let A be a set with ||A||* = 1, and let f be a function that vanishes off
A. Then |[fllec = limp—oo [| flp-

Exercise 2.14 Go through the exercises of Sections I1.4-11.7 and determine which of the
results you proved there obtain for the p—means (1 <p < c0).

Exercise 2.15 Cgp is dense in LP[A] = LP[R] for 1 < p < oco. LP[R] is separable if

1 <p < oo, while L>[R] is not. LP[R] is translation invariant.
Exercise 2.16 L>°[|| ||*] is separable if and only if it is finite dimensional.
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IV.3 The LP-spaces

It is by now evident that two almost everywhere defined functions that differ only
negligibly are the same for all practical purposes. So let us identify them: for any
measurable almost everywhere defined function f we denote by f the class of all
functions that agree almost everywhere with f i.e.,

f={f 1 ="fae}.

The sum and scalar product of classes are defined in the obvious way: f + g is the
class of f+ g, and r- f is the class of r - f. These classes do not depend on the
representatives f € f,g € ¢ chosen; for instance, if f = f’ almost everywhere and
g = ¢’ almost everywhere then the class of f + g is clearly the same as the class
of f'+ ¢'. We can define the p—norm of a class as

11l = 11411

where f € f; again, this number will not depend on the choice of f € f (Propo-
sition I1.4.3 on p. 49). Let us then denote by

P ={f:feLr}, 1<p<oo

the collection of classes of almost everywhere defined functions in £P. In the
language of Exercise 1.7.6, LP is the quotient of £P by its subspace of negligible
functions, and || ||, is the quotient norm. It is left to the reader to establish

Proposition 3.1 (L?, || ||,) s a Banach space for 1 < p < co.

There is an additional structure on £P, the order. The question arises whether
it is inherited by the set L of classes. It is. Let us say that the class ¢ exceeds,
or is bigger than, the class f if a representative of g exceeds a representative of
f almost everywhere. In other words,

f<g = f<g ae

for any — and then clearly all — representatives f € f , g € ¢g. This order makes LP
an order complete Banach lattice in the sense of Definition 3.2 below.

Before showing that let us agree on some language concerning order. Let V
be a set. An order on V is a reflexive (v < v), antisymmetric (v < ¢’ and
v/ < v imply v = v'), and transitive (v < v and v < w imply u < w) relation.
It is not implied that any two elements v,v’ can be compared with this order.

[1w " K, RREN1Y o« ! »

v exceeds v,” “v’ is bigger than v,” “v isless than v',” “v is smaller than v,

and “v’ > v” all mean “v <v’.” A subset F of an ordered set V is called order

bounded from above (below) if there is an element b € V bigger (smaller) than
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every member of F. In this case b is called an upper (lower) order bound for F.
An upper (lower) order bound of F C V that is less (bigger) than all other upper
(lower) order bounds, is called a least upper bound (greatest lower bound)
and is denoted by \V F (A F). It is evident from the antisymmetry of the order
that a least upper bound (greatest lower bound), should it exist, is unique. A least
upper bound (greatest lower bound) of the two—point set {v,w} C V is called a
mazimum (mintmum) of v and w and is denoted by vV w (v A w). If any
two—point subset of F C V has an upper (lower) order bound inside F then F
is increasingly directed (decreasingly directed). If any two—point set in V —
and then any finite set — has both a least upper bound and a greatest lower
bound, then the ordered set (V,<) is called a lattice. It is order—complete if
every non—void subset S that is order bounded above has least upper bound \/ S

and every non-void subset S that is order bounded below has a greatest lower
bound AS.

What have linear structure, order, and norm to do with each other?

Definition 3.2 Suppose V is a real vector space.
(i) The order < on V is said to be compatible with the linear structure, and
the pair (V, <) is called an ordered vector space, if

v<v = v4+w<v +wand rv<rv

for all v,v',w eV and r e R,

The ordered vector space (V, <) is called a vector lattice or Riesz space if
it is a lattice in its order, that is to say, if any two elements have a maximum and
a minimum. In this case vV —v is denoted by |v| or 'vi and called the absolute
value or variation of v. A vector lattice (V,<) is called order complete if it
is order complete in its order.

(ii) Suppose now that || || is a seminorm on the ordered vector space (V,<). If
—v' <wv <o implies ||v|] < ||V Vo, eV
then the seminorm is called solid and the triple (V,<,|| ||) is called a semi-

normed ordered vector space. If V is a lattice under the order < then the
seminorm is solid if and only if [v| < /| = |jv|| < ||v||' VYv,v €V, and
W, <, 1D 4s a seminormed vector lattice.

(iii) If V, <, || |I) is a normed vector lattice and (topologically!) complete under
the norm then it is called a« Banach lattice.

Exercise 3.3% Let (V, <) be an ordered vector space and v,v’,w € V. Then v,v’ have
a least upper bound (greatest lower bound) if and only if v 4+ w,v’ +w do, and in that
case (V+w)V (@ +w)=vVv +w ((v+w)A (@ +w) =vAv +w. Next let 0 £#F CV
and w € V. Then F has a least upper bound (greatest lower bound) if and only if
F+w={v+w: veF} does, and in that case \/(F+w) =VF+w (AN(F+w) =
AF+w). 0 #F CV has a least upper bound if and only if —F ={—v: v & F} hasa
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greatest lower bound, and in that case \/ F = —  —F. Conclude that a vector lattice is
order complete if and only if every non—void set bounded from above has a least upper
bound.

Exercise 3.4* Let (V,<) be an ordered vector space. Show that the following are
equivalent: (i) V is a vector lattice; (ii) any two elements v,w € V have a least upper
bound vV w — in that case —(—v V —w) is their greatest lower bound v A w; (iii) any
two elements v, w € V have a greatest lower bound v A w — in that case —(—v A —w)
is their least upper bound v A w; (iv) for v € V there is a smallest element |v| greater
than both v and —v — in that case any two elements v,v’ have least upper bound
vVv' = (v+v"+]v—2'])/2 and greatest lower bound vAv' = (v+v" —|v—12'])/2; (v) for
any v € V there is a least element v, exceeding both v and 0, called the positive part
of v — in that case any two elements v, v’ have least upper bound vV v’ = (v—2v")4 +'
and greatest lower bound v Av' = v — (v —v)4; (vi) for any v € V there is a least
element v_ exceeding both —v and 0, called the negative part of v — in that case any
two elements v,v’ have least upper bound vV v’ = (v —v)_ + v’ and greatest lower
bound v Av' = — (v —2")_.

Exercise 3.5% Suppose (V, <) is a vector lattice. Prove the following formulae: (vA ')+
w = (v+w)A(W +w);  (VVV')+w = (v+w)V (' +w); T(WAY) = (ro)V(r') if r € Ry ;
r(vVve') = (ro)V(r) if reRy; —(wAY) = (—v)A(=v"); —(vVY') = (—v)V(=v');
vtw=vAw+vVw v=vp—v_; |v|=vyFv_; v Av_=0; vy = (Jv|+v)/
v = (Jo] = 0)/2; vV = (vt +]v=11)/2; vAY = (vt )/
v+ 0| < Jo[ + [']; [ro] = |r] - Jo].
Exercise 3.6¥ The compatibility of the order with the linear structure can be expressed
in terms of the set of positive elements alone. In order to discuss this, a few elementary
notions are required. A subset C of a real vector space is a cone if it is closed under
multiplication with positive scalars: R1-C C C. A cone C is pointed if C N (—C) C {0}.
A subset C of a real vector space is convez if it contains, with any two elements f, f’,
the whole line segment from f to f':

t-f+(1-t)-fec for 0<t<1.

(i) Let (V,<) be an ordered vector space over the reals. The set Vi < {v € V: v >0}
then is a pointed convex cone. It is called the order cone of (V, <).

(ii) Conversely, suppose a pointed convex cone C C V is given, and use it to define an
order < by v < v <= v —wv € C. Show that this order is compatible with the vector
space structure and that its order cone is C.

Lemma 3.7 The vector lattice (V,<) is order complete if every non-void subset
of positive elements that is closed under taking finite suprema has a least upper
bound.

Proof. Suppose & C V is non—void and order bounded above. We want to show
that S has a least upper bound. Let vy € S and consider the set S — vy =
{v—vp: v € S}. Since the translation v — v — vy is an order isomorphism,
w €V is a (least) order bound for S if and only if w — vy is a (least) order bound
for S — vg. Now S — vy contains the zero vector and thus has the same upper
bounds as the set (S — vg)4 of its positive elements. If among the latter there is
a least element, then & will have a least upper bound. In other words, we may
assume that S contains only positive elements. Consider the family of vectors in V



Section IV.3 The LP-spaces 111

that are suprema of finite subfamilies of §. This family is evidently closed under
taking finite suprema and has the same upper bounds as S. By assumption, there
is a smallest one among them. We conclude that the original subset S has a least
upper bound \/S§.

Now if S is order bounded from below, then —S§ is order bounded from above and
has a least upper bound \/ —S. It is then easy to see that —\/ —S is a greatest
lower bound of S. ]

Theorem 3.8 If the mean || ||* is strictly increasing? then LP is an order com-
plete Banach lattice, for 1 <p < co. So is L*°, provided the mean is o—finite.

Proof. We know from Proposition 3.1 that LP is a Banach space, and leave it as
an exercise to show that its order makes it a Banach lattice. We prove here only
the hard part, that it is order complete. By Lemma 3.7 we need to show only that
a non-void set G C L’ that is closed under taking finite suprema and is order
bounded above has a least upper bound.

We start with the case 1 < p < co. Let

r=sup{[[¥l,: ¥ € G} .

This number is finite, since it is majorized by the p—mean of any upper bound
for G. There is a sequence (¥,) in G with ||4,]|, T 7. We may clearly choose 4,
and vy, € %, so that y,11 > v, Vn. By the Monotone Convergence Theorem
the pointwise limit g = lim~,, is a limit in p-mean. We claim that the class g is
the sought—after least upper bound of G.

First, ¢ is an upper bound: since [|¥V 4,|l, < r for ¥ € G, we have the same
inequality for the limit; i.e., [|[¥Vg|l, <7 =||g|l,. Since || ||, is strictly increasing
(Theorem 1.6 (ii)), ¥ < g.

Second, if ¢’ is any upper order bound, then so is ¢ = gAg’. Since ¢” < ¢, we have
lg" |, < r.since ¢” is an upper bound, we have ||§”||, > r. Thus ||§"||, = r. The

strict monotonicity of the mean || ||, implies that ¢ = ¢, which means ¢’ > ¢:
g is, indeed, the least upper bound.
This argument does not apply in the case p = oo, inasmuch as || ||« is not strictly

increasing. We can, however, reduce this case to the previous one. Let {A,} be a
collection of mutually disjoint non—negligible integrable sets that cover the whole
space. Since the mean is assumed to be o—finite, there clearly exists one. The
classes G, = {% - A, : 4 € G} belong to L' and are order bounded in L. G,
has a least order bound g, in L'. Let g, € Jo» be a representative that vanishes
off Ay, and set g =) go. This sum is measurable by the Localization Principle
I11.3.5, and its class ¢ in L is the least order bound of G in L*°. The details
are left to the reader. ]

Exercise 3.9 None of the spaces LP[R] of functions is order complete.

2 This assumption is actually superfluous, see Exercise 4.10 on p. 118.
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The proof of Theorem 3.8 yields some more information:

Corollary 3.10 Let 1 < p < oo, and let G C LP be an increasingly directed and
p—-mean bounded set. Then G is order bounded and has a least upper bound §. In
the cases 1 < p < 00, g is the p—mean limit of an increasing sequence in G.

Exercise 3.11 Let 1 < p < oo, and let G C L? be increasingly directed and order bounded
above. An upper bound g of G is the least upper bound iff it belongs to the p—mean
closure of G. Give an example showing that this is false in the case p = co.

Exercise 3.12* Let p,q,7 > 1 be such that % + % = % Let G C L be order bounded
with least upper bound g, let f € L%, and set f-G={f-g:g¢€G}.
(i) f-G is order bounded in L" and has least upper bound f-g there.

(ii) Suppose G is increasingly directed and that r < co. There exists an increasing
sequence (g») in G such that f-gn, — f-g in r—mean.

Exercise 3.13 A subset of L? that is order bounded from below has a greatest lower
bound.

Exercise 3.14 Let || ||* be the Daniell mean for counting measure on some set S (see
Example 11.2.22). The spaces £P and LP coincide. If S = N then L? is the space ¥ of
Exercise 1.7.11. If S is uncountable then || ||* is not o—finite; nevertheless, L is order
complete.

IV.4 Linear Functionals

Seminormed vector spaces occur with great frequency. As was pointed out before,
the analyst will often attack a problem by devising a seminormed space within
which it can be well formulated. In fact, this was the way we solved the extension
problem for elementary integrals, namely, by the introduction of the Daniell semi-
norm || ||*. The last sections exhibited a whole slew {£?: 1 < p < oo} of them.

One often has occasion to consider several seminormed spaces £, £’,... simulta-
neously. In order to avoid confusion, it is now customary to denote the seminorm
on L by || ||, that on £" by || ||, , etc. In this parlance, || ||, = || ||z, on £
and || [l = [ [lp» on LP.

A major tool, in turn, with which to study the seminormed spaces so arising
are their bounded linear functionals. A linear functional on a real vector space £
is a linear map f* : £L — R. It is customary to denote the value of f* at the
point f € L by (f*|f). To say that f* is linear means that for all f,g € £ and
all r,s e R

(Frlr-f+s-g)=r-(F1H+5- (o)

To say that f* is bounded means that there is an r € R with

(A<D fllc ViecL.
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Let || f*||z- denote the infimum of the numbers r that satisfy this inequality. It is
clearly one of them:

LD < e - Nl VieL,

and ||f*||z- is the smallest number for which this inequality holds. The collection
of all bounded linear functionals on L is called the dual of £ and is denoted
by £*, and ||f*||z+ is the norm of the linear functional f*. This name has
to be justified, of course, by establishing the requisite properties of a norm for

[y

The main result of this section is that a seminormed vector space admits
plenty of bounded linear functionals. We start with some observations about their
collection £* and the functional || || . onit. First, it is easy to see that £* forms
a vector space under the usual pointwise operations: r - f* + s - ¢g* is the linear
functional whose value at f € L is r- (f*|f)+s-(¢*|f). If f* and ¢g* are bounded
then so is r - f* 4+ s - g*, because

(- £+ 5-g1A)] < Irl-[(F10) s (g 10)] < (il 1S e +Isl- g™ - ) - e
This inequality shows also that || || .. is subadditive. Its absolute-homogeneity is
left for the reader to establish. Thus || || .. is a seminorm. It is, in fact, a norm,

for if || f*||z« =0 then f* is clearly the zero linear functional.

Proposition 4.1 (L*, || | ;.) is a Banach space.

Proof. Only the completeness needs to be established. Now if (f¥) is a Cauchy
sequence in L£*, that is to say, if

1fr = fml

then the sequence ({f;|f)) of reals is Cauchy for every f € L. There exists
therefore

—_
L* ‘m,n—o0 0;

oL = N (f1)

It is reasonable to write the limit in the form (f*|f), since it is evidently linear
in f € L. Now by Exercise 1.7.2 on p. 28,

[P

e = [[fml

| < ||f'rt _f;:LHL"* m,n— o0 0,

so the sequence (|| f¥|
[(F15)| =l [(f1)] < T | £l - (£l

we deduce that f* is bounded. Next,

[ = 7210 = Jm [ = 72100) < (s 193 =

£+) has a limit. From

) Ifle -
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Given an € > 0 we can make the first factor on the right as small as € by the

choice of n, and conclude that || f* — f*||z« 75s0 0: the sequence (f}) converges

to f* in the norm of L£*. ]

Exercise 4.2* Let f* be a linear functional on the seminormed space (£, | |). f* is
bounded if and only if it is continuous at any point, and then it is continuous at every
point.

The Hahn-Banach Theorem

For all we know so far £* consists only of the zero linear functional. We now show
that it is rich. It is convenient to consider at the outset a real vector space L
equipped with a gauge. This is a map p: L — R,

that is subadditive: p(f+9) <p(f)+p(9) Vfigel
and positive-homogeneous: p(r-f)y=r-p(f) VO0<reR,.

In other words, p misses being a seminorm by being merely positive—homogeneous
rather than absolute-homogeneous—this generality is used on page 117.

Theorem 4.3 (Hahn-Banach) Let p be a gauge on the real vector space L
and f* a linear functional whose domain is a linear subspace Dy« of L and
that satisfies

(f1f) < »n(f) VfeDy.

There exists an extension to L that is still majorized by p; that is to say, there
exists a linear functional F'* that is defined on all of L, coincides with f* on Dy~ ,
and satisfies

(F*[f) <p(f) VfeLl.

Proof. We shall simply extend f* to larger and larger subspaces of L. If D¢« = L
there is nothing to prove. In the opposite case there is a gy € £ that does not
belong to Dy~ . Set

Dy« ={f+r-go: f€Dp, 7 €R}.

This is a linear subspace of £ properly containig Dy-. We want to define a linear
map g* : Dg« — R that coincides with f* on Dy and satisfies

(g°|f) <plg) VgeDy. (4.1)
The linearity forces g* to be of the form

(G 1f +7-90) = (f*|f)+r-y for fe Dy andreR, (4.2)
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where v = (g*|go). For any choice of v, Equation (4.2) clearly defines a linear
extension of f* to Dg-. The question remains whether v can be chosen so that
Inequality (4.1) is satisfied. To see that it can observe that for any fi, fo € Dy-

(ol f) + (Pl f2) = (fF|fr + f2)
<p(fr+ f2) =p((f1 — 90) + (f2 + 90))
<p(f1 —g0) +p(f2+9o)

and therefore
(f*1f1) = p(fr = g90) < p(f2 +90) — (f*|f2) -

There exists therefore a number ~ so that

sup (f*|f1) = p(fi —g0) <y < inf p(fa+90) — (7| f2) -
f1E€D ¢~ fo€Dy~

We fix such a number v and define ¢* on all of Dy« by Equation (4.2). With this
choice of v = {g*|go) Inequality (4.1) is satisfied. Indeed, let g = f + rgy be an
element of Dgy-. If 7 = 0 then Inequality (4.1) is true by assumption on f*. If
r >0 then for g = f+17-g0 € Dy-

(g*lg) = (U0 ey =r- (1577 )
<re (415 + {pU I+ 90) = (£1£/)})
= (/1 + 90) = ()
If on the other hand r < 0 then
(9719 = (FIF) 7oy = (£ = Il = Il - ((F1F/ir) =)

<prl- (U7 15/1) = L1 /) = (/1] = 90)})
= [r[-p(f/Ir| = 90) = p(f = Irlg0) = p(f +7g0) = p(9) -

We have succeeded “to extend f* to a subspace of one more dimension.” The idea
is to keep going until all of L is exhausted. This has to be made precise. To this
end we consider all pairs (Dg-, g*), where Dg« is a subspace of £ containing D -
and ¢* a linear functional on Dy« that satisfies Inequality (4.1) and coincides
with f* on Dy-. We define a partial order < on such pairs as follows:

(Dgi‘vgr) = (Dgzvgz)

if Dgr C Dyy and g3 agrees with g7 on Dg- . According to the Hausdorff Maximal
Principle there is a maximal linearly ordered chain (Dgy-,g%). Set Dp- = J, Dy .
This is a linear subspace of L. If f € Dp~, say f € Dgy-, we set (F*|f) = (gi|f)-
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This is evidently independent of the a chosen. F* is the desired extension of f*.
For if it were not, that is to say if Dp~ were not the whole space £, then we would
apply the construction of the first part of the proof and arrive at an extension
of F* properly <—exceeding (Dp«, F*); this would contradict the maximality of
the chain. ]

Corollary 4.4 Let (L, || || ;) be a seminormed space and fo € L. There exists a
linear functional f* of norm || f*||c- =1 with {(f*|fo) = | follz-

Proof. Choose p = || || .. On the one-dimensional subspace Dy: = R fo define fg
by (f5lrfo) =7l follc- f5 evidently satisfies (f5|f) < | fllz on Dys. There is an
extension f* to all of £ with (f*|fo) = (fi|fo) = ||follc that satisfies the same
inequality (f*|f) < ||fllz, for all f € £.If f € L is such that (f*|f) > 0 then
clearly |(f*[f)| < |f|lz holds. If this number is negative, then

(IO =T =H <= flle=1Iflz-

This inequality says || f*|

Corollary 4.5 Let (L, || || ) be a seminormed space. For f € L and f* € L*

1£le = max {|(F15)] : £7 € L7 Iflle- <1

and 1l =sup {10 = FeL,fle<1}.

Exercise 4.6 Let (£, | ||,) be a seminormed space. Every element f of £ defines a
continuous linear functional j(f) on £* via f* — (f*|f), for f* € £*. In other words,
GOIFTY = (f*|f). We obtain in this way a map j from £ into its double dual L*.
Show that j is linear and isometric from £ into L£**:

3= < I flle -
Show that j is an injection if and only if || || . is a norm. In this case we may visualize £

as a subspace of its own double dual.
If j is a surjection then L is called reflexive. Show that if £ is reflexive then so is L*.

Positive Linear Functionals

Many of the seminormed spaces we have met are ordered in a natural way. The
question arises whether there are positive bounded linear functionals, that is
to say, functionals f* € £* satisfying

L3> f>0 implies (f*|f)>0.
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There are, and this can be established as another application of the Hahn—-Banach
Theorem. Recall the notion of a convex set from Exercise 3.6 on p. 110: A subset C
of a real vector space L is convez if it contains, with any two elements f, f/, the
whole line segment from f to f’:

t-f+(1—¢t)-f €ecC for 0<t<1.

Corollary 4.7 Suppose (L,<,| ||,) is an ordered seminormed vector space.
Let fo be a positive element of L. There exists a positive f* € L* with norm

If*lcx <1 and (f*[fo) = |[follc-

Proof. Let P be the algebraic sum of the unit ball and the cone of negative
elements:

P={f+f:[lAllc<1, f2<0}.

This is clearly a convex set. Observe also that f € P implies ¢ - f € P as long as
0<t<1.Let p be the Minkowsk: functional of P:

p(f)=inf{seRy: fes P} fec.
This is finite, since f € ||f|| - P and thus

p(f) < IIflle -

p is positive-homogeneous, since {s > 0 : rf € sP} = r{s > 0 : f € sP}
for » > 0. It is also subadditive. Indeed, there arbitrarily small €1,e5 > 0 with
f1 € (p(f1) + e1)P and fa € (p(f2) + e2)P. That is to say, there are fi,f5 € P
with fi = (p(fi) + €) - f{. Now

fit fa=p(f1) +p(f2) + @ +e2)x
p(f1)+61 . /+ p(f2)+62 . /}
p(fi)+p(f2)+ea+e "1 p(f)+p(fo)+eat+e 2

The second factor belongs to P because of convexity, and therefore

p(f1+ f2) <p(f1) +p(f2) +e

for arbitrarily small € > 0. This establishes the subadditivity. Note that p is
not absolute-homogeneous — it was to cover this situation that gauges were
introduced on page 114. However, p is not too far from the norm:

p(f)=Ifllz for f=0.
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The inequality p(f) < ||f|lz is known from above. For the converse inequality let
f € L4 have p(f) < s. There are then f; with ||f1]|z <1 and f; € L4 such that
f=s(fi — f2). We have 0 < f < sf; and, due to the solidity of the seminorm,
1flle < llsfille <'s.

We proceed now as in Corollary 4.4. On the one-dimensional subspace Dy: = R- fj

we define fg by (fg|rfo) = 7|l follz. f5 satisfies (f5]f) < p(f) on Dy . For if
Dyx > f=rfo with r > 0 then

(folf) =rlfolle =rp(fo) =p(f);

and if r < 0 then (ff|f) <0 < p(f). There is an extension f* to all of £ with
(f*1fo) = (f5|fo) = Il foll = that satisfies the same inequality (f*[f) < p(f) < [|f]lc
for all f € L. We conlude as in Corollary 4.4 that || f*||z» < 1. Now if f <0 then
p(f) =0 and thus (f*|f) <0: f* is positive, as desired. ____ 1

Exercise 4.8 Let K be a compact Hausdorff space. For every positive continuous func-
tion ¢ on K there exists a positive Radon measure g with p(¢) = ||@||w -

Exercise 4.9 The dual of a seminormed vector lattice is an order complete Banach lattice.

Exercise 4.10* Let || ||* be a mean on £ and € > 0. There exists a strictly increasing
mean || ||* so that for all f: S —R

AT < AP < L+ ol fIF (4.3)

IV.5 The Dual of LP

From now on, || ||* is the Daniell mean for some o—additive elementary integral [ .
We set ourselves the task to identify the bounded linear functionals on L?, for
1<p<oo.

Example 5.1 Let 1 < p < oo and £ = LP, let p’ be the conjugate exponent
—defined by 1/p+1/p’ = 1—and let g € LP . Consider the number

(G1f) déf/g-f, fecLr.geq. (5.1)

By Holder’s inequality, this number is finite. It clearly does not depend on the
representative g € ¢ and is linear in f. The map f +— (g|f) is therefore a linear
functional on L£P. Let us call it ¢*. ¢* is bounded; in fact, Exercise 1.3 gives

197 lry- = sup{(glf) : [ Fllp < 1} = llgllyr - (5.2)
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The upshot of all this is that every class ¢ in L”" acts as a continuous linear
functional on LP via the pairing (5.1), and the norm of that linear functional in
the dual (£P)* is equal to the norm of ¢ in L” .

Exercise 5.2* The map ¢ — ¢* from L* to (L£P)* is linear, injective, order preserving,
and isometric.

Exercise 5.3% Let g* be a bounded linear functional on £P, not necessarily of the form
(5.1). Then g* is positive iff (g*|A) > 0 for all sets A. Next let A be a measurable set.
Show that f+— (g*|f-A) is again a bounded linear functional on £P, positive if g* is.

We show now that the map g — ¢* from L? to (LP)* is surjective, in other
words, that all bounded linear functionals on £P are of the form (5.1).

Proposition 5.4 Let 1 < p < oco. For every bounded linear functional g* on LP

there exists a class g € LV, (1—17 + z% = 1), such that for all f € LP and g € ¢

wln=[of (=) (53)
The same is true for p =1, provided || ||* is o—finite.

Proof. The bounded linear functional g* is rather an abstract thing, and the
reader may well wonder how we will conjure up a “real” function g or class ¢ to
implement it via (5.3). To get a clue, consider a function g € £P" and let us try to
identify the class ¢4 of the positive part of g from the linear functional g* = g*.
To this end note that, for any positive function f € £P, [g-f < [g-lg > 0]-f =
(g*|f-[g > 0]). More generally, for any function 0 <~y < g,

/7~f:/7[7>0]~f
s/g[v>0]-f=/g-fh>0]
=(g"lfly> 0],

and ¢4 is the largest class of such . This little reflection leads us to try to
identify ¢4 as the least upper bound in LP of the set of classes

g={iett: [+f<tift>0) vrect},

The set G can be defined for an arbitrary continuous linear functional g* on LP.
Our strategy will be to prove the following Claim: G has a least upper bound
g+ = g+[g*], and the corresponding linear functional g} exceeds g*.

From this it is easy to see that actually g* = ¢} when g* is positive. Indeed, we
have then for every 0 < f € £? and ¢4 € g+

G = @1 = @1 lgs > 0) > / gt = (G51F)
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so that equality must obtain throughout. And if g* and g% agree on L% then
they agree on all of LP.

We then apply the claim and its consequence above to the positive linear functional
g% —g". This equals ¢g* for some positive class g_ € L”,, so that g* = ¢* with
g=gs—g- €LV,

Thus all will be done if the claim above is established. We start on it by noting
that G is increasingly directed: if 41,92 € G and f € L% then

Jonvan = [z adnes+ fon <valrees

<{g"|f 71 =7l N v > 0]) + (g"[f[n1 <2l N >0])
= (g*|f[11 V2 >0]) .

Thus ’.}/1 \/")/2 S g
Next observe that G is norm-bounded in L” by ||g*|[(z»)-. Indeed, by Exercise
1.3 on p. 103 we have for every 4 € G

il =sup{ [ : 0< £ e, sl <1}

<sup {(g*|fly>0]) : 0< feLr, |fll, <1}
<sup{(g|f) : 0< fell, |Ifll, <1} <llg*ll(cry -

If p’ = oo this means that G is order bounded, and Theorem 3.8 provides a least
upper bound ¢, for G in L. If 1 < p < oo and consequently p’ < oo then the
least upper bound ¢, of G in LP is provided by Corollary 3.10.

From Exercise 3.12 we know that there exists an increasing sequence () in G
such that 7, f 1 g+f in 1-mean. By the DCT, [y, > 0] - f — [g+ > 0] - f in
p-mean, and therefore

/ g1 f =1lim / e f < lim (|- > 0]) = (g |f-gs > O)) -

This proves that G contains its least upper bound ¢ .
To finish the claim we must show that the continuous linear functional ¢ —g
positive:

*is

(g7 —g'lfy >0 Vfeclh. (5.4)

To prove this write A* = g* — g% and assume, by way of contradiction, that
(5.4) is false. There is then a positive f € £P with (A*|f) > 0. By Exercise 5.3
there exists an integrable set A with (A*|4A) > 0. A is clearly not negligible.
Archimedes’ principle provides a number r > 0 so that

r-/A<<A*\A>.
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Let C a maximal disjoint collection of non—negligible integrable subsets C' of A
with
r~/C’2 (A% .

This collection is countable (Exercise I1.7.4), and its union |JC is not A, not even
almost everywhere, since it satisfies again

r~/UCZ(A*|UC>.

The set B = A\ |JC is non-negligible and has the property that r- [S < (A*|S)
for every one of its non—negligible integrable subsets S. We conclude that

r~/SB < (A*|SB)

for every integrable set S. Taking linear combinations with positive coefficients,
we see that

/ FrB < (A*|f-B) (5.5)

for positive simple integrable functions. Since these are || ||,~dense in £ and
since both sides of (5.5) are || ||,-mean continuous in f, we conclude that (5.5)
for arbitrary positive p—integrable functions. In view of the definition of A*, (5.5)
reads

[BlarsrBrr<@lrB) VLt
To this we add the inequality
Bt By = [0 08)
< (g"[f-B%[g+ > 0]},
which uses the fact that ¢, € G, and obtain

/ (g4 +7B)-f < (g|f-B) +{g°|f Blgs > O)) = (g"|/ lgs + rB > 0} .

This means that g +rB e G, which is in plain contradiction to the fact that gy is
an upper bound for G: (5.4) is true, the claim is established, and the is proposition
proved. ]

Theorem 5.5 (Summary) The map § — §* is an order preserving isometric

linear isomorphism of L?" onto the dual of LP, for 1 < p < oo, and also for p=1
if the integral is o—finite. In other words, (LP)* can be identified with 1P :

(e W geny-) = (L2210 ) -
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Supplements and Additional Exercises

Complex LP Spaces. We define, naturally, the space LY as the closure of the
elementary complex—valued functions &€ ® C under the seminorm f +— H| I \Hp
when 1 < p < oo, as the space of complex—valued measurable functions with
H|f\||o<J < oo for p = co. We know from Exercise I11.3.12 on p. 78 exactly what
these spaces are. We might have misgivings about reproducing the results of this
section for them, since the order played such an important role in the proofs.
However, the results not involving order are still true:

Exercise 5.6 Holder’s and Minkowski’s inequalities and Exercise 1.3 stay.

Let us associate with every g € Lg a linear functional ¢* on L% by

win=[as.

Note the complex conjugation on g; the reason for it will become clear in the
supplements to Section 6.

*

Exercise 5.7 g — ¢ is an antilinear ((cg)* = ¢g*) isometry of Lg, onto (L%)

IV.6 The Hilbert space L2

If p = 2 then its conjugate exponent p’ equals 2 as well, and Theorem 5.5 identifies
L? with its own dual. This makes L? a space of particular interest. It looks much
like the euclidean space with its euclidean norm || ||2, except that it is infinite—
dimensional. Its norm comes also from an inner product ( | ), to wit, (g|f) = [gf.

Here as there we have || f|| =/ {(f|f)-

Definition 6.1 A real inner product space is a vector space H over the reals
equipped with a map (| ) : H X H — R, called the inner product, that has the
following properties:

it is symmetric:  {f|g) = {g|f) Vf,geH,
bilinear: (rf + sg|lh) =r{flh) +s{g|lh) Vf,g,heH, Vr,seR,
and positive: (flfy =0 VfeH.

Exercise 6.2 Show that (h|rf+sg) = r(f|h) + s(f|g). This together with the second line
above explains the name “bilinear.”

Since (f|f) is always positive, we can take the root and obtain the associated
seminorm: ||f|| = \/{(f|f). The name must be justified, of course, by showing
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that || || is absolute-homogeneous and subadditive. We shall do that below. In
an inner product space we have the Cauchy—Schwarz inequality

gl )T < llgll - ILA1 - (6.1)

To see this consider the polynomial in ¢

p(t) = llg = tfll2 = llgll2 = 2t{gl f) + |1 f ]2 -

It is positive for all ¢. If || f|| = 0 then this is possible only if (g|f) = 0 as well, and
the desired Inequality (6.1) follows. If ||f|| > 0 then we choose ¢t = (g|f)/||fll2,
the point where the parabola p(t) takes its minimal value, and get

() el -

1Al 1Al

which yields the Cauchy—Schwarz inequality in that case. From this we get
Minkowski’s inequality

gll2 —2

1+ gl < IfIT+ gl -

Simply take the root in [|f+gll2 = || fll2+2(flg) +lglla < [IFll2+2IIf[I-llgll+]lgll2 =
(I £l + lgl)?. Since || || is evidently absolute-homogeneous, it is a seminorm.

Definition 6.3 A real inner product space (H,( | )) is a real Hilbert space if
the associated seminorm || || = /(| ) is a norm and if (H, || ||) is complete.

For instance, the space L2 of Section 3 is a Hilbert space under the inner product

(flg) % / fg.

Let us show that the elementary geometric properties of a Hilbert space are very
similar to those of ordinary euclidean R™. First a few notions. An element f of
the Hilbert space H is called normalized, or a unit vector, if ||f|| = 1. Two
elements f,g of H are called perpendicular or orthogonal if (f|g) = 0. We
then write f L g. A subset S C H is called orthogonal if any two of its members
are orthogonal; it is called orthonormal if it is orthogonal and all its members
are normalized. A maximal orthonormal subset of H is an orthonormal basis.

Exercise 6.4 ||f +gll3 = |13 + llgl|3 if and only if f 1 g.

Every Hilbert space ‘H has a basis, by Zorn’s lemma. Bases have the same function
in Hilbert space as they have in euclidean space:
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Theorem 6.5 Let B be an orthonormal basis of the Hilbert space H. Every ele-
ment f € H can be written uniquely as an infinite sum

f:Zrn'ena rm€R,e, €B.
n=1
o0
Furthermore, I£113 = Z r2.
n=1
Proof. Let By = {ej,...,en} be a finite subcollection of B of size N and consider
the numbers r,, = (e,|f), n=1,..., N, and the element fn = Zgzl rnen of H.

Since fy L f — fn we have |fn[3+[If — fnll3 = [If]3, so that

N
1wtz =D <IIfI15 -
n=1

[This is called Bessel’s Inequality.] It implies that of the numbers (e|f), e € B, at
most countably many may be non—zero. Let {e1,ea,...} C B be the basis elements
whose inner product with f is non—zero, and set

rn = {en|f) and f'= Zrn-en )
n=1

This sum converges because of the completeness of H. It easily seen that f — f’
is perpendicular to every member of B. If it weren’t zero, it could be normalized
and adjoined to B, in contradiction to the maximality of this set. Thus f = f’.
We leave as an exercise the

Corollary 6.6 With the notation above, we have Parseval’s Identity
I1f1I3 = Zri = Z{<e|f>2 e € B}.
n=1

Exercise 6.7 Any two bases of H have the same cardinality. If H is separable then every
basis is at most countable; in this case H is linearly isometric with £2.

A subset of H is said to generate H if its linear span is dense in H.

Exercise 6.8 Suppose S C H generates H and H is separable. Use the Gram—Schmid
procedure to produce a basis in the linear span of S. Conclude that L?*[\] has a basis
consisting of real-analytic functions.

Exercise 6.9 Let (f») be a sequence in the Hilbert space H whose unordered partial
sums form a bounded set:

{)_ fa:ND N finite } is bounded. (PSB)
neN
Show that f, — 0. A space in which all sequences with property (PSB) converge to zero

is called a C'—space [10]. The spaces L? all are C—spaces for 1 < p < oo, (Co[R], || [|u)
is not.



Chapter V

Operations on Measures

This chapter deals with products and images of measures, signed measures, distri-
butions of measurable functions and maps, convolution, and interpolation.

V.1 Products of Elementary Integrals

The Lebesgue measure or area of a rectangle in the plane is the product of the
Lebesgue measures or lengths of its sides. The integral of a function on the plane
can be evaluated by iterated integration. These are simple facts from the Calculus.
Analyzing them and generalizing them leads to the notion of a product of two
elementary integrals and to Fubini’s theorem.

Let X,Y be two sets and (Ex,my ), (Ey,my ) elementary integrals on them.
The product
(€,m) = (Ex ® Ey,my xmy))

of these two elementary integrals is an elementary integral on the cartesian product
X xY . The elementary integrands on X XY are the finite sums of the form

(x.9) — ox,y) = Z¢> ) o), o eéx. ol eéy . (1.1)

Their collection is denoted by £x ® &y or £ for short. The elementary integral
of ¢ asin (1.1) is defined by

m(9) = my xmy (§) = / o(z,y) m(dz, dy)
XXY
I
= me( g?) 'mY(¢§§)) :
=1

(1.2)

The collection & = Ex ® &y of functions of the form (1.1) is plainly a ring of
bounded functions on X xY . It is not, in general, a vector lattice (Exercise 1.2.19),

K. Bichteler, Integration — A Functional Approach, Modern Birkhéuser Classics,
DOI 10.1007/978-3-0348-0055-6_5, © Birkhduser Verlag 1998
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but let that not bother us for the moment. Let us note, though, that the definitions
of both £ = Ex ® & and of m = my xm,  are symmetric in X,Y .

A function ¢ € £x ® & has different representations of the form (1.1) in
general, so it must be shown that the number m(¢) of (1.2) does not depend on
the choice of the representation. To see this, let ¢ € £ be as in (1.1). Then, for
fixed x € X, y — &(z,y) is an elementary function of y € Y, and so we may

apply my :
I
[ oy me ) = 3 0 )y )
i=1

not only makes sense for every z € X but produces an elementary function in Ex .
We may apply my to it, and obtain

I
/ [ [ote.w my<dy>] ) = Dm0 my ) = m(@). - (13)

The left-hand side does not depend on the representation of ¢, so the definition
(1.2) is good. Note that (1.3) says that the product of the elementary integrals can
be evaluated by iterated integration. Since the original definition (1.2) is symmetric
in X,Y, we can evaluate my xmy (¢) also the other way around, by iterated
integration first with m, and then with m, . Our ultimate goal is to prove,
under the name Fubini’s theorem, that the integral of every m y Xmy —integrable
function on X XY can be evaluated by iterated integration either way around.

Example 1.1 (Products of Additive Set Functions) Let Ax,.Ay be rings of
sets on X,Y . respectively, and let ux,puy be measures on them. The product
Ax ® Ay is the ring of sets on X XY generated by the rectangles

AxB Ae Ax,Be Ay .
The product measure is defined on such rectangles by
i <y (Ax B) = pix(A) - iy (B) . (*)

There is a unique additive extension of pxxpuy to all of Ax ® Ay ; it is again
denoted by px xpy . This is seen easiest by considering the product my xmy of
the linear extensions my = [ dux and my = [ duy on E[Ax]| ® E[Ay]. This
ring of functions contains the (indicator functions of the) rectangles and thus all of
Ax ® Ay . In fact, by its very definition it is the linear span of the rectangles. The
restriction of my xmy to Ax ® Ay evidently agrees with px Xy on rectangles.
It is the sought—after additive extension. The linear extension of any other additive
set function satisfying () agrees with my xm, on E[Ax]® E[Ay] and therefore
on Ax ® Ay . In summary:

mXxmyz/ dlpxxpy) on E[Ax @ Ay] = E[Ax] ® E[Ay] .
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Example 1.2 (Product of Radon Measures) Suppose X,Y are locally com-
pact spaces and my,my are positive Radon measures. The ring & = Cyo[X] ®
CoolY] consists of continuous functions with compact support, but does not in
general exhaust Cpo(X xY'). Nevertheless, £ is sufficiently dense in Cpo[X xY]
so that there is a unique extension of my xm, to a positive Radon measure on
X xY . This extension is called the product of the Radon measures. We leave the
details as an exercise.

Exercise 1.3 Suppose Ex,Ey are lattice rings. Then every function ¢ € £ can be written
as the difference of two positive functions ¢, ¢~ € £. There exists a positive function

¥ € E with |¢| < .

We assume henceforth that both my and m, are positive and o—additive.
We can then apply Daniell’s procedure. The integrable functions we obtain will be
called the my— or m, —integrable functions and their collections will be denoted
by LY[my] or L}[my], respectively. Clearly m xm,y is positive as well. It is also
o—additive. However, we shall not prove this directly, but rather jump the gun and
ask for a mean majorizing it — eventually we want to find one anyway. Consider

/xbxyf B /): [/y*f(x’y) my(dy)} my (dz)

b
and T / 1.

XxXY

/ ;Xy is nothing but an iterated upper integral.

Lemma 1.4 || ||° is a mean that majorizes m = my xmy and that agrees on
(Ex ®Ey)y with m.

Proof. The last statement first:

| [oam| < [ | [ 1o nimytin]| mxtan) =151

with equality if ¢ € X ® €Y is positive. Note here also that || ||° is finite on
Ex ® Ey: If ¢ is as in Equation (1.1), then

|¢|§§\¢>E? and H¢|Hbs§/(¢g§> de./‘¢§f)

The solidity and absolute-homogeneity of || ||” are evident, the finite subadditiv-
ity nearly so:

I +oll = [ [/Y f+g dmy] amy < [ [/Y £+ 1 dmy] dmg

S/}:[/Y*|f|dmy} dmx+/;[/y*|gldmy} dmx

b b
= [IA1” + llgll” -

dmy < oo .

o
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The countable subadditivity follows from this and the continuity along arbitrary
increasing sequences as in the proof of Theorem IV.1.6 (See also Exercise I1.3.11
on p. 47); the latter is again easy to establish: Let (f,) be an arbitrary increas-
ing sequence of positive functions on X xY with pointwise supremum f. Then
(f; fn(z,y) my (dy)) increases to f; f(z,y) my (dy) for every z € X, and conse-

quently
= | [ [ e my<dy>} i (d)

increases to S 7@ mytan)| mxtan) =11

It is left to be shown that || ||” satisfies (M). This follows as in the proof of
Theorem I1.3.5 on p. 46 simply from the fact that || ||” is additive on £&..  _18

Now that we have the mean || ||” to majorize the elementary integral m
it is evident what to do — or so it seems: we close £ with respect to it to
obtain £'[|| ||’], and we extend the elementary integral by continuity to obtain the
extension [ dm : L[| |°] — R. We get the Dominated Convergence Theorem
and all its beautiful consequences, simply because || ||” is a mean. (By the way,
it is for this situation that we developed the integration theory of means for rings
in Section I1.5 ff.: £x ® €y is a ring but not, in general, a lattice.)

We can evaluate the integral by iterated integration:

Proposition 1.5 Let f: XxY — R be a || || -integrable function.
For my—almost all x € X, the function y — f(z,y) is my —integrable. The
integral

ze / F(,y) my (dy)

is thus my —almost everywhere defined. It is an my —integrable function of x € X,
and its my —integral is [ fdm:

[ st dtny ) /[/fa:ymywy)} s (da)

Proof. (i): If f is || ||”negligible, then the function x +— [|f(z,y)|my (dy) is
mynegligible. In other words, if f is || ||” negligible, then y v~ f(x,y) is my —
negligible for my —almost all x €Y .

(ii): Now suppose f is || ||>~integrable. Then there is a sequence (¢,) in £ such
that

Z onl® < 0o and f(z,y) = Z én(x,y) || ||°~almost everywhere.

n=1 n=1
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Then

N {(w,y) 2 Y [ulz,y)l =00 or f(x,w#Z%(w)}

n=1 n=1

is a || ||> negligible set. By (i)

Ny = {xGX: /X*N(x,y)my(dy) >O}

is my—negligible. So is the set

N% = {:c €X: /Z |bn(2,y)| my (dy) = OO} :

Consider an x € X that lies outside the m y—negligible set N'x = N%UN%. Then
y — > |én(z,y)| has finite my—upper integral and dominates the partial sums

Y ij:l ¢n(x,y) of elementary functions in €y . The latter converge m, —almost
everywhere to y — f(z,y). The function y — f(z,y) is therefore m—integrable,
and the integral is the limit of the numbers

In(z) = / S o, ) my (dy) v ¢ Nx.

Iy is an elementary function in £x, majorized m y—almost everywhere, namely
in every point outside ANx , by the function

T /*Z |bn (2, y)| my (dy) ,

b
whose m y—upper integral, being majorized by H > onl H , is finite. The pointwise

limit [ f(z,y) my (dy) of the In is therefore m y—integrable, and its integral
equals

/U f(@,y) my(dy)} my (dx) _1\lli—r>noo/IN(x) my (dz)

N
lim [/ > dnlx,y) mY(dy)] mx (dz)

N—o0
n=1

N—o0

Jim /i%dm:/f(x,y)m(dx,dy). '
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V.2 The Theorems of Fubini and Tonelli

These are the most powerful interchange—of-limits theorem in analysis. The setting
is that of the previous section.

There is something unsatisfactory about the arguments of Section 1. Namely,
everything depended on the choice of the order of integration. Had we defined he
mean || ||° by upper integration the other way around, first over x and then
over y, we should probably have gotten a different mean and a different space
L[| |I] of integrable functions. Which one is the right one? Evidently neither;
rather, we should define the extension by employing a mean that does not refer to
the order of integration, indeed, not even to the fact that m comes as a product.
The Daniell mean comes to mind; but the proof that Daniell’s up—and-down—
procedure actually produces a mean uses rather heavily the lattice structure of
the elementary integrands, which we do not have at our disposal. At this point we
remember the characterization I11.6.2 (i) of Daniell’s mean as the maximal mean
for the elementary integral. The natural choice of a mean for m = my xXmy is
the largest mean that agrees with m on &, . This exists: the collection of means
agreeing with m on &£, is not void, since it contains || ||” (and the mean obtained
by upper integration first over x and then over y), and the supremum of this
collection is a mean, evidently the largest (see page 93). We denote this mean

by || ||* and call it the Daniell mean for m. We define £'[m] = L'[my xmy]
to be the closure of £x ® & in F[|| [|*], and extend myxmy to L1[m] by
continuity. The functions in £1[m] = L1[|| ||*] are called m y xmy -integrable

or integrable for the product measure. The extensions of the integral are
traditionally denoted by the same symbols as the elementary integrals, [ < fy,
and [ d(my xmy ), respectively.

We know from the general theory that £1[m] is a vector lattice closed under
chopping, that the Dominated Convergence Theorem holds, what the relation
of the integrable and measurable functions are, etc. The question remaining is
whether we can evaluate [ f(z,y)d(myxmy ) by iterated integration. Fubini’s
theorem says we can.

Theorem 2.1 (Fubini’s Theorem) Let f : XxY — R be a function integrable
for the product measure. (i) For m y—almost every x € X | the function y — f(z,y)
s my-—integrable. The integral

z e / f(,y) my (dy)

is thus my —almost everywhere defined.It is an my —integrable function of x € X,
and its my —integral is [ fdm:

[ sty = [[| [ 1yt mytas
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(i1) The function x — f(z,y) is my —integrable for my —almost all y, and
[ stz sy = [ | [ st mxan)] mytan

Proof. (i): Since || ||> < || ||I*, f is| ||’ integrable, and Proposition 1.5 on p. 128
yields the claim. (ii): interchange the roles of X and Y. I |

Theorem 2.1 is a powerful result. Yet it has a glaring shortcoming: in order
to apply it to a function f one has to know in advance that f is integrable for
the product measure. It would be much nicer if the integrability of f could also
be decided by iterated (upper) integration. This is possible in a large number of
cases:

Theorem 2.2 (Fubini-Tonelli) Suppose f : XxXY — R is measurable for the
product measure and has o—finite carrier. Then f is integrable for the product
measure if and only if one of the iterated upper integrals

/* [/*|f(x,y)|my(dy)} my (dzx) or /* [/*|f(a:,y)|mx(da:)] my (dy)

is finite. In this case the iterated upper integrals agree and equal || f||*, and
[t mxmy i) = [[| [ . my @) mx(ae)

= [[[ e mxian)] myia.

The merit of this result is this: very frequently both (Ex,my) and (Ey,my)
will be o—finite; then every function on X xY will have o—finite carrier. Just as
frequently, the function f will also be given in terms that make it obvious that
it is measurable, in view of the splendid permanence properties of that notion. In
such a case only one of the iterated upper integrals will have to be checked for
finiteness.

Proof. Again || ||* is the Daniell mean for the product measure and || ||” the
mean obtained by iterated upper integration in either order. First assume f
vanishes off some | ||*~integrable set A. Construct by induction a sequence (A*)
of mutually disjoint || ||*~integrable subsets of A with

|A—(AtuA?U.. . uAR)|* <27F
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on which £ is the uniform limit of elementary functions. Then g = |f|- A1 +---+
|f| - A* is || [|*~integrable and so [|g"||* = [|g"||". The g* increase || [*-almost
everywhere to |f| = |f| - A. The continuity along increasing sequences of || ||*
implies

LA = 1A

Next we cover the carrier of f with countably many || ||*—integrable sets A, ,
choosing them to be increasing with n. By the continuity along increasing se-
quences of the means we have

LI = i || f-An || = T || £-An” =[£I -

The same argument applies if || ||> is defined by iterated upper integration the
other way around. Thus if ||f||” is finite then so is ||f||*, and as f is assumed to
be measurable it is integrable. The theorem of Fubini does the rest. S |

Corollary 2.3 Let fX: X — R and f¥ :Y — R be functions.

If fX is my-negligible ( my —integrable, my -measurable) and f¥ is my -
negligible (my—integrable, my —measurable), then fX-f¥Y : XxY — R is negligible
(integrable, measurable) for the product measure.

Proof. Suppose fX,fY are negligible. Let 0 < ¢ < 1. There are hX € 8;( and
hY € & such that [hXdmy < e, [hY dmy < e and |[fX] < hX, |fY] < hY.
Then h¥ - hY belongs to (Ex ® &y )T, and by Theorem 2.2 ||hX - hY ||* < €2 <ee.
We conclude that fX - fY is negligible for the product measure.

Suppose next fX, f¥ are integrable. There are sequences (¢:X),(#Y) of elemen-
tary functions converging almost everywhere to X, f¥ . By the first part of the
proof, (¢X - ¢Y) converges almost everywhere to fX - f¥, so that this function
is measurable for the product measure. We may compute | f* - f¥||* by iterated
upper integrals (Theorem 2.2), finding that this number is finite. Thus fX - f¥ is
integrable for the product measure.

Lastly, suppose fX, fY are measurable for the product measure. Their product
is then clearly measurable on rectangles of the form A° = AXxAY, AX c X
my—integrable, AY C'Y my—integrable. These rectangles form an adequate cover
of X xY . The details are left as an exercise. 1

Here is a much—used consequence of the last theorem. It has many applica-
tions, notable to the estimation of p—means and other measures of the size of a
function. The reader can find some of them in Section 4 and in the supplements
to Section 10.

Corollary 2.4 Let (S,&, [ du) be a positive o—additive elementary integral and f
a positive p—integrable function. Let @ : [0,00) — [0,00) be a continuous increasing



Section V.3 An Application: Convolution 133

function with ®(0) =0 and assume ® has a continuous derivative &' on (0,00).
Then

/ B(f) = / () p((f > 1) dt

Proof. As usual we have written u([f > t]) for f[f>t} dp. The function (x,t) —
f(z) —t is measurable for the product measure p® A on € ® E[R] (why?), and
then so is (z,t) — ®'(¢)-[f(x) > t]. Taking the integral with respect to A(dt) first
yields ®(f), by the Fundamental Theorem of Calculus. Since the u—upper integral
of this is finite, (x,t) — @'(¢)-[f(z) > t] is integrable on the product space, and
taking the integral first with respect to p and then with respect to A yields the
same number. That is the formula to be proved. 1

Exercise 2.5 (The Product of Order—continuous integrals) Suppose both my and my
are order—continuous. In the arguments of this and the last section replace | ||° by

= [ [ 1@l my (@] matao)

and || ||* by the largest order-continuous mean || ||* that agrees with || || on &4 (Ex-
ercise I11.6.5 on p. 94). Show that such actually exists and prove the theorems of Fubini
and Tonelli-Fubini for || ||*~integrable functions.

V.3 An Application: Convolution

Let f,g be Lebesgue integrable functions on the line. Their convolution is the
function f * g given by

fgly) = / F(@)g(y — ) A(dz) . (3.1)

Proposition 3.1 The integral (3.1) exists for A—almost all y € R. The function
f * g is integrable.

Proof. This would follow rather easily from Theorem 2.2 if (z,y) — g(y —x) were
known to be measurable for the product measure A(dz)xA(dy). It isn’t, so we
have to approach (3.1) obliquely. Let f < f < f, g < g < 7, etc. be the Baire
measurable upper and lower envelopes provided by Proposition I11.6.2. Observe
that the absolute value of the function

Az,y) = f(x)g(y — x) — f(x)g(y — x)
= (1@ = 1@) -9y~ 2) + f@) - (9~ 2) — gy — )
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is majorized by

(@) = f@)] gy — ) + [f1() - [9(y — 2) — g(y — )] -

The two summands on the right are Baire measurable and negligible for A(dz)xA(dy).
Indeed, to see that the second summand, for example, is negligible we may inte-
grate first over y and then over x, by Theorem 2.2. The integration over y gives

m<x>-/|y<y—x>— oy — )| dy =] /|g Yl dy =0

by the translation—invariance of Lebesgue measure. We see that A is A(dz) x A(dy)—
negligible. Consider now the function

f(@)gly —2) — Alz,y) = f(z)g(y — =) . (3-2)

y—x is a Baire function on the plane. So is g(y — z), since the Baire functions are
closed under left-composition with Baire functions on the line (Proposition I11.5.16
on p. 91). The function of (3.2) is thus a Baire function on the plane. Integration
of the absolute value of this function over y gives [ |g(y)| A(dy)-|f(z)]; integration
over z gives [ |g(y)| Mdy) - [ |f(z)| A(dz) < oo: the function of (3.2) is integrable
for A(dz)xA(dy). Then sois f(x)g(y — ), and Fubini’s theorem yields the claim.

1

Exercise 3.2 Let f,g,h € L'[)\]. Then fxg=gx* f and (f*g)*h = f*(g*h). The
Fourier transforms satisfy F[f xg] = Ff - Fg.

Exercise 3.3 Let m = f\ and n = g\ be the measures with density f, g, respectively.
Then the measure with density f * g is given by

/¢ ((f % 9N (dz) = /¢m+y ) F()g(y) Md)A(dy)

Exercise 3.4 f x g is continuous.

V.4 An Application: Marcinkiewicz Interpolation

Interpolation is a large field. We prove here one rather simple result. The main
idea is to introduce the reader to some interesting notions, that have proved to be
very powerful. The results of this section will not be used later on.

Lorentz spaces. Let (£,m) be a positive o—additive integral, and 1 < p <
oco. Functions f,g etc. that should be measurable in the arguments below are
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understood to be so. Chebyshev’s inequality (Exercise I1.3.7) says that o -m][|f| >
o] < [|f|P dm and can be read as

I$1oe 2 sup {a- (il 1> 1) "} < 171

The number || f|| o is thus a somewhat less stringent gauge for the size of f than
[fllp- For p = o0 we set || flloc,c0 = [|flloc- Except for this last one, the || ||, .
are not subadditive. The spaces of functions they describe are not normable. It
is frequently rather easier to show that a given function belongs to the Lorentz
space

[P0 — {f m-measurable : || f|lp o0 < OO}

than to LP. For instance, in Section 10, which deals with differentiation, we shall
meet the Hardy—Littlewood Maximal Operator. It is an operator of great utility
in many contexts. It does not map £![)\] into itself but rather only into £°[)].

Exercise 4.1 The spaces L£P'°° are complete metrizable topological vector spaces.

Operators of Weak Type. Let (F,n) be a second positive o—additive integral,
and consider a map U that associates with every elementary function ¢ € F an
m—measurable function U(¢). Such U is of weak type p-q if there is a constant A
such that for all ¢ € F

1U(D)lp,oc < A0l zan) -

It is of strong type p—q if instead

N1U (D) crm) < A= @l zan)

in other words if it is continuous at zero, from L%(n) to LP(m). Here both p
and ¢ are in [1,00]. An operator of strong type p—q is clearly of weak type p—g;
for p = oo the two notions coincide.

Exercise 4.2 If U is of weak type p—¢q then it has a unique extension to all of £(n) that
is still of weak type p—q.

As an instructive application of Corollary 2.4 on p. 132 let us prove

Theorem 4.3 (An Interpolation Theorem) Suppose U : F — L£%(m) is a sub-
additive operator of weak types p1—p1 and ps—p2 with constants A;,l,A;72 , respec-
tively. Then U 1is of strong type p—p for p1 < p < ps:

NU () zeim) < Ap - 1 fll 2o

with constant

(247, i N (247, )P? )1/p .

Ap<p1/p-(
- P—p p2—D
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Proof. By the subadditivity of U we have for every t > 0
WO <UL = DI+ 10 - 1] < )]

and consequently

m[|U(f)] > t] <m[|U(f-[|f] > )] > t/2] +m[U(f - [|f| < t])| > t/2]
A;l D1 1 AI P2 pa
= <t/2) Aflzt] S dn (t/Q) /[If|<t] i dn

Multiply with t?~! and integrate against d¢, using Fubini’s theorem:
Ul )
/\U(f)|pdm/p:// =1 dtdm:// ml|U(f)| > " dt
0 0
Al \m
< b1 / |f|Pr P~ dtdn
/(t/Q) 17124
Al \p2
+/ P2 / |f|P2tP~ dtdn
(f/2> 171<t]
= (24, )™ / / |f|PreP—Pr= 1 dtdn
[1£1=1]
+ (24,) // |f|P2tP=P2=1 dtdn
[1fl<t]
£
(247)) // | fIPree—Pr =L dtdn
+ (24})) ”// | flP2eP P2~  dtdn
/
= ¢ / |f|Pr - | f|P~P dn
2A’
4+ — = /|f|P2 |f|:0 P2 dn,

(2Al1)p1 2A/ P2
-Gy e

Multiply both sides with p and take pth roots; the claim follows. I |

Note that the constant A, blows up as p | p1 or p T pa. Here is a situation
in which more can be said:
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Exercise 4.4 Suppose that (£,m) = (F,n) and that the map U happens to be self-
adjoint. This means that

Jv@ win= [0 an bvEE.

If U of weak types 1—1 and 2—2 then U is of strong type p—p for all p € (1,00).

V.5 Signed Measures

There do occur linear maps f =m: £ — R on lattice rings that are not positive.
They are called signed elementary integrals if attention is to be drawn to the
non—positivity. For instance, the continuous linear functionals on the space C[K],
K compact, form a large class of signed elementary integrals that is natural to
investigate. For another example imagine a physicist dealing with plasma. He may
wish to describe the charge p(dV) in a volume dV . If dV' contains mostly electrons
then u(dV') should be negative, if protons predominate it should be positive. He
faces an additive set function p that takes both positive and negative values, a
signed measure. To reduce the argument to a common denominator we have the
physicist extend his measure immediately by linearity to the step functions, as in
Proposition 11.2.13 on p. 39. He obtains a signed elementary integral m.

Naturally, we would like to extend f « dm so as to obtain as powerful a
calculus as in the case of positive measures. The following idea leaps to the mind:
let us find a mean || ||* that majorizes [, and use it to extend | by continuity
to the || ||*—closure £! of £. Since the permanence properties of the extended
integral were all due to the majorizing mean, we should then have them in the
present situation as well.

This idea succeeds. The elementary integral must, of course, meet some
conditions in order to admit a majorizing mean, one more than in the positive
case.

First, it must be o—additive, or o—continuous, which by Exercise 11.2.2 on p. 36
is the same thing. To see this let (¢,,) be an increasing sequence of elementary
integrands whose pointwise supremum ¢ belongs again to £. Since || ||* is a
mean the Monotone Convergence Theorem holds, and ¢,, — ¢ in mean. Since the
elementary integral is continuous with respect to the mean, [ ¢, — [ ¢.

Second, | must have finite variation. This condition replaces the positivity. To see
what this means, fix a ¥ € £, . The solidity of the prospective majorizing mean
implies that for any elementary integrand ¢ with |¢| <

[ o] <] <ot

Taking the supremum over ¢ € £ with |¢| < 1) we see that | must meet the
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Definition 5.1 The elementary integral m has finite variation if the number
miw) =sup{| [odm|: s ee.lol <} (1)

is finite for every ¥ € E. imi () is called the variation of m on v and is also
denoted by [ dimi.

This notation anticipates point (ii) of the following result:

Lemma 5.2 (i) For any positive ¢ € £
im i (Y) =sup{m(d1) —m(g2) : ¢i €E4, g1 +da =10} (5.2)

(ii) Suppose the elementary integral (E£,m) has finite variation. Then the map
P — imi(Y) is positive-homogeneous, increasing, and additive on &, . There
exists a unique extension to a positive elementary integral, which will again be
denoted by im! . It is the smallest positive elementary integral majorizing both m
and —m and satisfies

im(¢)| < imi(l¢)), Voec£. (5.3)

Proof. (i): Suppose the right-hand side of Equation (5.1) strictly exceeds r. Then
there is a ¢ € € with |¢] < ¢ and m(¢) > r. We have m(¢) = m(¢y) — m(p—),
where ¢ € &4 and ¢ + ¢ < . Let 6 = ¢ — (¢4 + ¢—). If m(d) > 0 we
set @1 = Py + 9,02 = P, else we set ¢p1 = ¢4, P2 = ¢ + 0. In either case we
get @1 + ¢d2 = ¢ and m(p1) — m(p2) > r: the right-hand side of (5.2) exceeds r
as well and is therefore always greater than that of Equation (5.1). Conversely,
assume the right-hand side of (5.2) strictly exceeds r. There are then ¢; € &,
with ¢1 + ¢2 = ¥ and m(¢p1) — m(¢2) > r. If the second integral is positive
set ¢ = ¢1, else set ¢ = @1 — ¢o. Clearly |¢| < ¢ and m(¢p) > r: the right-hand
side of Equation (5.1) exceeds r as well and is therefore always greater than that
of (5.2). The two are the same.

(ii): The monotonicity and positive-homogeneity are left as an exercise. The ad-
ditivity is best shown in two steps.

1) imi is subadditive: Let 11,19 € £, and assume imi (¢ + o) > r. There
exist ¢!, ¢? € £, with sum 91 + 99 and m(¢') — m(¢?) > r. Set

P = YA, gy = Pl =i A,
3 = Yr—PiAd, @5 = ot A -l
These four functions are positive elementary integrands. This is obvious for all
but ¢3; and for this it follows from g +11 AdL — @t = (Y1 4+ — ') Ahe = ¢2 Athy.
The columns of this matrix add up to 11 and 1, the rows to ¢' and ¢?. Evidently
mi () + fmi (02) = (m(o}) = m(6?)) + (m(63) — m(63))

= m(¢1 + ¢3) — m(¢f + ¢3) = m(¢!) —m(¢?) > 1
the subadditivity is established.
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2) imi is superadditive: Let 1,19 € E4 with imi(¢1) + imi(we) > r. Then
there are ¢}, ¢? € £, with 1; = ¢} + ¢? and

(m(sh) = m(@D) + (m(@h) —m(e3)) >

This reads m(¢') —m(¢?) > r, where ¢! = ¢1 + s and ¢? = @2 + ¢3 are positive
elementary integrands with sum ; + 5. We conclude that 'mi (1 + w9) > 7:
The superadditivity is established as well, and with it the additivity.

The additivity can also be shown along similar lines using the defining Equation
(5.1). We leave this as an exercise.

We are ready to tackle the remaining claims. If im| is the restriction of a
positive elementary integral on all of £ then necessarily

imi(y) = imi(dr) — imi(ya) (%)

whenever ¢ € £ is the difference of the positive functions 1,1, in £y . Such an
extension is thus unique. Conversely, since every @ € £ is the difference of two
positive functions we may use (*) to define the extension of im! to all of £. This
definition is good; for if 1 is also written as the difference of ¢}, 95 € £, , then
1+ = s + ), and consequently {m| (1) — {m (1) = im} (1) — fmi ().
The last statement is nearly obvious from Equation (5.2): if n is a positive
elementary integral majorizing both m and —m then n(¢¥) > m(¢1) — m(p2)
whenever ¢; € £ sum to ¢ € £, and thus n > im!. The Inequality (5.3) is
plain from the definition (5.1). ]

Proposition 5.3 The elementary integral m on &€ has finite variation if and only
if there exists a positive elementary integral n majorizing both m and —m. In
this case, imi is the smallest positive elementary integral majorizing both m and
—m, and its value at a function 1 € £, is given by FEquation (5.1) or (5.2).

If the elementary integral m on € has finite variation and is o—additive then
its variation im! is also o—additive.

Proof. The first statement is but a summary of Lemma 5.2. For the second,
let 1, be an increasing sequence of elementary functions, without loss of generality
positive, whose pointwise supremum is another elementary function . It is to be
shown that sup,, im!(¢,) > Im!(y), the reverse inequality being obvious. Now
if tmi(¢) > r then there is a ¢ € & with |¢| < ¢ and |m(¢)| > r. Consider
then the sequences ¢, = v, A ¢, and ¢, = ¥, A ¢_. They increase pointwise
to ¢4 and ¢_, respectively. In consequence of the o—additivity of m we have
Im(¢}f — ¢,,)| > r for sufficiently high index n. From |¢;} —,,| < ¢, we conclude
sup,, fmi () > r and sup,, fmi (i) > {mi (1). _
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The Integration Theory of a signed o-additive elementary integral of finite
variation is now obvious. Namely, we simply let || ||* be Daniell’s mean for the
positive o-additive elementary integral imi, define £'[m] = L[im}] as the
closure of £ under this mean, and extend the integral by continuity. This is possible
since by (5.3) || ||* majorizes the elementary integral:

Im(@)| < imi(lo]) <ol Voek.

This is all very satisfactory and simple. A few questions remain:
1) Which Radon measures have finite variation and are o—additive?
2) Suppose p is a measure on a ring A of sets. How can we determine by just
looking at p whether its linear extension m = [ du to the step functions £[A]
has finite variation and is o—additive?
3) What is the structure of the set 9M[E] of all elementary integrals on £7
We defer 3) to the next section and answer the first two questions now.

Example: Radon Measures

Let us address the first question raised above. Here we have to remedy an earlier
omission. Namely, in Lemma I1.2.4 on p. 37 we did define only the notion of a
positive Radon measure. Let S be a locally compact space and Cyo[S] the lattice
ring of bounded continuous functions of compact support. A Radon measure
is a linear functional m : Cyo[S] — R that is continuous in the following sense:
if (¢n) is a sequence of functions in Cpyo[S] whose supports are all contained
in a common compact set and which converges uniformly to a function ¢ then
m(én) s m(¢). If S happens to be compact this means that m is a continuous
linear functional on the normed space (C[S], || |l.)-

Exercise 5.4 A positive Radon measure is a Radon measure.

Proposition 5.5 A linear functional m : Coo[S] — R is a Radon measure precisely
if it has finite variation. It is then o—additive, in fact order—continuous.

Proof. If the variation of m is infinite one can find ¢, € Cyo[S] with |¢,| < 9
and m(¢,) > 2". The functions 27 "¢, all vanish off the support of ¢ and
converge uniformly to zero. Since |m(27"¢,)| > 1, m is not a Radon measure.
Conversely, if m is not Radon, then there is a sequence (¢,) of functions in
Coo[S] whose supports are contained in a common compact set K C S, which
converge uniformly to some ¢ € Cy[S], and so that |m(¢, — ¢)| > € for all n
and some € > 0. There is a ¥ € Cyo[S] that equals 1 on K. By extracting
a subsequence if necessary we can arrange matters so that ||¢, — ¢|l, < 27".
Consider v, = £(¢, — f), where the sign is chosen so that m(i,) > 0. The
functions @y = 27]:[:1 ¥y, all have |® | <4, and m(Py) > Ne: m does not have



Section V.5 Signed Measures 141

finite variation. We conclude with Lemma I1.2.4 on p. 37: since the variation im|
of the Radon measure m is a positive Radon measure it is c—additive, and therefore
so is m itself. 1

Example: Additive Set Functions of Finite Variation

We turn to the second question raised above. Let p be a measure on a ring A
and m = [ dy its linear extension to the step functions E[A]. Suppose m does
have finite variation im!. Then the restriction 1! of im! to A is clearly a
positive measure majorizing both g and —p. In fact, it is the smallest such
measure. For if v is another measure with this property then its linear extension
n = [ dv majorizes both m and —m and thus exceeds im}; we conclude
that 1ut < v. Conversely, assume that there is a positive measure v on A
that majorizes both g and —p. Its linear extension then majorizes both [ du
and — [ du, so that m = [ dp has finite variation. As before we see that there
then exists a smallest positive measure exceeding both p and —p, namely the
restriction of im! to A. It is therefore reasonable to call p: A — R a measure of
finite variation if there exists a positive measure v majorizing both p and —pu,
and to denote the smallest such v by iui and call it the variation of the
measure . The upshot of all this is listed as the first part of the following

Proposition 5.6 Let p be a measure on a ring A of sets.

(i) The linear extension [ du of p to the step functions over A has finite variation
if and only if p does. In this case, the variation of [ dp is [ dipi.

(11) The variation ip! at a set A € A is given by

tp i (A) =sup{u(Ay) —p(As): A, € A, A+ Ay = A} (5.4)

(iii) ‘pi, m= [ du, and im} = [ dip} are o—additive if and only if p is.
Proof. (ii): The proof of the additivity of im! in Lemma 5.2 on p. 138 applies
literally, if the ¢°,; are taken to be sets of A, and shows that the right-hand side
of Equation (5.4) defines an additive measure. It is clearly the smallest positive
measure majorizing both p and —pu. The details are left to the reader. _ 1

Exercise 5.7 The map that associates with every measure of finite variation on a ring of
sets its linear extension to the step functions over that ring is a linear order preserving
bijection.

Exercise 5.8 The map of Exercise 5.7 maps the vector space of o—additive measures of
finite variation on the ring onto the vector space of o—continuous elementary integrals of
finite variation on the step functions.
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Example: Distribution Functions on the Line

Let F: R — R be a function. F' gives rise to a measure on A[R], by the simple
formula

pr((a,b]) = F(b) = F(a) .

At first, this rule assigns a measure to intervals (a,b] only. An arbitrary set A in
A[R] can be written as the union

I

A = U(a“bl]

i=1
of disjoint intervals (Exercise 1.4.6 on p. 20), and additivity requires that we set

I

pp(4) =3 F(b) ~ Fla) .

=1

It is clear that pp : A[R] — R is an additive measure. If F' and F’ differ by a
constant then the associated measures pp and pp, are the same.

Conversely, if p is a measure on A[R] then

- u((O,t]) if >0
o) = —u((t,O]) it <0

defines a function F with F(0) = 0 whose associated measure is p. F is called
a distribution function of . We get a linear bijection between finite functions
F : R — R that vanish at the origin, and measures on A[R].

How can we tell from looking at the distribution function F' whether the
associated measure p = pp has finite variation? In answer to this question we
establish a formula for the variation ui in terms of F': For any interval (a,b],

I

et ((a.b]) = sup { ;Ww) - Fla)| (5.5)

a:a1<a2<---<a1+1:b}.

The supremum is taken over all finite partitions ¢« = a1 < ag < --- < ayy1 = b
of (a,b]. If a function F' is such that the right—hand side of (5.5) is finite for all
a < b € R then F is said to have finite variation. This is evidently a most
appropriate choice of words. (5.5) explains where the name finite variation for
measures on the line — and then for arbitrary measures — comes from.
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Proof of (5.5). If {up!((a,b]) > r then there are, by Proposition 5.6 (ii), disjoint
sets A, B € A with union (a,b] and pp(A)—prp(B) > r. We write A, B as unions
of disjoint intervals (a;, b;] and inspect: the right—hand side of (5.5) exceeds r.

Conversely, if the right—hand side of (5.5) is strictly bigger than r then there is a
partition a = a1 < ag < --- < ay41 = b of (a,b] with Zle |F(a;r1) — F(a;)| > r.
We let A be the union of the intervals (a;,a;+1] for which F(a;41) — F(a;) is
positive, and B the union of the remaining partition intervals. Evidently pp(A)—
pr(B) > 7 and thus {upi((a,b]) > r. The equality is established. __ 1

Suppose now F has finite variation. Let F'* be distribution functions for
the positive and negative parts of pp, respectively, and C a constant such that
F(0) =C+ F*(0) — F~(0). Then F = (C + FT) — F~, because the measures
associated with either side of the equality are the same; the equation exhibits F'
as the difference of two increasing functions: A function of finite variation can be
written as the difference of two increasing functions. It has therefore right and left
limits at every point and is discontinuous at no more than countably many points.

Assume again F' is a function of finite variation. When is the associated
measure o—additive? The answer is simple:

Lemma 5.9 pp is o—additive if and only if F is right—continuous.

Proof. If pup is o—additive then, for every decreasing sequence (x,) with limit z,
F(zyp) — F(z) = prp ((m, xn]) =50 0, because (z,2,] | 0: F is right—continuous.
Conversely, assume F' is right—continuous. Write F' as the difference of two in-
creasing functions, F' = FT — F~. Define the right—continuous version of F*
by F*(z) = lim, , F¥(y). Then F = F = F™ — F~, and we have succeeded in
writing F' as the difference of two increasing right—continuous functions. It suffices
evidently to show that the measures associated with I * are o—additive. In other
words, we may assume that F' is increasing.

Consider then a decreasing sequence (D™) of A[R] with void intersection. It is to
be shown that pp(D™) — 0. To this end let € > 0 be given. Every D" can be
written as the union of finitely many elementary intervals:

I(n)

D" = | J(ap,b}].

i=1

Because of the right—continuity of F' there are points b > o with F(b*) —
F(a") < e27=™ . Set

n I(m)

Dn U U al ’bzn

m=1 i=1
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The D" are compact and decrease to the void set. Thus one of them, and then all
with higher index will be void. Say DV = (). Then

n m
"CQL_J ai’, bl forn>N.

Clearly, D" has pp-measure less than Y~ | 572 279"™e = ¢. That is to say,
wr(D™) 5:=50 0. This is but a copy of the proof of Lemma II.1.1, adapted to the
present situation. |

V.6 The Space of Measures

We have now pretty exhaustively studied single elementary integrals on our lattice
ring &£, have even looked at two of them simultaneously. The time has come to
change our point of view and to study the totality of all elementary integrals on &,
“to explore the forest instead of its single trees,” as it were. Accordingly let IMM[E]
denote the set of all elementary integrals on £ that have finite variation. This is a
vector space. For if m,n have finite variation and r, s € R then both rm+ sn and
—(rm++sn) are majorized by the positive elementary integral |r|im! +|s|in!, and
thus rm + sn € M[E]. This vector space has a natural order given by the order
cone M[E], of positive elementary integrals: m <n <= n —m > 0. It is plain
that this order is compatible with the linear structure. We have seen in Lemma
5.2 (ii) that there is a least upper bound im! for m and —m. We could invoke
Exercise IV.3.3 on p. 109 to conclude that 9[&] is a vector lattice. Let us instead
show directly that two elements m,n have a greatest lower bound m A n. To this
end let p € M[E] and consider the following chain of implications:

m>p and n>p
—n—-—-m<n—p and m—nm<m-—p
=n-m<(n—p)+(m—p)=m+n—2p
and m—n<(m—-p)+(n—p)=m+n—2p
= im-n <m+n—2p = 2p<m+n—im—n|
M = p<(m+n—m—-ni)/2 = im—ni <m+n—2p
—m-n<m+n—2p and n—m<m+n-—2p
= 2p <2n and 2p <2m
= m>p and n>p.

Comparing the first and last lines we see that all the statements are equivalent.
In particular, p is a lower bound for both m and n if and only if it is one of
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the lower bounds for (m +n — im —ni)/2—see (!). Among the latter there is a
largest, (m +mn — im —n!)/2 itself; whence the formula

1
m/\an(m—i—n—:m—ni). (6.1)

Since p > m,n < —p< —m,—n < —p>(-m)A(-n), —((—-m) A (-n))
is the least upper bound of m,n:

mvVn=—((—-m)A(-n)) . (6.2)

Thus M[E] is a vector lattice. For later use let us establish a formula for the value
of m A n at a positive elementary integrand ¢ € £.

Lemma 6.1 For any ¢ € &4

mAn) =inf {m(p1) +n(p2): ¢»; €&, 1+ b2 =19} . (6.3)

Proof. We get from Equation (6.1), using part (i) of Lemma 5.2 on p. 138 in the
second line below,

m () = 5 (m() +n(@) - fm—ni())

= 2 (m@) +n(w)
= sup {(m —n)(¢1) — (m —n)(d2) : &1 € Ex, b1+ 62 = 1}
(@) +n(w)
Finf {(n = m)(61) + (m —n)(@2) : b € Ep b1+ b = v})
= Sinf{m(gn) + m(ga) +n(61) + (o)
(= m)(é) + (m—n)(2) : 6s € Ex, b1+ 62 =1}
1

=5 inf{Qm(ngg) +2n(p1) : ¢ €E4, b1+ P2 = 1/’}
=inf {m(¢1) + n(p2) : ¢;i € E4, b1+ P2 =} . —1

DN | =

Exercise 6.2* For two measures p, v of finite variation on a ring A of sets establish the
formulae

1 1 1
pAv=glptv—ip=rvi);
wAV(A) =inf{u(A1) +v(A2): Ai € A, A1 + Ay = A}, AecA.
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Proposition 6.3 M[E] is an order complete vector lattice.

Proof. We know that 9M[&] is a vector lattice. To finish the proof it is left to be
shown that a non—void order bounded subset B C Wi, [£] that is closed under
taking finite suprema has a least upper bound (Lemma IV.3.7 on p. 110). Let b
be any upper bound for B and set

n(y) = sup{m(s) : m € B}, pely .

This supremum is finite, in fact, is less than b(¢)). It is easily seen to be positive—
homogeneous. It is also additive in 1. Indeed, let 11,12 € £ and € > 0 be given.
There are mq,mge € B with |n(i;) — mi(¢;)| < €/3. There is also an my € B
with |n(1 + ¥2) — my (1 + ¥2)| < €/3. With m = mq Vmg Vmy € B we have
In(i) —m(yi)| <e/3 and [n(¢1 +92) — m(¥1 +92)| < €/3. Consequently

n(1+n) = (n(en) +n(2))| < In(er +2) = mler + o)

+ ‘m(ih + 1) — (mwl) + m(¢2)>‘

+[m(h1) — ()] + [m(2) — n(ib2)]
<e€/3+¢€¢/3+¢€¢/3=c¢.

Since € > 0, the additivity follows. As in the proof of Lemma 5.2 (ii) we see that
there is a unique extension of n to a positive elementary integral on all of £. This
is clearly a least upper bound of 5. S |

Some Identities. Here are a few computational rules that will come in handy
from time to time. They make sense and hold on an arbitrary vector lattice 9.

1
(i) For m,n € M m/\nzﬁ(m—i—n—:m—n:). (6.4)

This was shown above to be true on 9M[E]. The argument did not refer to the
nature of the elements of M[E], merely to the linear and order structure of M[E],
so it holds for any vector lattice.

(ii) For m,n € M mAn+mvVn=m-+n. (6.5)
Indeed, since the shifts z — z+m and z — z+n are order isomorphisms of 91, we
have mAn+mvVn—m—n = 0A(n—m)+(m—n)V0 = 0A(n—m)—(n—m)A0 = 0.

(iil) If we define the positive and negative parts of an element m € 9 by

my=mV0 and m_=(—m)V0=—-(mAO0),
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(which are both positive!) then Equation (6.5) gives
m=my—m_, myAm_=0, and mi=my+m_.

To see the last equality observe that —m_ = mA0 = (m4 —m_ — imi)/2, which
implies —m_ —my = —im/|. Since m. V m_ majorizes both m and —m and is
smaller than —m_ —m4 = —Im/!, it must equal —m_ —m, and Equation (6.5)
gives my Am_ =0.

(iv) There is a triangle inequality for the variation: For m,n € 9,

im+ni <imi+ini. (6.6)
Indeed, m+n=my—m_+ny —n_<my+m_+ny+n_=imi+ ini, and
similarly —(m +n) < imi + ini.
(v) For my,mg,n € My,
(mi+ma) An<miAn+maAn. (6.7)

Indeed, mi An+ma An = (my + (maAn)) A (n+ (ma An)) = (my +mz) A
(m1+n) A (n+m2)A(n+n) > (mp+ma) An.

(vi) Let B C 9 have least upper bound \/B, and let n € M. Then B An =
{m An: m e B} has least upper bound

\/(%/\n)z\/% An . (6.8)

Indeed, the inequality \/B An > \/(‘B A n) is obvious. For the converse observe

e \/B An+\/B Vnz\/%+n=\/(%+n)

:\/{m/\n—I—m\/n: m € B}
S\/(%/\n)+\/(%Vn)
S\/(%/\n)—l—\/% vn,

which results in the desired inequality \/ B An < \/(B An) upon subtraction of
VB An.

Ideals and Bands. The following notions continue to make sense on an arbitrary
vector lattice M. Two elements m,n of I are called orthogonal or disjoint if
imi A ini = 0. In this case we write m L n. Let & C 9. The set of n € 9 that
are disjoint from every m € & will be denoted by &+.

A collection & C M is solid if n € & and im! < in! imply m € &. A solid
linear subspace of 9 is an ideal. An ideal in an order complete vector lattice is a
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band if it contains with every non—void order bounded set its least upper bound
(and then its greatest lower bound). A band is an order complete vector lattice
in its own right, but an ideal that is order complete is not necessarily a band.
For instance, the bounded functions on some set S form an ideal of the vector
lattice RS of all finite functions, and an order complete one at that, yet they do
not form a band of RY .

The intersection of any number of ideals (bands) evidently forms an ideal
(band). We may therefore talk about the ideal (band) generated by an arbitrary
non-void collection & C M. It is the intersection of all ideals (bands) contain-
ing &. Let us denote by (&) the band generated by &.

Theorem 6.4 (Riesz) Let G C M. Then &+ is a band. &1+ is the band (&)
generated by &. Every m € MM has a unique decomposition m = mll + m+ with
ml € (&) and m* € &*.

Proof. Let m € &+ and r € R. There exists k € N with |r| < k. For any n € &
we have

Thus &1 is closed under scalar multiplication. Next let mi,ms € &+. Using
Inequalities (6.6) and (6.7), we find

imytmal Aing < (fma)+ime ) Adnt < tmap i Adni+ imei Aing =0
for any n € &: &1 is a subspace. Its solidity is obvious, so it is an ideal. Finally,
let & be a non-void subset of &+ that consists of positive elements and has
greatest lower bound \/ &. By Equation (6.8),

\/C‘S/\ini:\/{m/\ini :meb=0

for any n € &, so that & is, indeed, a band.
For the remaining two claims observe first that &+ is a band containing &, so
that &1t > (&) and &+ N (&) = {0}. Given a positive m set

m”:\/{m’G(G): m’ <m} and mt=m—ml.

Clearly mll € (&) and m* > 0. We have to show that m* € &+. To do this
let n € & and set

b=mtAint=m-—mhAini.

Then b € (&), and b+ ml < m. This implies b+ mll € (&), b+ ml < ml,
and b=0.
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If m is arbitrary we decompose its positive and negative parts into their compo-
nents in (&) and &+ . The uniqueness of the resulting decomposition of m follows
from our earlier observation that &+ N (&) = {0}. 1

Example 6.5 Let us compute the decomposition in the particular case that &
consists of a single element n and that m is positive. In that case

m“:\/m/\(kini). (6.9)
keN

This element of 9 evidently belongs to the band (n) ' ({n}). We may without
loss of generality assume that n is positive. It evidently suffices to show this: if
m € (n) then it equals m’ % \/, m A (kn). Now by (6.8) m/ + (m —m') An =
mAn+m')=\,mAn+knAm) <\, mA (k+1)n =m'. This shows that
m —m' € nt and thus m =m/.

The simple situation just contemplated occurs sufficientlly often to deserve a
name. We say that m € 91 is absolutely continuous with respect to n € 9,
and write m < n, if m belongs to the band (n) generated by n.

Proposition 6.6 The o—additive elementary integrals of finite variation form a

band IM*[E] in M[E]. The order—continuous elementary integrals of finite variation
form a band IM*[E] C M*[£].

Proof. Inspection shows that 9*[€] is an ideal. For instance, if m,n € 9M*[£]
then im + n! is majorized by the sum !m} + ini, which is c—additive; it is then
evidently o—additive itself. To show that 90t*[€] is a band, let & C IM*[€] be order
bounded above with greatest lower bound n = \/ &. Without loss of generality
we may assume that & is increasingly directed and contained in 9% [£] (Lemma
IV.3.7 on p. 110). Now if €4 3 ¢, T ¢ € € then

V6 (6) = sup m(6) = sup m(@n) = sup\/6 (6.) :

mes meG,n

VG € 9* | so that MM*[£] is indeed a band. S |

Exercise 6.7% Given a ring R of sets, let £ denote the lattice ring of step functions
over R, M[R] the measures of finite variation on R, and M*[R] the oc—additive ones.
The map g — [ dp is a linear order preserving bijection from 9M[R] onto M[E] that
maps M*[R] onto M*[£]. Its inverse is restriction.

Let us interpret the notions of disjointness and absolute continuity for o-
additive elementary integrals. To do this it is convenient to extend them all, say, in
Daniell’s fashion. Now the spaces £1[m], generally vary with m € 9*[£]; since we
want to compare the extensions, we better restrict them all to a common domain.
The £-Baire functions come to mind. They are measurable for every m € 9M[E].
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Most of them are too large to be integrable, so we settle for the £—-dominated
E—-Baire functions. These are the functions in

5":{h€€2: 3¢€€00with|h\§¢}.

They are integrable for any mean and clearly form a lattice ring. Also, £7 contains
a plethora of sets; for instance, the sets [¢ > r] < ¢/r belong to £ whenever
¢ € & and r > 0. We denote the restriction of the integral extension of m € 9*[£]
to £7 by m?. It is left to the reader to show that

Proposition 6.8 The map m — m° is an order preserving bijection of IM*[E]
onto M*[E°]. In particular, we have

[ea

ot = mi7

mln < m°_Ln%,
and m&n < m’ «Kn’.

The perpendicularity and absolute continuity expressed in the last two lines have
nice characterizations in terms of the extended measures m? and n?:

Proposition 6.9 (Hahn) Let m,n € M*[€]. (i) m L n if and only if every
dominated £—Baire set B splits into the disjoint union B = B,, U B,, with

Proof. (i): If every dominated £-Baire set splits as stated, then imi Ain}{ =0 by
Equation (6.3) on p. 145. To show the converse implication assume then that
m 1 n. Given B, let C be a maximal collection of £-Baire sets C' C B
with {n1?(C) > 0 and {m!°(C) = 0. It is at most countable, and the sets
B, = UC, By, = B\ B,, meet the description. Clearly imi{°(B,) = 0. To see
that ini°(B,,) = 0 as well, we argue by contradiction. Suppose in!’(B,,) =
e > 0. By Equation (6.3) on p. 145, there are ¢y, ¢) € £7 with sum B, and
int7 (o) + 1mi7(¢),) < 27%. Let C = [liminfy ¢} > 0]. This £-Baire subset
of By, has ini{’(C) > e and m}?(C) = 0. It is a candidate for inclusion into C,
which was maximal.

(ii): If m < n then by Equation (6.9) im!” = oy imi” A (kini?). So
in17(N) = 0 implies mi?(N) = 0. Conversely, if this holds then the part im} ok
disjoint from in!? assigns zero mass to every dominated £-Baire set, by part (i)
above, and thus vanishes. m? << n? follows. S |
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Supplements and Additional Exercises

Fix a vector lattice .

Exercise 6.10 n € 9 belongs to the ideal generated by & C 91 if and only if there exist
mi,...,mr €6 with inl < imil 4+ 4+ Imgl.

Exercise 6.11 A linear subspace & of 9 is a band if and only if (i) m < n € & implies
m € & and (ii) whenever D is a subset of & consisting of mutually disjoint elements
then YD € &, provided this sum exists in 9.

A linear map ® : 9 — N to another vector lattice is a homomorphism of
vector lattices if ®(mAn)=d(m)A®(n) VYVm,n € M. A homomorphism does
not necessarily preserve suprema of arbitrary families — the injection of C[0,1]
into RI% is a counterexample. If it does it is called a normal homomorphism.

Exercise 6.12 The kernel of a homomorphism is an ideal, that of a normal homomorphism
a band. A homomorphism that is a bijection (an isomorphism) is normal and preserves
disjointness and absolute continuity.

Exercise 6.13 Given an ideal Z of 9 define the quotient order on MM /Z by declaring
a class m 4+ Z to be positive if it contains a positive element. This makes the quotient a
vector lattice. If 9t is order complete and Z a band then the quotient is order complete
as well.

Example 6.14 Let S be a set and £ the usual collection of elementary functions
on S. Let z be a point of S. The Dirac measure 6, : £ — R at x is the
elementary integral defined by d0,(¢) = ¢(x). An elementary integral m is called
atomic if it belongs to the band generated by the Dirac measures; if £ is o—finite
this is the same as saying that m is a countable linear combination of Dirac—
measures: m(@) = Yo" rpd(zy,) with Y07 |rn] < co.

Exercise 6.15 Show that m has finite variation and is order continuous. Compute the
variation of m and show that it is order continuous.

Exercise 6.16 In the Riesz space L”, f < ¢ if and only if every f € f vanishes almost
everywhere on every set [g # 0], g € g.

V.7 Measures with Densitites

Let n = f dn be a o—finite positive o—additive elementary integral on the lattice
ring € of bounded functions, and || || its Daniell mean. A function g is called
locally n-integrable if ¢ - g is n—integrable for every ¢ € £. If n is Lebesgue
measure on the line then g is locally integrable if and only if it is integrable on
every bounded interval. Given such g, consider the map

¢»—>m(<;§)d§f/d)-gdn, pek.
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This is plainly (why?) a o-additive elementary integral on £. It is called the
measure with base n and density g. We write m = gn. m has finite variation,
since for all ¢ € £

mi@)| < [ 1ol lgldn.
which says that [ |g|dn majorizes both m and —m = [ (—g)dn. In other words,
im i = ign: <|gn. (7.1)
There is actually equality, but we defer showing this. Note now though that

/¢- lgldn =sup/¢~ (lg| A K)dn
k

for ¢ € £;. Since the (|g| A k)n are majorized by multiples of n, they belong
to the ideal generated by n. |g|n, being the greatest lower bound of the family
(lgl A k)n, belongs to the band generated by n, and then so does m. In other
words, m is absolutely continuous with respect to n.

Exercise 7.1 This can be seen also by applying Proposition 6.9 on p. 150 (ii), once it is
shown that m?(h) = [ fgdn for h € £7.

There are natural conjectures: f is || |7 ~integrable (-negligible, —
measurable) if and only if the product fg is || ||, -integrable (-negligible, —
measurable), etc. They are true. To prove them it is convenient to consider the
mean f — ||f|l>, = ||fgll%. Namely, it is plain that f is || ||7bnfintegrable if and
only if fg is | |’ -integrable. So if we can show that || an coincides with the
Daniell mean || ||, for im! then we have access to a trivial proof of the conjec-
ture. Note that || f||%, < ||f||>, for & Baire functions inasmuch as this inequality

is satisfied on £, (Proposition II1.5.7 on p. 88).
Lemma 7.2 ||£|I7, < [III}.-

Proof. There is an increasing sequence (¢y) of positive elementary integrands
with pointwise supremum 1 (Exercise I1.7.2 on p. 62). Let 7, be an E-Baire
upper envelope of the integrable function |g| - [¢x > 1/k] (Proposition IT1.6.2 on
p- 93), and set v = liminfy ;. This is an £-Baire function that exceeds |g| and
agrees || f||:—almost everywhere with |g|. Clearly

1 = LA, -

Next observe that for any f and k& € N there is an £-Baire function hj; >
(fANK) - by = 0] with ||hg||k, < co. We may choose hy so it vanishes on [y > 0].

We have  |[f Ak uly =07, < Il < Ikl = i3I =0,
Sl}ipr/\k'(bk'[’)’:o] . =0.

and consequently H fly=0 ||:Fn

Clearly £y =0] =0

m
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as well. In comparing || f||%, and || f||>, we may therefore assume that f vanishes
on [y = 0]. Suppose then that |f||?, < = for such an f. There is an £ Baire
function h > |fly with ||h]| < 7. Then f < hly > 0]/~ and consequently

£ 15 < Rl > 01/~ < |kl > ol/A), < Al < - 1

Theorem 7.3 The variation of m = gn is |g|n, and ||f|°, = | fII5,. The function
fis || |I%, —integrable (—-measurable, —negligible) if and only if the product function
fg is || || —integrable (—-measurable, —negligible).

Proof. Suppose f is || ||’-integrable. There are ¢, € € with ||(f — ¢x)glli — 0.
As ¢yg is || ||;:-integrable, fg is || ||;~integrable.
Let us show next that v¢[g # 0]/g is || ||>-integrable, for ¢ € £. Indeed, this

function is clearly || ||”-measurable, and since evidently || ||En < | |Ir, it is

also || Hifmeasurable (Corollary I11.3.7 on p. 77). It has finite || ||I;nfmean, so is
I ||Enfintegrable (Theorem ITI.3.1 on p. 75).
Assume then that fg is || ||>—integrable. Then there are 1, € £ with

1£g = ulls = I(f = ¥ulg # 01/9) - glls, = 1f — ¥lg # O /glln — O

By the previous argument, f is || ||Enfintegrable. We have shown that f is || |
b

m

b

m
integrable if and only if fg is || ||, -integrable. That f is | ||
only if fg is || ||’ -negligible is obvious.

Let us go after measurability. If fg is || ||, -measurable then so is flg # 0] =

—negligible if and

fglg # 0]/g. This function is therefore || ||Enfmeasurable. Since flg =0] is || ||inf
negligible it is || ||:nfmeasurable, and then so is the sum f. Conversely, assume f
is || ||Enfmeasurable. Since || ||En and f" || f'[g # 0]||7, have the same negligible
sets, they have the same measurable functions (Corollary II1.3.7 on p. 77). We
leave it to the reader to show that this implies that f is || ||”-measurable on the
set [g # 0]. Clearly fg is then || ||”-measurable there as well. It is also || [|7—
measurable on [g = 0], since it vanishes there: fg is || ||} -measurable.

After these preparations let us attack the first claim of the theorem. By the very
definition of the variation,

/mm:/mms/hwma (7.2)

for ¢ € £, . The function ¢lg > 0] is || ||I;nfintegrable. There are ¢, € £+ that

converge in || anfmean, and by the lemma in || |7 ~mean to ¢[g > 0]. We apply
Inequality (7.2) and take the limit. By continuity

/¢[9>0]9dn§/¢[g>0]dimi .
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The same argument applies to —g and yields

—/¢[g<0]gdng/¢[g<omsm;.

Upon addition /qb\g|dn < /qbdimi

follows. The reverse inequality being obvious, equality obtains.

This implies that || Ht:n = || I}, on & and, since | |}, is maximal, that
I Hin < || |I;,- The lemma produces equality. The first part of the proof yields
the remaining claims. 1

Exercise 7.4 Show that g(z) = e is a locally Lebesgue integrable function. Find a
Lebesgue integrable set A such that Ag is not Lebesgue integrable.

V.8 The Radon—Nikodym Theorem

In the last section we have produced a large number of elementary integrals on £
simply by multiplying a given n € 9*[£] with a locally n—integrable density g.
The result was a new elementary integral g-mn absolutely continuous with respect
to n. If n is o-finite, every m < n can be obtained in this way:

Theorem 8.1 (Radon—-Nikodym) Suppose n is a o—finite o-additive positive
elementary integral on the lattice ring £, and m a o—additive elementary integral
of finite variation. The following are equivalent:
(i) m is absolutely continuous with respect to n;
(ii) for every E-Baire set N, [ Ndn =0 implies [ Ndm =0;
(iii) There exists a locally || ||} ~integrable density g such that m = gn.

In this case g is called a Radon—Nikodym derivative of m with respect
to n and one writes g = dm/dn.

Proof. There is a sequence (By) of dominated £-Baire sets whose union is the
ambient set.

(i) implies (ii): Assume [ Ndn =0. Then [ ByN dm =0 for all k € N by Propo-
sition 6.9 on p. 150 (ii), and therefore [ N dm = 0. The implication (i) = (ii)
follows similarly. That (iii) implies (i) we have seen in Theorem 7.3 on p. 153.
Assume then that m < n. Since m4 < im!, we have m4 < n, and it suffices
to produce a density for the positive and negative parts of m separately. In other
words, we may assume that m is positive.
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For every k € N let my = m A kn be the infimum of the elementary integrals m
and kn. From Equation (6.3) on p. 145 we get the following formula for my: for
any /(/) € g+7

my () = inf {m(¢1) +kn(pa) : s €&, b1+ 2 =9} <k-n(y).

(The inequality comes from the choice ¢; = 0.) This says that m; < kn and
implies

Imy (@) < k-n(¢) < k-l -
Thus my, has a unique extension by continuity to a linear map [ dmy, : Lln] — R.
We know from Theorem IV.5.5 on p. 121 what the continuous linear functionals
on Ll[n] are: they are integration against a function in £°°[n]. There is therefore
a bounded measurable function g such that

mk(f):/f~gkdn, Vfe&r.

Since my > 0 we may choose g > 0. Since myi1 > my we may choose (g)
increasing. The desired density ¢ is the pointwise supremum of the g;. This is
almost everywhere finite, since supy, [¥grdn = [ dm < co for all ¢ € £, . This
formula also shows that m = gn. |

V.9 An Application: Conditional Expectation

The Image of a Measure

Let (S,&, ) be a o—additive elementary integral, (57,€’) a space equipped with
a ring of bounded functions, and ® : S — S’ a map satisfying the following
assumption: ¢/ o & € LIE, || ||#] for every ¢/ € . Then v(¢/) ¥ [¢' 0 ® du
exists for all ¢’ € £ and defines a o-additive elementary integral v = [ dv
on &' If u is positive then clearly so is v. The measure v is called the image of
p under @ and is denoted by ®[u]. In other words,

Bu(#) < [ 0w d, gee.
What do the integration theories of p and ®[u] have to do with each other?

Theorem 9.1 If f':S" — R is v—integrable then f' o ® is p—integrable and

/f’dl/:/f’oq)d,u.

If ' is v—measurable then f' o ® is p—measurable.
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Proof. For ¢’ : S’ — R define ||¢’||” = ||¢’ o ®||*. This is a mean that agrees with

| || on £". By the maximality of Daniell’s mean (Proposition I11.6.2) || ||> = || ||
on L[v]. Soif f’ is the || ||[“~mean limit of ¢/, € £ then f'o® is the || ||*~mean
limt of ¢, o ® € L1[u]. The second claim is left to the reader. I |

Exercise 9.2 If the set A’ C S’ is v-integrable then ® *(A’) C S is p-integrable, and
v(A') = u(®71(A’)). For this reason v is denoted by o &~ or even ® ' by some
authors.

Conditional Expectation

Assume now that y is positive, and let g € L£1[u]. Then g-u is a o-additive
measure absolutely continuous with respect to p. Consider the measure ®[g-u]
on &'. If g is positive and bounded then clearly ®[g-u] < v. If merely g > 0
then ®[g-pu] = sup,, P[(g A n)-u] still belongs to the band (v) generated by v, and
therefore ®[g-pu] < v (Theorem 8.1). In general

Plg-p] = g, -] — lg_-p] € (v) .

If £ is o-finite then there exists a Radon—Nikodym derivative of ®[g-u] with
respect to v = ®[u] (ibidem), which is denoted E#[g|®]. It is thus defined as a
v—integrable function satisfying

[regdu= [ Blyeia= [ (£ BlUle)ovdn v ey,

It is called the conditional expectation of g under & (and p).

In probability theory the situation often—but not exclusively—is this: the
spaces S and S’ coincide and ® : S — S’ is the identity; £ is the lattice ring of
step functions over a o—algebra F, and £’ the lattice ring of step functions over a
sub—o—algebra F' C F. v = ®[u] is then nothing but the restriction of p to F’.
In this case one writes E*[g|F’] for E#[g|®], or simply E[g|F’] if it is clear which
probability u is meant, and talks about the conditional expectation of g under
F'. Tt can be chosen measurable on F’ and is defined by

[ egdu= [ B017) au

for all bounded f’ measurable on F’.

Exercise 9.3 Any two conditional expectations of g under ® or F' differ v—negligibly.

Exercise 9.4 (Jensen’s Inequality) Suppose 1 € £ and p > 0 has total mass p(1) = 1.
(i) The map f +— E*[f|®] is linear and positive, maps 1 to 1, and is contractive from
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L?(p) to LP(v) when 1 < p < oo. (ii) Let I' : R — R be a convex function such that I'o f
is v—integrable. Then r—almost surely

L(E"[f]®]) < E*[D(f)|®] . (9.1)

V.10 Differentiation

From the Calculus we expect something like this: if f is Lebesgue integrable then
its indefinite integral ¢ — fot f(s)ds is a differentiable function F(t) of ¢ whose
derivative is f; if F is differentiable then its derivative F’ = f is integrable and
its indefinite integral equals F' up to a constant. The Fundamental Theorem of
Calculus says that these statements are true if f or the derivative of F' are a
priori known to be continuous. In this section we investigate what can be said
about more general functions f and F'. The main result is this:

Theorem 10.1 A function F of finite variation on the line is A—almost everywhere
differentiable.

It is also true that the derivative F’' = f is — at least locally — integrable.
It is not true in general that F is an indefinite integral of its derivative f.
Below we give a proof of Theorem 10.1 that explains the deficiency between f T
and F(z) and at the same time introduces the reader to some arguments that
recur throughout Analysis and Probability.

By Exercise 5.8 on p. 142, F' is the distribution function of some measure pp
of finite variation. According to Theorem 6.4 j has a unique decomposition

pp =+t

into a measure p!l on A[R] absolutely continuous with respect to Lebesgue mea-
sure A and a measure p* disjoint from A. By the Radon-Nikodym Theorem 8.1,
the former has a density g with respect to A and is of the form ¢-A. In summary,
F is of the form '

P = [ gtoyas+ ).

where ¢ is locally Lebesgue integrable and F- is the distribution function of
a measure g disjoint from Lebesgue measure. The proof of Theorem 10.1 will
consist in showing two subsidiary results:

(i) the derivative of fot g(s)ds equals g(t) A\—almost everywhere, and

(ii) the derivative of F* vanishes A-almost everywhere. This explains why F is

L As usual, fot g(s)ds = — fto g(s)ds for t < 0.
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not, in general, an indefinite integral of its derivative; up could be disjoint from
Lebesgue measure.

Let us simplify the first statement

d t
7 g(s)ds = g(t) Aa.e. (10.1)
if g is locally integrable, to the case that g is integrable' Let g, = g (—n,n),
n € N. g, is integrable, and fo gn(s)ds = fo s)ds for t € (—n,n). If we can
establish that < fo gn(8)ds = g, (t) a.e. then (10.1) is clearly true for our locally
integrable g. That is to bay, point (i) is reduced to the following

Proposition 10.2 Assume f is Lebesgue integrable, and set F(t f f(s
Then F is uniformly continuous. Moreover, for \-almost every t eR the derwa—
tive F'(t) exists and equals f(t).

Point (ii) will be taken up in Proposition 10.4 below.

Proof of Proposition 10.2. Replicas of the following arguments are basic in mar-
tingale theory, ergodic theory, and many other areas of Analysis.

For ¢ € Cpo[R], t — Fy(t) fo s)ds is uniformly continuous. Given ¢ > 0,
we find ¢ such that ||f — ¢|1 < e and observe that |F(t) — Fy(t)| < € for all t.
Thus F', being the uniform limit of uniformly continuous functions, is uniformly
continuous itself.

Its differentiability almost everywhere is much more complicated to prove.

For every h # 0 let us define the operator Dy that takes integrable functions f
to continuous functions Dy, f by

t+h
th(t):%/ f(s)ds. —00 < h < o0
¢

We want to show that Dy, f =0 f a.e. To this end we provide an estimate of the
Hardy—-Littlewood Maximal Operator D*, which is defined as the supremum
instead of the limit:

(D*f)() <" sup [Dpf(t)] -

|h|>0

Lemma 10.3 (The Hardy-Littlewood Maximal Lemma) For any Lebesgue in-
tegrable function g and o> 0

V(g ma) <o [ gts)lds.

[D*g>a]
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We defer the proof of this inequality and show first how it is used to prove
Proposition 10.2. Let ¢ be any continuous function of compact support. Then

|Dnf = fI < |Dh(f = @)l + D¢ — ¢ + ¢ — f|
< Dpl|f—¢|+ Do =9l +1¢— [,

and consequently for any § > 0

sup |Dpf—f|< sup Dp(|f—9¢[)+ sup |[Dnd—¢|+ sup [¢p—f].
0<|h|<d 0<|h|<é 0<|h|<é 0<|h|<é

Let a > 0. Then

[ sup Ithf|>oz]C<[ sup Di(lf — ) > a/3]

0<|h|<é 0<|h|<é
U[ sup [Dno—o| > a/3

0<|h|<d
ol s [6- 11> a/3])

0<|h|<d

and

/\*<[ sup |th—f|>a]) SA*([ sup Dh(\f—¢l)>a/3])

0<|h|<é 0<|h|<d

X ([ sup |Duo— 9l >a/3])  (102)
0<|h|<é§

+ X (e — £1 > a/3]) .

Given an € > 0 we choose now, as we may, ¢ € Cgo[R] such that || f — ¢|1 < ae.
By the lemma the first summand of (10.2) is less than

1 Qe
D= dh > o< o [ (el S =g
(/3) Jip* f>a/3) (a/3)
We choose now 6 > 0 so that |s —¢t| < J implies |¢(s) — ()| < «/3. This is
possible since ¢ is uniformly continuous. With this choice, the second summand
in (10.2) actually is zero. Namely, for |h| < ¢

1 t+h
Do) =0 < 5 [ 10 —(0lds <af3 Ve,

so that the set [supg.|p|<5 |Dr¢ — ¢ > a/3] is void. The last summand of (10.2) is

by Chebyshev’s inequality (Exercise I1.3.7) smaller than % - e = 3e. In summary,
for this choice of §

X[ sup |Dnf—f|>a])<6e.
0<|h|<d

A fortiori A ([limsup |Dyf — f| > a]) < 6e .
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This is true for arbitrary «,e > 0. We conclude that the set

= [limsup | Dy f — f| > 0]

|h|—0

is Lebesgue negligible. For ¢t ¢ N we have Dy, f(t) 7—p e f(t), which is the claim
of Proposition 10.2. ]

Proof of Lemma 10.3. The set [D*g > a] is clearly open, so it can be written as
a countable union of disjoint open intervals (ag,by). The desired equality follows
upon addition from

I
b, —ap = E/ g(s)ds, (10.3)
ak

which is therefore all there is to prove. Let then t € (ag,bg).
Scenario I: there is a number u >t with

/t “g(s)ds > alu—1) . (10.4)

(Ia) Then numbers u satisfying (10.4) can be found in the interval (t,by) . For if the
opposite inequality were satisfied at all points of (¢,by), then it would be satisfied
at the point by as well, by continuity. Now since b & [D g > a] we would have
fb s)ds < a(u—>by,) for all u > by, and ft s)ds = ft —|—fb < a(by —t+u—by)
for all u > t. This is impossible in the present scenario.

(Ib) The supremum v of all u € (t,by) satisfying (10.4) is by,. For if v < by, then
[ 9(s)ds = a(v—t). Redoing (Ia) with v replacing ¢ would provide a u € (v, bi)
with [ g(s)ds > a(u — v), and adding the last two (in-)equalities would result
in a u > v satisfying (10.4), in contradiction to the definition of v. This argument
shows also that b cannot equal oo.

There are therefore arbitrarily close to by numbers u < by that fall under
Scenario II: there is a t < u satisfying (10.4). Arguments (Ia) and (Ib) suitably
altered show that such ¢ can be found arbitrarily close and to the right of aj;. We
take the limit in (10.4) as t | ay and u | by and arrive at ff: g(s)ds > a(by—ayg).
The inequality cannot be strict, else ag,b; would belong to [D*g > a]: Equation
(10.3) holds.

Finally, if the ¢t we started out with does not fall under scenario I, it must meet
scenario II, and we repeat the argument with the order of R reversed: Equation
(10.3) is proved in both cases. Note that this finishes the proof of Proposition 10.2.
To complete the proof of Theorem 10.1 it suffices to show the following _ 1

Proposition 10.4 Let F be a function of finite variation on the line and assume
that its associated measure pp is disjoint from Lebesgue measure X. Then F' is
differentiable A—almost everywhere and its derivative is almost everywhere zero.
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To prove this a subsidiary notion and result are needed. Let E be a subset
of the line. A collection V of closed intervals is a Vitali cover of E if every point
of E is contained in intervals of V of arbitrarily small but strictly positive length.

Lemma 10.5 (Vitali’s Covering Theorem) Suppose E be a subset of R of finite
Lebesgue outer measure and V is a Vitali cover of E. Then V contains a countable
disjoint family {I1,Is,...} that covers E A—almost everywhere:

NEN\ 1) =

Proof. Let Uy be an open set of finite outer measure containing E. It is good
enough to produce the I,, from the Vitali cover {I € V: I C V}. In other words,
we may assume that the sets of V all are contained in Uj.

The construction of the I, is by induction. For I; pick any element of V. Suppose
I,...,I, € V have been chosen and are mutually disjoint. If E C UZ=1 I, the
construction is complete. Otherwise set

Un=Uo\ | J Ik -
k=1

This set is clearly open. Set
Op =sup{\I): T eV, I CU,}.

This number is strictly positive, since there are a point x € E not in UZ:I I
and an interval of V not intersecting this set. Pick then I,y; € V such that

LiviNUp—y Ix = 0 and AX(L11) > 6, /2 The construction of Iy, I, ... is complete.
It is to be shown that A*(E\U,—, I,,) = 0. For each n let J,, denote the interval
that has the same midpoint as I, but five times its length. Then

(U d) < 3 AU < fi (L) < 5M(Uo) <
n=1 n=1 n=1

o0
Thus lim ( U In) =
M —o00 b

It suffices therefore to show that

<E“j%>ci]% VMeN. (10.5)

n=1 n=M
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Fix then M € N. Now if # € E\ U,—, I, then = € Uy, and there exists an
I €V with x € I C Upy. Since 6, < 2A(Ip+1) 77555 0, there exists an n € N
such that d§, < A(I) and consequently I ¢ U,,. Let N be the smallest integer such
that I ¢ U, . Clearly M < N. Since I does not intersect Ui\[;ll I but U,IC\[:1 Iy,
its intersection with Iy is non—void. As A(I) < dn—_1 < 2A(In),

ICJNC[]Jn. 1
n=M

Exercise 10.6* Show that the conclusion holds even if F has infinite outer measure.

Proof of Proposition 10.4: Decomposing the measure pp into its positive and
negative parts, and with that writing F' as the difference of two increasing func-
tions whose associated measures are disjoint from Lebesgue measure A, we reduce
the situation to the case that F' is increasing. Write 1 = pp. It is to be shown
that )

limsup —(F(t+h) — F(t)) =0 (10.6)

|h|—0

A-almost everywhere. It clearly suffices to show that (10.6) holds at A-almost
all t € (—M, M], for every M € N. Fix then an M € N. Let 0 < @ < 1 and
consider the set

EM — {t €(—M,M]: limsupw > a} )
|h|—0

We shall show that
M(EM) < e, (10.7)

for any e > 0. This clearly implies Equation (10.6) for almost all ¢t € (—M, M],
and we will be done.

Given € > 0, we use Exercise 6.2 on p. 145 to write the elementary interval
(—M, M] as the disjoint union of two elementary sets A* and A* in A[R] with

MAMY + u(AN) < ae/2.
For the part of EM in A" we get the simple estimate

At (Ei” N A“) <e/2. (10.8)

Since A* differs from its interior A* in at most finitely many points, we have
A* (Eg[ ﬂA") = \* (Eg/IﬂA”> . For every point ¢ in EM NAH there are arbitrarily
small intervals of the form I = (¢,¢ + h] or I = (¢t — h,t] with pu(I) > aX() =
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aA(T). The closures I of these intervals form a Vitali cover of EM N A*. Using
Vitali’s covering Lemma 10.5, we get a sequence (I,,) of such intervals with disjoint
closures and

A* (E;Yf n A“) -\ (E{ff n Zw)

We add this inequality to Inequality (10.8) and obtain Inequality (10.7). .

Supplements and Additional Exercises

We prove here the famous LP—inequalities for the Hardy—Littlewood Maximal
Operator D*. Throughout, f is a locally Lebesgue integrable function.

Exercise 10.7* Lemma 10.3 persists if ¢ is merely locally integrable.

Lemma 10.8 For any a >0 and 8 € (0,1)

* * # . %
WD S > o)) € s [ 17 2 eA . (10.9)

Proof. The inequalities

D*f <D*(g-[g>ap]) +D*(g-[g < ap])
<D*(g-[g > afl) +ap
show that [D*g>al C [D*(g-[g > apf]) >a(l-p)].

The measure of the set on the right can be estimated with Lemma 10.3: (10.9)
follows. 1

Corollary 10.9 Let 1 <p <oo. If f >0 is p—integrable then so is D*f.

Proof. We leave it to the reader to check that the hypotheses of the Fubini—Tonelli
Theorem 2.2 are satisfied. The argument is a double application of Corollary 2.4
on p. 132, once with ®(t) = tP, then again with ®(t) = tP~1.

/(D*f)p N = /Ooopaplz\([D*f > a]) da
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</OOo papl/ F(8)[f(s) > af]ds da
- ﬁ/ / "2 < g(s)/B] da ds
=W/w(()/ﬁ) Cgl)ds<oo.

Actually, there is an estimate of the £P-mean of the maximal function D*f in
terms of the £P—mean of f:

Theorem 10.10 (Hardy-Littlewood) Let 1 < p < oo, andlet f > 0 be a locally
Lebesgue integrable function. Then (p’ is the conjugate exponent of p)

1D fllp < p" - 1 £l -

Proof. UsingHolder’s inequality and the theorem of Fubini—Tonelli and its conse-
quences, in the same capacity as in the previous proof, we obtain the following
chain of inequalities from the Hardy—Littlewood Maximal Lemma:

(10" £1,)" = | Wiy | (s> o) do
g/o papfl(é/Rf[D*f>a] ) do
= [ [ oo < (071161} ) o s
Sl A ORI R L [ e PR FI
=0 (1" f1,) "~ 1l -

Since we know already that ||D*f|, is finite we may divide by | D*f]|,. The
desired inequality follows. ]




Appendix A

Answers to Selected Problems

I.2.1  “There is a point & in the common domain at which f(z) > g(z).”

I.2.4 In both cases take ®(x) = arctan(z).

1.2.5 =z € [fn /] iff the sequence (f,(z)) of reals is not Cauchy. This in turn means that
there is an 7 € N such that for every p € N there are m,n > p with | fom (z)— fn(z)| > 1/r.

1.2.12 P(t):a1m+aga:2+~~—|—anw" = Po¢=aip+ard’+ - +anp" €E.

1
1213 Sketch: |f[=fVO—fA0 fAg=[f+g—(fVes fVg=3([+g+If—4l);
and |f| = fi +f_ =2fs — f, where f1 < fv0and f- & (—f) VO
1214 (i): ¢V (-r) = —(—¢ Ar) = —r(—1¢ A 1). (ii) The spaces of all or all bounded
or all bounded continuous functions on R™. (iii) The spaces of continuous functions on
the line that vanish at infinity or have compact support; the spaces of step functions and
of Riemann integrable functions.
1.2.15 Answer for the case that £ is a vector lattice closed under chopping: Let ¢+, ¢'+
r’ be two elements of £ + R. It suffices to show that the infimum @ = (¢ +7) A (¢’ +71')
belongs to €& + R (See 1.2.13 (i).) This is clear if » = 7/, for then ¥ = (¢ A ¢') +r. If
r' > r we write ¥ = (¢ — ¢') A(r' —7) + ¢+, which exhibits ) as an element of £ + R.
The case 7 < r’ is handled the same way.
12.18 For 0 < ¢ € & set ¢ = ¢ — ¢ Al/n. Then ¢, < ¢ is confined by n¢ € £ and

1.3.3 For example, from the Calculus

| [ f@g(e)dz < gl /If(fv)ldw;

uniform limits of continuous functions are continuous; power series are infinitely often
differentiable.

138 ||f = fullu € <= |f(@) — ful@)| <€ Ve

1.3.15 (i): The collection P of polynomials p(t) = Z?:o axt® is an algebra separating
the points — because the polynomial p(t) =t does on its own — on every compact set.
The collection of polynomials has no common zero. (ii): z +— |z| or z +— e® qualify.
(iii): There are polynomials p, uniformly as close as 1/n to ¢ on [—n,n]. If ¢(0) =0
they can be chosen so that p,(0) = 0 as well. They meet the description.

1.3.16 (i): By Corollary 1.3.12, P \KE belongs to £. Let ¢ > 0 be given and set
M = ||¢p|lu +€. There is a ¢ € € with || — ||, < €/2M. Set ¢ =1)*. Then ¢ € £; and
16— 6l = I — |- [+ 9| < e/2M -IM = c.

(ii): The condition is clearly necessary. Suppose it is satisfied, and ¢ € £ satisfies ¢ > «

for some a > 0. The function f: ¢+ 1/t is on [, ||¢]|.] the uniform limit of a sequence
of polynomials p,,. Evidently p,o¢ - @ € £ converges uniformly to fo¢-¢ =1.

K. Bichteler, Integration — A Functional Approach, Modern Birkhéuser Classics,
DOI 10.1007/978-3-0348-0055-6_6, © Birkhduser Verlag 1998
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1.3.17 There are polynomials p, with ||¢—p%|\u7§ 47" The polynomials p,, = p2 —27"
answer. For the second claim let ¢, € £ have ||¢ — ¢2||, < 47™. Since £ is assumed to
contain the constants, the functions ¢, = ¢ — 27" and ¢, = ¢% + 27" belong to &,
and ¢ Tn ¢ and @, |» ¢ uniformly.

1.3.18 There are polynomials p2 that increase uniformly on [0, M] to the continuous

function ¢ +— ¢°(t) = (¢t A1)/t. Since ¥ is strictly positive, the p% will eventually be so

as well. The polynomials py,(t) def 40 (t) answer the first claim, the functions pr,o¢ € 4

the second, with M = ||¢]|« -

1.3.19 (i): There are an increasing sequence (p;,) and a decreasing sequence (p,,) of poly-
nomials that converge uniformly on [—M, M] to the continuous function t +— ¢°(t) =
(t — (tA€))/t*. The polynomials ¢?p, (t) and t*p,,(t) answer the first claim, their com-
positions with ¢ the second, with M = ||@]|..

(ii): For ¢ € &4, both (¢ — €)4+ and (—¢ — €)+ are confined by ¢?>/e? € £ and their
sum differs from ¢ by less than e. The uniform closure of Eoo therefore contains £ and

then &£. The £-confined bounded functions form both a ring and a vector lattice closed
under chopping, and then so does their intersection with £, £qo. If some bounded f is
confined by ¢ € £ then it vanishes on ¢ > 1 and also on the set [(2¢ —1)4 > 1], showing
that it is £go—confined.

1.3.20 It suffices to treat the case 0 < o < 1 — for o > 1 write t% as the product of
the polynomial ¢ with ¢~[*1,

There is no loss in assuming that M > 1. Set § = (1 Ae A (M 1))/4M. There is a
polynomial P’(s) which differs from the continuous function

PRER asa—l A 6(04—1)/0(

by less than §, uniformly on [0, M]. The desired polynomial is

P(t) = /Ot (P'(s) —d)ds .

Since 0 < P'(s) =8 < as* ' A sle=D/e < 451 we have 0 < P(t) <t*. On the other
hand,

t* — P(t) = /Ot (045:‘H — P'(s) + 5) ds
- /Ot ((asa_l A Sy (s 4 5) ds

t
-I-/ (0680(71 —(as® P A 5(‘)71)/&)) ds .
0

The first integral is less than 20M < ¢/2. The integrand of the second vanishes for
1/a
O st ds = 6 < €/2.

0
1.3.21 Let ¢ € Co[R]. There is an extension of ¢ to a continuous function ¢ on the

compact space Ry = [0, 00] (Exercise 1.2.4), gotten by setting 12(00) = 0. The functions
of the form

s> 6% so the integral itself is less than

G(t) =Y ri-e™’ ;i >0,

form a ring £ and have a similar extension (;AS each. The ¢? form a ring & of continuous
functions on the compact space Ri that separates the points, and the common zero
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is z = o0. Now apply Theorem 1.3.11. For the second statement observe that £f = 0
1mphes Jf@®)e**¢(t)dt =0 for all o« >0 and all ¢ € £ and then for all ¢ € £.

1.3.22 Hint: The complex conjugate of f is the function f : t — f(t), its real part
is the function Rf : t — %( f+ f), and its imaginary part is the real-valued function
Sf =2 (f—f),sothat f=Rf+iSf. The real-valued functions in £ form a ring RE
separating the points. Given any continuous function that vanishes on the common zero

of & — if there is one — approximate its real and imaginary parts separately by functions
in RE.

1.3.27 Let )? be the extension of f to a function from S to the completion E of E. Its
range is compact and contains the range of f.

1.3.28 If £ does not contain the constants then the functlons ¢ € € have a_common
zero z in the Hausdorff completion . In that case let S = 5 \ {z}, else set §=5.In
both cases S is locally compact. For every (;3 € € let us denote by ¢ the unique function
on S with ¢ 0j = ? If 0 < ¢ € Ego then qb is a function of compact support. There are
a o € & with & > [¢ > 0], by Tietze’s extension theorem a function p € Cgo[S] which on
[6 > 1] equals 1/7, a sequence p,, € £ converging uniformly to p, and a sequence ¢;, € £
converging uniformly to ¢. Then ¢, = ¢}, - 0 - pn € & is confined by any function
confining ¢, and ¢, — ¢ uniformly.

I.4.6 (i) Let ¢ € E[R] be a set; i.e., ¢ takes only the values 0 or 1. Let P = {xo < --- <
Zn} be a partition for ¢. Clearly ¢ is the union of those intervals (z;—1, ;] on which ¢
equals 1. Let I denote the minimal number of half-open intervals needed to represent A,
and let A = Ule(ai, bi] be a representation consisting of I intervals. Clearly (a;,b;] and
(aj,bj] cannot overlap or be adjacent for 1 < ¢ # j < I; else we would remove them
from the representation of A and add their union, which is another half-open interval,
arriving at a representation with less than I intervals. The intervals of our representation
are thus disjoint, even non—adjacent. The uniqueness of the minimal representation is left
to the reader.

(ii): The sets in any vector lattice € of functions form a ring of sets: if A, B € £ then
ANB=AABEE, etc.

Here is another, if more complicated, way of seeing this: Suppose A = Uf 1(as, bi]

and A" = Uf 1(ai, b;] belong to A[R]. It is evident that A U A’ is the union of not
more than I + I’ half-open intervals. A N A’ is the union of the half- open intervals
(as,bi] N (af,b;], 1 <i<1,1<j<I, finite in number. Finally, (a:,b:] \ (a},b}] is the
union of at most two half-open intervals, so (a;,b;] \ A" is the finite union of half-open
intervals, and then so is their union over i € I, to wit, A\ A’.

(iii): these are the definitions of £[R] and the elementary integral.

L5 [OF < [(F =)+ [F < [HF = £+ [Ff implies [*f — [*f < [Af - f.
Reversing the roles of f and f’ yields Inequality (I.5.2).

1.6.1 For the first questions invoke the permanence properties for continuity and dif-
ferentiability, which are, for continuity: algebraic and order—combinations of continuous
functions are continuous; the uniform limit of continuous functions is continuous. For dif-
ferentiability they are: sum rule, Leibniz’ rule, quotient rule, chain rule, inverse function
rule, and a limit theorem too involved to spell out here.

1.6.6 The sequence (—n,n]/n converges uniformly to the dominated function 0. Count
the rationals in the unit interval I: {qi1,¢o,...}, and let f, be the indicator function of
{q1,92,...,qn}. Everyone of them is Riemann integrable with integral 0. (f,) converges
dominatedly to (the indicator function of) the rationals in I, which is not Riemann
integrable.
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1.6.7 The support of a function f is the closure [f # 0] of its carrier [f # 0]. Since the
support of f is assumed compact, there is an interval (—M, M) outside which f vanishes.
Given n € N there is a §, > 0 such that |s —¢t| < &, implies |f(s) — f(¢¥)| < 1/n, since f
is uniformly continuous on [—M, M]. Let ¢, be the function that equals f(kd,) on the
interval ((k—1)d,, kdn]. Evidently ¢, is a step function and differs from f uniformly by
less than 1/n. The sequence (¢,) is majorized by a suitable multiple of the step function
(=M, M] and converges uniformly to f as n — oo. Its limit f is therefore integrable.

1.6.8 Let € > 0 be given, set M = ||f|lu + ||f'||l«, and let {a1,...,a,} be the points at
which f differs from f’. Set

n

Y= Z |f(a:) — f'(ai)] - (ai — 52”*2/1\47 ai + 62—172/1\/‘[

i=1

Then |f — f'| < M and thus ||f — f/||* < [My < ¢/2. Now find ¢ € £ with
lf — &||" < e/2 and use the subadditivity of || || to conclude that ||f — ¢||" < e.

1.6.9 A function f is piecewise continuous if there is a partition —oo < xp < 11 <

- < Tp < 400 such that f is continuous on every one of the intervals (x;—1,2;) and
has a limit at its endpoints. By Exercise 1.6.12 f; = f - (z;—1, ;) is integrable, and f
differs from )" f; in at most finitely many points. Thus f is integrable (Exercise 1.6.8).

1.6.10 This is not easy to show using the original definition of integrability. You might
try. Also, there is no easy way to express the integral of the infimum or product in terms of
the integrals of the two functions. This renders the information useless for computations
of the integral.

1.6.11 If ¢ is a polynomial with zero constant term then this is clear, as £! is a ring. By
Theorem 1.3.11, an arbitrary ¢ can be approximated uniformly by such polynomials p, ,
and as the p, o f vanish on some fixed interval containing the carrier of f, its uniform
limit ¢ o f is Riemann integrable.

1.6.12 Let f—(a) = lims)o f(s) and f—(z) = f(x) everywhere else. Next let f be the
function equal to f— on [a,b], zero on (—oo,a — 1] and on [b+ 1,00), and linear in the
remaining two intervals [a — 1, a] and [b,b+ 1]. This function is continuous on the whole
line and has compact support C [a —1,b+ 1]. It is therefore integrable (Corollary 1.6.7).
Its product f = f 1(a,y) is therefore integrable as well (Section 1.6).

1.6.13 (i): = — 1/z is continuous on (0 1] without being integrable.
(i): [F(') = F(b) — F(B)(¥ = )| < | [} £( dw-—Ji (b) dz| = | [ (f(z) = f(b)) dz| <
[b" — b| - sup{| f(x) — f(b)] : mbetweenbandb } = bfb).
1.6.16 Set B

f@)=1lim nf [ and F(z)=lm suwp f(),

L 50 |e—a|< §=0 |e—a|<s
and let ¢, ¢ be the continuous functions of compact support provided by Exercise 1.6.14.
Then clearly

o<f<f<f<é.
Since [(¢ — ¢) < € and e > 0 is arbitrary, the open(!) set
[f=f>1/n]Clop—¢>1/n] <n(¢—¢)

is negligible. So is therefore the set

[F—f>0=UIF-f>1/n]
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of discontinuities of f. This shows the condition to be necessary. Hint for the sufficiency:
let [a, b] be a compact interval outside which f vanishes, and let € > 0. Find open intervals
(ai, bs) with > (b; —a;) < € whose union contains the set of discontinuity points of f. for
every continuity point x of f find an open interval I, about x on which f varies less
than e. Extract a finite subcover and use it to construct suitable step functions below
and above f.

173 Let f, — f.If [|f —g|| = 0 then f, — g since || fo—gll < |fo—fl+|f—gl — 0.
Conversely, if f — g as well, then g~ Il < lg— fall + |fo — f — 0 and |ig— /]| = 0.
If || || isanorm, [|[f—g]|=0 = f=g.

I.7.4 Assume the subsequence (fn,) of the sequence (fn) has limit f. Let € > 0
be given. There is an N € N such that ||f,, — fa|| < €/2 for m,n > N. There
isa K € NJK > N such that ||f — fu,l|l < €/2 for kK > K. For n > ng (> N),
If = foll S Wf = farc I+ 1fng = full < €/2+€/2=¢.

1.7.6  The norm of a class f+N € L is defined by || f + N = || f||. The contractivity of
the seminorm established in Exercise 1.7.2 shows that this number does not depend on
the representative f chosen.

1.7.7 Sketch: A sequence (f,) of functions converges to f in the sense of the semi-

norm || || if it converges to f uniformly. Thus if the f, are continuous so is f. If
the f, are bounded or vanish at infinity then so does f.
To see that (CG5[R], || ||«) is not complete, prove that the function ¢ which is zero

for + <0 and has the value ¢(t) = exp[—1/t*] for ¢ > 0 is infinitely often differentiable.
Set ¥(t) = (1 +t)-¢(1 —t) and € = {¢p-p : p a polynomial } C CS5[R]. The function
t — (1/2 = |t]) VO can be uniformly approximated by elements of £ (why?) yet is not
differentiable.

1.7.8 (i) The function f = {0} which equals 1 at 0 and zero elsewhere has | f]|* = 0
without being zero itself. (ii) Let 0 < ¢ < 1. Set Co = [0,1]. This interval has length
o = 1. Let C1 be the set obtained by removing from Cj the interval of length gfop that
is centered at the midpoint of Cy. C1 consists of two intervals that each have length
41 = (1 —q)lo/2. From each of them remove the interval of length ¢¢1 that is centered
at its midpoint, obtaining the set Cs. Continue on. The sequence C, decreases to a
compact set C', which is called a Cantor set. (For ¢ = 1/3 it is called the Cantor
set.) The sequence (C.,) is Cauchy in || ||"~mean, yet has no Riemann integrable limit
in || ||*~mean.

1.7.10 Hint: see the proof of Theorem IV.1.2. (i): a* - b'™* < X-a+ (1 —A) - b for
a,b>0 and 0 < A < 1. (ii): Using this with A = 1/p,1 — X = 1/p’, a = |z:|?/||z|3,

b= |yi|”//\|y||§:, prove Holder’s inequality

n
> lziyil < llzllo - llylly -

=1

(iii): Write |z; +v:|P < |zi +vi|P~ (Jai| +|y:|) and apply Holder’s inequality with suitable
exponents to obtain the subadditivity of || ||, .

1.7.14 Let Dn = {(¢1,92,---,¢n,0,0,...) : ¢ € Q}. Then D = [J;7, D» is countable
and dense if 1 < p < co. To show that £°° is not separable consider the power set of N,
the set B[N] of all subsets of N. It contains uncountably many functions (Convention
1.2.6) any two of which have distance 1 from each other. Given a dense subset D of £,
construct an injection B[N] — D by picking for any A € PB[N] an element da € D whose
distance from A is less than 1/3: D cannot be countable.
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1.7.15 Let £ denote the collection of functions f of the form

F6) =" pa(t),

where ¢, > 0 are rational numbers and the p, are polynomials with rational coefficients.
This collection is countable (why?), and its uniform closure £ is a ring separating
the points of R (why?). Despite the fact that R is not compact you can show with
Weierstraf3’s theorem that & = Co[R]. This shows that Co[R] contains C§°[R] densely.

1717 Let f € €. There exists a sequence (¢y) in € with [[¢n — f[| — 0. If T is to be
majorized by || ||, then [I(f) = I(¢n)| = [I(f) = L(én)| = [I(f = ¢n)| < |If = &ull — 0,

and we must define I(f) = limI(¢,). Thus, if the extension exists, it is unique. Let
us establish that (I(¢n)) does, indeed, have a limit. By the subadditivity of | ||,

(¢m) — L(on)| = [H(¢m — ¢n)| < |[om — énll < l[¢m — fIl + [If — énll — 0 as
m,n — oco. This shows that (I(¢n)) is Cauchy and thus has a limit, inasmuch as (R, | |)
—or (F,|| II"), respectively — is complete. This limit is unique, since the range space
is normed and not merely seminormed — see Exercise 1.7.3. If (d;,) is a second sequence
in £ converging to f then ||d, — d;,|| — 0 from the subadditivity of || || again, hence
|I(d,) — I(d},)] — 0, and the limit is the same. The extension I is thus well-defined.
Its linearity is now easy to check: If f, f' € £ are limits of the sequences (¢n), (¢5,),
respectively, then rf + ' f’ is the limit of (r¢, + r'¢},), since

[ f +0"f) = (ron +r'¢) | < vl 1f = @nll + 7| - [Lf = dnll = 0.
Consequently
I(rf +r'f') = im I(rén +7'¢h) = limrI(¢n) +'1(¢,) = rI(f) +rI(f) .

1.7.20 See Exercises 1.3.22 and 1.3.21.
1.7.21 Define the upper and lower integrals of a function f on S by

[r=mt(fo: r<ocey ama
/hf:SUP{/gﬁ: f > ¢ €&}, respectively.

fhf may be infinite, namely fbf = —oo if {f¢: f < ¢ € £} is not bounded below
or fhf = +oo if there is no elementary function ¢ (i.e., ¢ € £) majorizing f. Define

Fr={f:|If|F ! fh|f| < oo}, let L% denote the closure of £ in F° and extend the
integral by continuity, for example. The theorems and their proofs can now be copied
word—for—word: Nowhere have we used the structure of the underlying set nor that the
elementary integral of a step function is the sum height—of-step X step—size.

I1.2.5 Let || || denote the usual euclidean distance on R™. The function

s d(s) = inf |ls — K], ses,

is continuous on S (why?) and vanishes on K. The function ¢ = (1 — d)+ meets the
description.



Appendix A Answers to Selected Problems 171

I1.2.7 Again by Dini’s theorem, ® converges to its pointwise supremum ) uniformly
in the sense that for every e€ > 0 there exists an ¢. € ® such that & 3 ¢ > ¢ —
[ = @)lw <€ = ¢ =0 < ep = |m(h) — m(oc)| < em(p) for some p € Coo
confining .

I1.2.12 (iii): Let Ch =C2=C.1If C. = C2 = C have been defined let C}H_l denote the
collection of sets that are finite unions of sets in C2, and let C%_H be the collection of
sets that are relative complements of two sets in Ch,;. Then [C] = [J0, C2 (Why?).
Thus if C is countable so is [C]. For the case of finite C use Lemma I11.2.14.

I1.3.7 [f>r] <|f|/r. Apply || ||* and use its solidity.

I1.3.10 This is rather easy to prove if one develops the integration theory of || ||* first
(see Proposition II1.6.2 (iv)). Here is a direct proof: Since [~ is increasing, the left-hand
side is certainly not smaller than the right—hand side. Only the converse inequality

/*f < SUP/*fn (?)

needs to be proved; and it is certainly satisfied if the supremum on the right is infinite.
Suppose then that f*fn < oo for all n, and let € > 0 be given. For each n there is a

function h, € £' majorizing f, and so that

/hn</ fnt+e€27".

Let hy, =V, <n Pk . Next prove by induction the following claim

[z [fovaa-2m< [hve. (+)

Suppose this has been shown. Then, as f < h' =\/ k), = \/ h, € &7,

/fﬁ/h’:sup/ hizésup/ fn+e

and the desired inequality (?) follows, since € > 0 was arbitrary.
Now to the proof of (k). It is certainly true if n = 1:

/*h'1=/*h1S/*fl—&-eQ_l:/*f1+e(1—2_1).

Suppose (%) is true for n. Using the additivity of [ “on &' we write the following chain
of (in)equalities, which yield the claim for n + 1:

Ry 4 hpy Ahngr = BV hg + By A b
= h'ln + hn+1

o L L s

— [ = [ = = [ A
g/*h;—/*fnge(l—r")

= /*h;H—l - /*fn+1 < /*h:H—l - /*hn+1 +/*hn+1 - /*fn+1

<e(l—2"") 42 ) — g1 —27 ) < ¢,
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I1.3.11 See the proof of Theorem IV.1.6.

I1.3.12 It is impossible to prove this as it is false, in general. If the f, are integrable
and f*f is finite then it is true (see Theorem I1.5.4). It is hard to disprove the general
statement of the exercise. An example of a sequence (f,) decreasing pointwise to zero
but with f*fn -+ 0 is produced in Exercise I1.8.1 on p. 67.

I1.3.14 After (i) do (iii): it is merely a rewrite of the definition. (ii) follows immediately
from the corresponding results about [*. (iv): If £ 5k < f <h € ' then h —k € 51
and ["h— [ k= ["(h—k)>0.

11.3.15 Let (¢n) be sequence of positive step functions increasing to the function 1.
By the continuity along increasing sequences of Exercise 11.3.10, f*f = sup f*gzﬁn f <
sup{-+-} < [*f.

I1.4.2 (iii): Note first that ||(a,b)||* = b — a for an open interval (a,b), since (a,b) =
sup,,(a,b — %] € &'. Next enumerate the rationals: Q = {qi1,¢2,...}. The open set
U= ,(gn —€27",gn +€27") belongs to €' and has measure ||U[|* < 2e.

(i) follows from this, as Q C U € £' and € > 0 is arbitrary. Another argument is that a
one—point—set is clearly Lebesgue negligible, and by countable subadditivity so is Q.
I1.4.6 Repeat the calculations of Theorem 1.6.3.

I1.5.7 For every n let f,, be a function that is everywhere defined and a.e. equal to f,
where the latter is defined. Then apply the MCT to f,) = \/j_, fx if (fn) is increasing,
to fn = Ap_y fu if (fn) is decreasing.

I1.5.8 Find ¢, € € with ||f — ¥n]|* < 27" and set ¢1 = ¢¥1 and ¢ = P — Y1 for
n>2.

I1.5.9 Suppose h is the pointwise supremum of the sequence (¢x) in the ring €. Then it
is the increasing limit of the sequence ¥y, % ¢1 V...V ¢p € L. Now if sup, ||¢hx* < oo
then ¢, — h in mean and thus h is integrable and ||¢x]* — ||h]|* < co. Else [|h|* >
sup ||9x]|* = co and h is not integrable. Next let (h,) be an increasing sequence in &'
with pointwise limit A—which then also belongs to £. Now if (||h,||*) is bounded then
hn — h in mean and so [|hy|* — [|h||". Otherwise ||h|* > sup, ||hxn|" = co. In either
case [|hn[|* — [[A]I".

I1.5.13 By Theorem IL5.4, gy %' A2 fn is integrable. Now

lgn |l < inf [ fu]l” < liminf || fu]" .
n>N n— oo

If this last number is infinite then there is nothing to prove. If it is finite, then gy, which
increases pointwise to g = liminf f,,, converges to ¢ in mean by Theorem I1.5.4, and

lgll* =tim flga||* = tim nf £,

In this case, g = liminf f,, is integrable.

I1.5.14 This is done easiest using the notion of mesurability—see Chapter III.

11.5.15 Let M = ||f||.. Since g is clearly continuous, there is a sequence (p,) of poly-
nomials with zero constant term converging uniformly on [—M, M] to g. The sequence
pn o f € L converges uniformly to g o f and is dominated by K-|f| € £*.

11.5.20 Let € > 0 be given. If (f,) converges in mean then it is mean—Cauchy and one
can find N € N such that ||fx — fa||* <€ for n > N.Set g=\/I", |f:| € L'. Tt is clear

that the distance of f, from [—g,g] is less than e for all n € N. The sequence (fy) is
therefore uniformly integrable.
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For the converse, we find g € £! so that f, = —gA f,, Vg differs from f,, by less than € in
mean, for all n € N. The sequence (f;,) is clearly dominated and converges pointwise. It is
therefore Cauchy in mean. Thus there is an N € N with ||}, — fr.||" < ¢/3 for n,m > N.
The subadditivity of || || yields |[fn—fm|" < [[fa—foll" +1fn = foull" + 1 fr = fml|” < e
for such m, n, showing that (f,) is mean—Cauchy. The claim follows from Theorem II.5.2.
IL.6.2 Assume [ integrable. There are ¢, € & with ||f — ¢ul|* = [7|f — ¢u] < 1/n.
Then there are h, € &' with |f — ¢n] < hpn and f*hn < 1/n. That is to say,

¢n—hn < f<op+h, and

/asn—/*hn=l¢n+[—hn=[(¢n—hn)glfg/*f§/¢n+/*hn.

Looking at the extremes we see that the numbers [¢,, f* f, and j* f differ by less
than 2/n, which proves Equation (I1.6.1).

Conversely, assume that Equation (I1.6.1) is satisfied, and let €>0. There are k € &
and h € £ with k < f < h and f*hff*k<e.Thereisa¢€8Withqﬁzkand
Jo—[k<eNowO0<f—k<h—ke€& and thus

/*|f—/€|S/*h+/*(—k):/*h—/*k<e7
Jro-ri=[ o+ [r=[o- [b<e

By the triangle inequality, |f — ¢||* = [7|f — ¢| < 2e. This shows that f can be
approximated arbitrarily closely in mean by elementary functions ¢.

.63 [g+ [(—f) = ["(g — f) < liminf(fgn — [fn) = [g — limsup [ f» implies
J.f > limsup [ fn (see IL.3.14, I1.5.13, and 11.6.7). Applying this to the sequence (—f»)
yields [*f < liminf [ f,. By Exercise I1.6.2, f is integrable and [f = lim [ f,. The
sequence (f — fn) satisfies |f — fn| < 2g, and converges a.e. to zero. Therefore 0 =
lim [|f — fa| = lim||f — fa]|*. Note that this argument does not apply to arbitrary
means, only to the Daniell mean.

I1.6.5 There is, by the very definition of [*, an h € £ with h > |f| and ["h < co. h
is integrable as it is the limit of an increasing sequence of elementary functions.

I1.6.6 There are functions h, € €' with [“h, | [*f. Each of them, being the pointwise
supremum of an increasing sequence of integrable functions (See the proof of Lem-
ma I1.3.1) is integrable as long as its upper integral is finite (MCT). For f now take
limy_— oo /\fj:1 hrn. To produce f use Exercise I1.3.14. For the last claim, if f is a set
and f an upper envelope then [f > 1] = lim,(f A 1)™ is a smaller upper envelope.
If f> 0 is a lower envelope then [f > 0] = lim, 1 A (nf) is a larger lower envelope. A
similar proof is given in Proposition I11.6.2 on p. 93.

IL6.7 As [ is subadditive only the inequality [“(f+ f') > [*f+ ["f’ needs proving.
Assume f is the integrable function. If [*(f+f’) < r € R then there is a function h € &'
exceeding f+ f’ and having upper integral [“h < r. By the MCT, h is integrable. Then
f'<h—feL' and consequently [“f' < [*h— f= [(h—f)= [h— [f, which implies
J*f' + [*f <. The claim follows from of Exercise 1.2.3.

I1.6.8 Read Section III.6.

I1.6.9 Set ||f|| =inf{[f :|f] < f € L*}.
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I1.6.10 CG5[R] is dense in £? (Exercise 1.7.16). For the second claim use Exercise 1.7.15.

11.6.12 Let ¢ > 0 and find ¢ € Coo with ||f — ¢||* < €. For any function ¥ € Cqo
with [ <1, | foy] = | [(f — &)¢| < ||f — &|I" < €. Apply this to the functions ¢, =
—1Vn-¢$A1l, which converge pontwise to sgn(¢) — in fact, (¢-1,) increases to |¢|. By the
MCT, 61" = 161 = | [16]| = lim| [ ta] < ¢ and thus |I£]* < |If — 6] + ol|* < 2e.
As € was arbitrary, f is negligible. The answer to the second question is “yes.” Hint: Use
the Stone-Weierstrafl theorem.

I1.7.2  Let ¢, € £ with sup,, ¢» > 0. The countable collection [¢, > 1/k] of integrable
sets covers the ambient space. Conversely, let Ax, k = 1,2, ... be integrable sets that cover

the ambient space. By the very definition of Daniell’s mean there exist hy = sup,, ;") €
&' with hy > Ai. Now rearrange the functions 0V qﬁé") A1 in a sequence.

I1.7.4 Let {Ix} be a countable family of integrable sets whose union is the whole ambient
space. If M were uncountable then one of the collections My = {ANI; : A € M}
would contain uncountably many non—negligible sets. For some r € N we would have
||A||* > 1/r for uncountably many A € M;,, which would contradict Lemma I1.5.3 on
p. 53, (iii).

IL7.9 A=NyenUpsn An. If 32, [An < oo then

/UAn§Z/Anm0.

n>N n>N

I1.7.12  (i,ii): An open interval (a,b) is the pointwise dominated limit of step functions
¢n = (a,b— 1/n], so it is integrable, and its integral A((a,b)) is the limit b — a of the
integrals b —a — 1/n of the ¢,. If U = J,(as, b;) is the canonical representation of the
open set U, then A\(U) =Y (b; — a;) by Exercise I1.7.10. (iii): Any compact set K is of
the form [—M, M]\U, U open, and so is integrable.

(iv): Let h € ET with h > f and f*h < f*f + €/2. There exists an increasing sequence
(¢n) of elementary functions whose pointwise supremum is h. The sets [¢, > 1/2] are

finite unions Ufg)(ai“ bé] of elementary intervals. The set

U= {J (an b +e27" 77

i,n=1

is open and contains A. It is easily seen that |[|[U — A|* < 2e.

(v): There is an M such that A(AN[—M, M]) > A(A) —¢/2. It suffices to find K compact
inside AN [—M,M] with A(AN[-M,M]\ K) < ¢/2. In other words, we may assume
that A lies inside some interval [—M, M]. By (iii), there is an open set U containing
[-M, M]\ A and differing from this set in measure by less than e. K = [-M, M|\ U
meets the description.

IL8.1 Let fn = (—1,1)\(V'_, BxN(—1,1)).

IT1.1.9 The algebra generated by C is dense in £'. The C-uniformity agrees on [—n,n]
with the usual uniformity of R. By the Localization Principle I11.3.5, it suffices to check
a function for measurability on each of these intervals.

II1.2.7 Let the integable set A and € > 0 be given. The proof of Lemma II[.2.1
applies and produces an integrable subset 4; C A with ||[A — A1]|* < €/2 on which
everyone of the functions f, is &-uniformly continuous. Note now that the functions
Ymn(z) = d(fm(z), fu(z)) are E—uniformly continuous on A;. By Theorem 1.3.25,

everyone of them is, on A;, the sum of a constant and a function of £. From here
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on we copy the proof of Observation III.1.2. We conclude that Aj;-1, ., is integrable.
Then so is the set (see Proposition I1.7.1)

By=An J {¢m,n>%].

m,n>p

As p increases, B, decreases, and the intersection [ b By, is contained in the negligible
set of points where (f,) does not converge. Continue as on page 71.

II1.2.8 If f is E—uniformly continuous on Ay then ¢ o f is uniformly continuous there
as well in case (a). In case (b) the image f(Ao) is relatively compact, ¢ is uniformly
continuous on it, and ¢ o f again is E—uniformly continuous on Ag.

II1.2.9 By Lemma III1.2.1, f is measurable for the C—uniformity on F. On the compact
set f(Ao), this coincides with the d—uniformity.

II1.3.9 Given an integrable set A and € > 0 we find a countable subcollection
{C41,C4,...} of C whose union covers A up to a negligible set. The sets C;, = ANJ;_, C;
increase a.e. to A. By the MCT one of them, Cj, say, will have ||A\C}||* <€/2.On it f
is measurable, by Theorem II1.3.5. There is therefore an integrable set Ag C C,, with

ICr. — Ao||* < €/2 on which f agrees with a function from £. The claim follows from
the observation that || A\ Ao||" < .

II1.3.10 Let A C R be integrable. Given € > 0, find a compact K C A with ||A-K]|" <
€/2 (Proposition 11.7.12) and cover K with finitely many neighborhoods on which f is
measurable.

II1.3.17 The proofs of the permanence properties of Fj and L% are all the same as
in the real or complex case; one merely replaces judiciously the absolute—value sign by
I g

II1.3.18 Use Lemma I1.2.14 on p. 39 to show that the F—valued step functions over R
are exactly the sums of functions of the form - A, £ € E, A € R, and thus equal EQ F.
The argument will show that the integral of Equation (IIL.3.2) is given by Equation
(II1.3.3) and is thus well-defined. The majorization also is obvious from there. Let then
(¢n) be a sequence in € ® E that converges in the || ||*-norm to f € L}. Since E is
complete, the argument of page 58 applies and shows that the sequence ( J ¢n) has a
unique limit [ f € E. The linearity of the integral, and the fact that it is still majorized
by || ||* is shown literally as in Theorem I11.6.1 on p. 58.

I11.3.21 Let P={pc&: 0<¢p <1, ||¢-A|°*=0}. This is an increasingly directed
set, and its supremum h is measurable. A % A\ [h > 0] meets the description.

I11.3.22 Let C be a maximal collection of mutually disjoint non—negligible integrable
sets C' with the property that C' = C. Such exists by Zorn’s lemma and meets the
description.

I11.4.6 This is immediate from Theorem II1.7.6 and a bit of set algebra.
I11.4.12 If not there would be an € > 0 and a subsequence with || fn, ., — fa,||" > € VE.

There would be a further subsequence of it converging almost everywhere to f. This,
however, contradicts Proposition 11.5.20.

IML.5.3 Let £, = {f € £ : f A1 € E¥}. This collection contains € and is sequentially
closed. It therefore coincides with £F.

II1.5.6 The argument has been given twice already: in Proposition I1.7.5 on p. 63 and
in Proposition 111.4.4 on p. 82.

II1.5.10 Let us show, for example, that it is closed under taking sums. Let f,g € M(F).
The set [f +g > r] can be written as |J,co[f > alN[g > r — g], showing that it belongs
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to M(F). Multiplication is handled similarly, the other properties are even simpler to
show.

II1.5.15 This is true if ¢ is continuous, and the class of functions ¢ meeting this
description is sequentially closed.

I11.5.17 M clearly contains the algebra A generated by Z and 1. It also contains the
uniform closure A of A (Exercise 1.3.17). By Proposition 1.3.10 on p. 11, A is a vector
lattice. The monotone class A" generated by A belongs to M and is a vector lattice.
To see this consider the collection

Ch={feA": frpec A" VoeA}.

This is clearly a monotone class containing A, so it contains A™ . Next consider the
collection . o .

{ge A" :ghnfeAd” VfeA}.
This is again a monotone class co_r{glaining A so it contains A" . The upshot: A" is closed
under taking infima. Similarly, A" is closed under finite suprema, (linear combinations,
products, etc). A monotone class closed under infima and suprema is evidently closed
under pointwise converging sequences (lim f, = supy infp>n fn). The upshot is that
A™ C M is a sequentially closed lattice algebra containing Z. It contains therefore the
o—algebra generated by Z and every bounded function measurable on it.
II1.5.21 The definition of F/G—measurability says that this is true if f is (the indicator
function of) a set in G. The collection of f for which it is true is a sequentially closed
lattice ring, so it contains all G—measurable functions.
II1.6.4 In general, no. This is hard.

IIL.7.1 Apply the proof of the o—additivity of pur on page 143 to the function F(z) = =
and the sequence (A\ A,).

IV.1.2 The function ¢(t) = (1—A)+ At —t* has derivative ¢'(t) = A(1—t*"1) < 0 and
second derivative \(1— M)t*~2 > 0. It is therefore convex and has its minimum at ¢ = 1.
It is, in particular, positive on (0,00). Setting ¢ = a/b results in the desired inequality.
If b = 0 there is nothing to prove.

IV.1.3 For 1 < p < oo and g = f-|f|"~2, equality obtains in Hélder’s inequality. If
p = 1, equality obtains for ¢ = sgn f. If p = oo suppose |[f|lcc > 7 and let A be a
non-negligible subset of [|f| > r] of finite outer measure; then set g = A/A\*(A). Note
that g can be chosen measurable or positive if f is.

IV.1.6 It has to be shown that, for any two p—integrable functions f,g with 0 < f <g
a.e., ||[fllp = llgllp implies f = g a.e. (111.6.6). If p =1 this is clear, since || |1 = || ||",
and || ||* has this property. Consider then the case 1 <p<oc0: 0< f<g = |f|P <
|g|”. Both |f|? and |g|? are l-integrable functions (Theorem IV.2.5); so if ||f|l, = |lgl»
then fP =g” a.e. and f =g a.e.

IV.2.12 Tt is the vector space generated by € and the negligible functions. It consists
exactly of the functions ¢ + v with ¢ € £ and |[v||* =0.

IV.2.14 After suitable modification all but Exercises 11.6.7, 11.6.2, 11.6.12, 11.6.3, 11.6.9,
11.7.14, and I1.7.16, which refer directly to the integral and its linearity.

IV.2.15 Use Exercise 1.7.15.

IV.3.3 v +— v+w is an order isomorphism. b > v iff —v =b+(—=b—v) >v+(-b—v) =
—b;thus b>v VveFiff —b<v Vv €-F.
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IV.3.9 Let B be the non—integrable set of Section II.8, and let B be the collection
{{z} : ¢ € B} of functions, each of which vanishes in all but one point (Convention 1.2.6
on p. 6). B has many upper bounds in £”, but not a smallest one.

IV.4.8 ¢ takes its maximum at some point k € K. Set pu(y)) = (k) for ¢ € Coo[K].
(This measure p is called Dirac measure at k.)

IV.4.10 Regard || ||* as a mean on the lattice ring & % £1[£, || ||*], and let B denote
the collection of all pairs g,g" € L'[|| ||*] with g < g’. For every (g,9') € B let m,

be a positive linear functional on £' with [my grllzre <1 and (my /|g'—g) = [lg'—gl".

Then set ot
e * * / —
LAIF A + e - sup { (mg o/ 1) : (9,9") € B}, f:S—R.

Here my, ,, is of course the Daniell mean of the o—additive positive elementary integral
my o € — R. Clearly || [|* and || |* have the same negligible sets, and Inequality
(IV.4.3) is satisfied for f € £ and therefore also on the closure L[| ||*] = £'[|| |I*].
Now || || is strictly increasing. For if f < g in £' and ||f||* = ||g/|* then, since every
ingredient in || ||* is increasing, we must have (m}4|f) = (m}4lg) and thus

lg—flI" = (mygllg— 1)) = <m},g|g> - <mj’7g|f> =0,

which implies ||g — f||* = 0.

IV.5.3 If (g*|A) > 0 for all integrable sets A then (g*|f) > 0 for all positive step
functions over integrable sets. These are dense in LP. Given f € L%, we can find a
sequence (f,) of positive integrable step functions converging in p-mean to f. By the
continuity of g* in p—mean, (g*|f) = lim(g*|f») > 0.

IV.6.8 We may assume S is countable (Why?). If e1,. .., en have been constructed, look
for an element f € S such that f—Zgzl (en]|f)-en is not zero. If there is, normalize it and
call it ey4+1. For the second statement use for S the collection {67"””230" :m,n € N}.

V.1.2 Instead of doing this directly with the Stone—Weierstrafl theorem, one can simply
apply the subsequent integration theory of the product, which applies to elementary
integrals defined on rings of functions.

V.1.3 With ¢ asin (V.1.1),

0" = (ol okl +ol 0l ),

i

o =3 (ekol +olel)

w:Z_|¢f|-|¢f|.

V.2.4 Use lower and upper £-Baire envelopes f and f for f. f(xz)—t and f(x)—t are
£ ® £|R]-Baire and by Theorem V.2.2 f — £ is p ® A-negligible.

V.4.4 Let 2 < p < oo. The conjugate exponent p’ = p/(p— 1) lies in the interval (1,2),
and by Theorem V.4.3

/U(¢>)-w = /cb-U(w) <lellp - U < @l - Aprlleollpr -
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We take the supremum over ¢ with |||,y <1 and arrive at

Ul < Apr - 1 ¢llp -

The claim is satisfied with A, = A, . Note that, by interpolating now between 3/2
and 3, say, the family of constants A, can be chosen so it has no pole at p = 2.

V.5.2 Again this is best done in two steps.
1) im! is subadditive: Let 11,12 € E4 and assume im! (11 +1b2) > r. There exists an
¢ € & with |¢] <1 + ¢2 and |m(¢)| > r. Now

P = ¢l A < apr and b = |@| — [ A1 < aba

pr1+ = iAoy, P2y = Sy — Y1 AN by,
P1- = PI—YIANGy, P = o + YL AGy — Y.

These are positive elementary integrands. The columns of this matrix add up to ] and
5, the rows to ¢+ and ¢_. We estimate

r < |m(¢)| = |m(drr — d1-) + m(day — 2 )|
< imi (1) + imi(Ys) < tmi(¥1) + imi (1)

Consequently {mi (1 4+ ) < imi (1) + imi(¥2): the subadditivity is established.

2) im! is superadditive: Let 1, 1bs € &4 with im! (1) + imi(¥2) > . Then there are
1,02 € € with |¢;| < ; and |m(¢p1)|+|m(¢2)| > r. Replacing if necessary ¢; by —¢;,
we can see to it that m(¢;) is positive and consequently m(¢1 + ¢2) > r. Now ¢1 + ¢p2 is
an elementary function with |¢; + ¢2| < 1 +12, so we conclude that [m!i (1 +2) > r:
the superadditivity is established.

Set

V.5.6 The additivity is best shown in two steps.
1) iu! is subadditive: Let A1, A> € A with A; + A2 € A (i.e., disjoint), and assume
ipt (A1 + Ag) > r. There exist B!, B2 € A with sum A; + As and p(B') — u(B?) > r.

Set
Bf = Ay A B B} = B' — A, ABY,
BY = A —AAB', B = Ay+ A AB'—B'.
These four sets belong to .A. This is obvious for all but B2; and for this it follows from

As +A; ABY— B! = (A1 + As — Bl) A As = B? A As. The columns of this matrix add
up to A; and Ay, the rows to B* and B?. Evidently

muAn+h4maz(msb—uwb)+(MBb—uw®)
= w(Bi + B3) — w(Bi + B3) = w(B") — u(B*) > r :

the Isulbadditivity is established. L .
2) iw! is superadditive: Let A1, A2 € A with 'u! (A1) + 'p! (A2) > r. Then there are
B}, B} € A with A; = B} + B} and

(1) = ) ) + (wd) ~ ) > -
This reads u(B') — u(B?) > r, where B* = B{ + B3 and B? = B} + B3 are sets

of A with sum A; + As. We conclude that iu!(A; + As) > r: The superadditivity is
established as well, and with it the additivity.
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(iii): The condition that p be o—additive is clearly necessary. Namely, if A > A, | 0
and {ui, [ du, or [ dipi are o-additive then |u(A,)| = | [ Andu| < jui(An) =
[ And iut — 0.

Suppose it is satisfied, and let (A,) be an increasing sequence in A with union A € A. If
{111 (A) > r then there are disjoint sets A, A%> € A with union A and pu(A")—u(A?) > r.
The sequences (A' N A,) and (A% N A,) increase to A* and A?, respectively. By the
o—continuity of u, u(A' N A,) — u(A* N A,) > r for sufficiently large indices n, which
implies {u!(A,) >r. Thus {p! is o-additive (See Exercise I1.2.9 on p. 38).

Next let (¢n) be a sequence in £[A] that decreases pointwise to 0. Let € > 0. The
sets [¢n > €] € A decrease pointwise to the void set. There is an N € N such that

i) ([¢n > €]) < € for n > N. For such n

[ondiut = [ onlon>ddiui + [ 6,160 < daini
S/¢1-[¢n > €l dip +/e-[¢n >0]d}p!
< éalluipi([pn > €]) + € il ([p2 > 0])
<e(lullu + ipi(for >0)) .

This shows that [ d ipt is o—additive, and then clearly so is [ dp.

V.6.15  imi =3 |ral-0a, -

V.9.4 (i): The linearity and positivity are evident. The contractivity follows from (iii)
and the observation that = — |z|? is convex when 1 < p < co.

(ii): There is a countable collection of linear functions £, (z)= o, + Bnx such that T'(x)
= sup,, {»(z) at every point z € R. Linearity and positivity give

£a(B"[]9]) = B*[6,())]®] < E*[D(/)|®] as. VneN.

Upon taking the supremum over n, Jensen’s Inequality (V.9.1) follows.
V.10.6 Apply Lemma V.10.5 to EN(n —1,n) and add.

V.10.7 Apply it to [-n,n] - g and take the limit.
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Cy[R"], Gy[S]
CFR"]

C=[R"]
Co[R"], Co[S]
Coo[R™], Coo[S]
G55 [R™]
Coo [S]
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Eoo

Fdl

countable unions (intersections) of elementary sets

the d—ring of Lebesgue integrable sets

the ring of finite unions of intervals (a, b]

the Baire (Borel) o—algebra

the complex numbers

the continuous functions on R™, on S

the bounded continuous functions on R™, on S
the k—times differentiable functions

the infinitely differentiable functions on R™

the continuous functions that vanish at infinity
the continuous functions of compact support

C> [Rn] N Coo [Rn]

the continuous functions of compact support on S

the domain of f

the elementary functions (often step functions)
the £—confined functions in &

the suprema of countable subcollections of £
the suprema of arbitrary subcollections of &
the infima of countable subcollections of £
the uniform closure of &

The £-confined functions in &
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¢oé& the collection {po: ¢p € £} 88
FP the set of functions with finite p—norm 105
Fr the a.e. defined functions with finite mean 50
Fé the complex—valued functions with finite mean 78
Mx XMy the product of elementary integrals 125
L} the bounded integrable functions 56
LY = L'R] the Lebesgue integrable functions 60
A Lebesgue measure 20
A, A(4) Lebesgue measure, of A 65
A (A) the outer Lebesgue measure of A 65
A* Lebesgue outer measure (alternate definition) 96
A Lebesgue inner measure 97
L the essentially bounded measurable functions 107
Lr the classes mod negligibility of functions in £? 108
L8 = Li[R] the Riemann integrable functions 18
L] the p—integrable functions 52
LL the complex—valued integrable functions 79
Ll the Banach space valued integrable functions 79
LP the space of p-integrable functions 106
LP[N] = LP[R] the p—integrable functions on the line 106
P “little #P”, a space of sequences 29
L0 the space of a.e. finite measurable functions 83
MIE] the elementary integrals of finite variation on & 144
Mm* €] the band of o—additive measures 149
Mm* €] the band of order—continuous measures 149
mlmn the integrals m,n are disjoint 147
N the natural numbers {0,1,2,...} 3
Q the rationals 3
R the reals 3
R the extended reals 4
R the positive reals, i.e. the reals > 0 3
RS the functions from S to R 86
supp f the support of f, closure of the carrier [f # 0]
Z the integers 3
Symbols
|/ the pointwise absolute value of f 3
vi = |v| the variation or absolute value in a vector lattice 109

1> < | |I* | |I” is absolutely continuous wrt. | |* 7
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U

oAl

f

Fy

F

fa

la=1Ia

(1)

(Em), [ dm, [
/o

fAf: fAf(S)N’(dS)
J f(z) Mdz)
Jfdr=[f(z)dz
J5 )

[* Mdz)

I

L.

vVw, (vVAw)

VF,(AF)
frg, (fVyg)
m4, (m,)
(6),(n)

[k

e s I e
[ llp s [ llso
=1
e

(1

fe, (=)
fLyg

dm/dn
[f=r],[f <]
A\B

AUB, (AN B)

Index of Notations

the complement of A in the ambient set

the empty set

the infimum of ¢ and 1, or “¢ chopped”

the class of f modulo negligible functions
the positive elements of F

the right—continuous version of the function F
fa(z) = f(z —a)

the indicator function of A

the value of the linear functional f* at f

an elementary integral

sometimes short for [f(z)dz or [ f(z)\(dx)
Jla-f=[1a-fdp

the Lebesgue integral of f

the Lebesgue integral of f

the upper (lower) Riemann integral

the Lebesgue upper integral

the Daniell upper integral

the Daniell lower integral

the maximum (minimum) of v and w

a least upper (greatest lower) bound of F
the minimum (maximum) of f and g
positive (negative) part of the el. integral m
the band generated by & C M, n € M.

the Jordan seminorm or mean (a misnomer)
the seminorm on LP, LP

p—norm or p—mean, essential supremum norm
Daniell mean for p = [ du, for Lebesgue measure
the Daniell-Stone mean

the uniform norm

the positive (negative) part of f

f and g are orthogonal or disjoint

A Radon—Nikodym derivative of m wrt. n
{we dom(f) : f(x)=r}, {ve dom(f) : f()<r}
the relative complement of B in A

the union (intersection) of A and B
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108

143
61

112
35
18
64
60
60
17
60
42
45

109

109

147
148
22
112
102
45
48
11

123
154
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Boldface pagenumbers refer to definitions.

A

absolute continuity,
in a vector lattice, 149
of a measure with density, 152
of o—additive integrals, 149
of means, 77

absolute-homogeneity, 11, 23, 28, 46,
104, 123

absolutely summable sequence,
in a seminormed space, 28
absolute value,
in a vector lattice, 109
adequate cover, 78
a.e., 49
aesthetic, 15, 27, 98
algebra,
generated by functions, 86
of functions, 6
of sets, 38, 41, 62
almost everywhere, 49
function, defined —, 50
ambient set, 5, 35, 38, 42
antilinear, 122
antisymmetric,
relation, 108
arctan metric, 4, 75, 166
atomic, 151

axiom of choice, 66

B

Baire,
class, 86
function, 88, 90
o—algebra, 90
measurable, 90, 133
set, 88
Banach lattice, 109, 118
Banach space, 28, 30, 108
classical, 101
band,
in a vector lattice, 148, 149
basis of a Hilbert space, 123
Bessel’s Inequality, 124
bigger than (>), 3, 108
bijection, 4
bilinear, 122
Bochner integrable, 79
Borel,
function, 90
o—algebra, 90
measurable, 90
set, 90
bounded,
linear functional, 113
Bourbaki, 42

C

canonical mean, 93
canonical representation,

of an open set, 65
Cantor set, 169



Carathéodory, 95, 98, 100

cut condition, 99
carrier, 7, 8, 34, 49, 168

function of o—finite —, 75, 87

functions of finite —, 47, 92
Cauchy—Schwarz inequality, 123
Cauchy sequence, 28

in measure, 84
Chebyshev’s inequality, 47, 135, 159
chopped function, 7
chopping, 7, 57, 63
closed,

under chopping, 7, 13, 50, 56, 63, 87

under composition with a Baire

function, 91
under composition with continuous
functions, 13, 27, 57, 74, 88

under limits of sequences, 74, 86
closed under chopping, 105
closure, 29

in mean, 52

sequential, 86

under algebraic operations, 85

under limits of sequences, 86

uniform, 11, 13, 16, 170
compactness, 4
complement, 5

relative, 5
complete,

in measure, 85

metric space, 75

normed space, 28

seminormed space, 28
completeness,

of a Hilbert space, 123

of a quotient, 29

of a seminormed space, 28

of FP 105

of F*, 50

of £°, 85

of £, 53

of Lk, 80

of L, 78

of £, 107

Index 185

completeness (cont’d)

of LP, 111

of L%, 29

of LP 106

of R, 4

of some spaces, 29

of the dual, 113

order — of a vector lattice, 109

order — of LP, 111
complex number, 3
composition, 8, 13,27, 57,74, 91
conditional expectation, 156

cone, 110
convex, 110
order —, 110

pointed, 110
confine(d), 8, 15, 17, 19, 26, 30, 37, 56
conjugate exponents, 102, 118, 122,
164, 177
continuity,
along arbitrary increasing sequences,
47.94,104, 132
along decreasing sequences, 47
along increasingly directed subsets
of £, 48
along increasing sequences of £, 43
of a map, 4
contractive, 28
Convention,
about the set [statement], 5
about 400, 4
functions are a.e. defined, 50
sets are functions, 6
convergence,
dominated, 55
dominated — theorem, 32, 55, 106
dominated uniform —, 26
in p—mean, 102
in mean, 45
in measure, 56, 83
convex,
cone, 110
function, 176
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convex (cont’d)
set, 110, 117
convolution, 133
countable,
subadditivity, 67, 74, 97, 104, 105,
128
superadditivity, 47
countable subadditivity, 93, 105
counting measure, 42
C—space, 124
Cut Condition,
of Carathéodory, 99
C*—algebra, 41

D
Daniell, 1

mean, 2, 24, 32, 45, 59, 72, 80, 93, 95

upper integral, 42
Daniell lower integral, 45
Daniell mean,

for the product measure, 130
Daniell-Stone,

mean, 48, 57, 80, 94

upper integral, 48
Daniell’s up—down procedure, 43
DCT: the Dominated Convergence

Theorem, 32, 55, 106, 120

decreasingly directed, 57, 109
0—: the prefix —, 35
d—continuity, 35, 38
é-ring, 62
dense, 29

uniformly, 8, 15
density, 134, 152, 154
difference,

of sets, 5

symmetric, 6, 20
Dirac measure, 151, 177
directed,

decreasingly, 57, 109

increasingly, 9, 37, 57, 109
disjoint,

elements of a vector lattice, 147

Index

disjoint (cont’d)
o—additive integrals, 149
measure — from Lebesgue measure,
158
distance,
uniform, 11
distribution function, 41, 142, 157
right—continuity of a —, 143
dominated,
convergence theorem, 55, 106
uniform convergence, 26
double dual, 116
dual of a seminormed space, 113

E

E—Baire,
function, 86, 93, 105, 106
E—dominated £-Baire functions, 150
elementary,
Banach space valued integrand, 79
complex—valued integrand, 78
function, 35, 46
integral, 35
integrals, product of —, 125
integrand, 35
Lebesgue integral, 35
positive — integral, 35
sets, 97
elementary integral, 35, 100
o—finite, 62, 131
order—continuous, 37, 140
positive, 30
signed, 137
totally finite, 63
(&,]l |I*)—measurable, 72, 81, 91, 92
envelope,
lower £-Baire —, 94, 133, 177
upper £E-Baire —, 94, 133, 177
essential supremum norm, 102
euclidean,
distance, 170
norm, 122
space R™, 123
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E—uniformity, 15, 72
uniformly continuous,
largely —, 73
E—uniformly continuous, 16, 72
event, 41
exceed, 3, 108
expectation, 41
exponents,
conjugate, 102, 118, 122, 164, 177
extended integral, 25, 58, 66
extended reals, 4
extension,
by continuity, 2, 80, 92
by linearity, 20, 38, 42, 126, 140, 141
of a linear functional, 114, 115
of a measure, 2
of an integral, 32, 35, 146
under a seminorm, 30, 80, 112

F

finite,
mean, 63
variation, 138
finite in mean, 50
finite variation,

measure of —, 141
forest, 7, 144
Fourier,

coefficients, 101

series, 31

transform, 30, 79
Fubini’s theorem, 52, 126, 130
function, 50

Baire —, 90
Borel —, 90
chopped, 7

defined almost everywhere, 50
elementary, 35

E—-Baire, 86, 93, 105, 106
p—integrable, 52

integrable, 52, 100

integrable for product measure, 130

function (cont’d)
Lebesgue integrable, 71
lower semicontinuous, 47, 90
meaning a.e. defined function, 50
measurable, 72, 100
measurable on a o—algebra, 89, 156
measurable on a set, 72
numerical, 4
of finite variation, 142
right—continuous version of a —, 143
simple, 40
simple F—measurable, 89
functional, 23, 28, 46
bounded linear, 113
extension of a linear —, 114

Fundamental Theorem of Calculus,
157

G

gauge, 26, 114
generator,
of a Hilbert space, 124
of a o—algebra, 90
Gram—Schmid, 124

greatest lower bound, 109

H

Hardy-Littlewood Maximal Operator,
135, 158
Hausdorff, 37
completion, 16, 167
Maximal Principle, 115
Hilbert space (real), 123
Holder’s inequality, 101, 102, 103, 118,
122,164, 169, 176
homeomorphism, 4
homomorphism,
of vector lattices, 151
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I

ideal,

in a vector lattice, 147
idempotent, 6
identity,

Parseval’'s —, 124
image of a measure, 155
increasing,

nature of fh, 19

nature of [~, 43
increasingly directed, 9, 37, 57, 109
indicator function, 5, 61, 81
inequality,

Bessel’s —, 124

Cauchy—Schwarz —, 123

Chebyshev’s —, 47, 135, 159

Holder’s —, 101, 103, 118, 122, 164,

169, 176

Jensen’s —, 156

Minkowski’s —, 103, 122

of Hélder, 102

of Minkowski, 123

triangle —, 2, 28, 147,173
infinity norm, 102
injection, 4, 116, 119
inner measure, 96
inner product, 122

on L2, 123
inner regularity, 65
integer, 3
integrable, 52, 100

Bochner —, 79

function, simple, 62, 64

function, 52, 100

locally —, 151

set, 61

uniformly —, 57
integral,

elementary, 33, 35

extended, 25, 58, 66

of Lebesgue, 65

positive elementary, 35

product of elementary —s, 125

Index

integrand,
elementary, 35
elementary Banach space valued —,
79
elementary complex—valued —, 78
interpolation, 101, 135
intersection, 5
inverse, 4, 5
isometric, 119, 122, 124
iterated,
integration, 126
upper integral, 127

J
Jensen’s inequality, 156
Jordan, 30

Jordan mean, 23, 46, 58

L

Laplace transform, 15
largely,
from &, 70
E—uniformly continuous, 73
uniform convergence, 70, 74
lattice, 109
generated by functions, 86
lattice algebra, 7
lattice ring, 7, 11, 15, 19, 24, 35, 37, 39,
40, 41, 47, 55, 56, 66, 88, 92, 100,
101, 127, 137, 140, 144, 149, 151,
154,177
generated by functions, 86
least upper bound, 109
Lebesgue, 95, 100
inner measure, 97
integrable, 60, 71
integral, elementary —, 35
integral, 65
measurable, 72
measure, 20, 49, 65
negligible, 27, 49
less than (<), 3



limit,
uniform, 6, 11

limit inferior, 4

limit superior, 4

linear functional,
on a real vector space, 112
positive, 117

linearly generate, 20

linear operator, 107

linear space, 6

Lipschitz function, 57

little fP—spaces, 29

Littlewood’s Principles, 69, 70

localizable, 111

locally compact, 37

locally integrable, 151

Lorentz space, 135

lower,
envelope, integrable —, 60
envelope, £-Baire —, 94, 133, 177
integral, 47
Riemann integral, 1
Riemann sum, 17

lower semicontinuous, 47, 90

M

(M), 46, 105
majorize, 19

by a mean, 64, 80, 92, 127, 137

by an integrable function, 60

by a seminorm, 29, 32, 46, 48

by a step function, 1

the elementary integral, 22, 32, 46,

58, 64, 80, 92, 127, 137

the integral, 19, 22, 24, 48
maximal mean, 76, 93, 101, 104
maximal operator,

of Hardy-Littlewood, 158
maximum,

of elements in an ordered set, 109
MCT, 106
mean, 32, 46

canonical, 93

Index 189

mean (cont’d)
continuous along arbitrary increas-
ing sequences, 94, 101
convergence, 45
Daniell —, 45, 93, 95
Daniell-Stone —, 48, 57, 80, 94
o—finite, 62
maximal, 76, 93, 101, 104
on a ring of functions, 46
order—continuous, 48, 90
solidity of a —, 137
strictly increasing, 95
(totally) finite, 63
mean closure, 52
mean—convergence, 23
mean—dense, 56, 76
measurability, 69, 72
measurable, 69, 72, 100
for (&, ]*), 72
function, simple, 81
function, 72, 100
function — on a set, 72
Lebesgue —, 72
on a o—algebra, 89
set, 81, 100
measurable space, 92
measure,
o—finite, 62, 131
image of a —, 155
inner, 96
of finite variation, 141
on a ring of sets, 38
outer, 65
positive, on a ring of sets, 38
product of —s, 126
signed, 137
totally finite, 63
measure zero, 27
metric, 4
metric space, 4, 16, 47, 72, 75, 90
minimal representation, 20
minimum,
of elements in an ordered set, 109
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Minkowski functional, 117
Minkowski’s inequality, 103, 122, 123
monotone class, 91

Monotone Convergence Theorem, 106
p—integrable, 52

N

natural number, 3
negative,
strictly — (< 0), 3
negative-homogeneity, 20
negative (<0), 3
negative part, 110
negligible, 49
norm, 11, 28
of a linear functional, 113
uniform, 11
normal,
homomorphism of vector lattices,
151
normed vector lattice, 109
normed vector space, 28
numerical,
function, 4

o

observable, 41
operator,

linear, 107

of strong type, 135

of weak type, 135
order, 108

on L7, 108

quotient — for vector lattices, 151
order bound, 109
order complete, 109
order—completeness, 109

non— — of L7 111

of 1.0, 112

of L7, 111

of the dual of a vector lattice, 118
order cone, 110, 144

Index

order—continuous,
elementary integral, 37, 140
mean, 48, 90
order interval, 57
order preserving map, 119
orthogonal, 123
elements of a vector lattice, 147
outer measure, 49, 65, 96
outer regularity, 65

P

pairing, 119
Parseval’s Identity, 124
partition, 19
permanence properties, 23, 69, 81
of Baire and Borel functions, 86
of integrable functions, 52, 66
of integrable sets, 61
of LP, 106
of measurability, 74, 79, 80, 100, 131
of negligibility, 49
of the integral, 137
of the Riemann integral, 23, 30
perpendicular, 123
piecewise continuous, 168
p-integrable, 106
p—mean, 102
convergence, 102
p—norm, 33, 102
pointed cone, 110
polarization, 12
positive, 122
bilinear form, 122
bounded linear functional, 117
elementary integral, 19, 30, 35
measure on a ring of sets, 38
Radon measure, 37
strictly — (> 0), 3
positive (> 0), 3
positive-homogeneous, 19
positive part, 110
power set, 169
probability, 41, 156



product,
of elementary integrals, 125
of measures on rings of sets, 126
of Radon measures, 127
of rings of sets, 126
pseudometric, 15
of convergence in measure, 85

Q

quotient norm, 29, 108
quotient order,
for vector lattices, 151

R

Radon measure, 140
positive, 37, 140
product of —s, 127
Radon—Nikodym derivative, 154, 156
rational number, 3
real Hilbert space, 123
real line, 3
real numbers, 3
rectangle, 126
reflexive, 101, 116
relation, 108
regularity,
inner and outer, 65
relation,
antisymmetric, 108
reflexive, 108
transitive, 108
relative complement, 5
Riemann, 1,17
integrable, 1, 18, 21, 22, 23, 24, 26,
27,165
integral, 1, 18, 24, 37
lower sum, 17
squeeze, 1, 96, 100
upper sum, 17
Riemann integrable,
on (a,b], 27
Riesz Representation Theorem, 64
Riesz space, 109
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Riesz space (cont’d)
of functions, 6
right—continuity,
of a distribution function, 143
right—continuous version,
of a function, 143
right translate, 65
ring,
generated by functions, 86
of functions, 6, 7, 11, 13, 15, 17, 46,
52, 58, 69, 73, 88, 93, 125
of sets, generated, 38
of sets, 20, 38, 40, 62, 80, 87, 95, 98,
99, 100, 126, 140, 149

S

self-adjoint, 137
self-confined, 30

see self-confining, 8
self—confining, 8, 15,17, 19, 56
seminorm, 2, 11, 28

solid, 30, 32, 46, 48, 49, 55, 70, 89, 94,

104, 105, 109, 118

the — of an inner product, 122
seminormed vector lattice, 109
seminormed vector space, 28
separable, 29, 61, 90, 107, 124
separating the points, 12,17, 75, 166
sequential closure or span, 86
sequentially closed,

family of functions, 86
set,

difference of —s, 5

identified with indicator function, 6

integrable, 61

measurable, 81, 100
set function, 96
o—: the prefix o—, 35
o—additivity, 35, 38

of an elementary integral, 36

of Radon measures, 37

of a measure on a ring of sets, 38
o—algebra, 62, 83, 87, 88, 89, 92, 100



192

o—algebra (cont’d)

function measurable on a —, 89
of (£,] |I*)—measurable sets, 81
Baire —, 90
Borel —, 90

generated by a set of functions, 90,
92
o—compact, 47
o—continuity, 35, 38
o—finite, 62, 83, 111, 112
carrier, 75
elementary integral, 62, 131
family of functions, 88

mean, 62, 119
measure, 62, 151
set, 62

o-ring, 87

signed,

elementary integral, 137
measure, 137
simple,
F-measurable function, 89
integrable function, 62, 64, 100
measurable function, 81
simple function, 40
solidity, 11, 23, 30, 32, 46, 48, 55, 70,
89, 94, 104, 105, 109, 148
of a mean, 137
solid,
seminorm, 30, 32, 46, 48, 49, 55, 70,
89, 94, 104, 105, 109, 118
seminorm on an ordered vector
space, 109
subset of a vector lattice, 147
squeeze, 1,2, 21,96, 100
step function, 38, 40
on the line, 18
strictly,
increasing, 111
increasing mean, 95, 104

Index

strictly (cont’d)
positive or negative, 3
strong type operator, 135
subadditivity, 11, 19, 23, 28, 55, 123,
136, 170, 178
countable —, 33, 44, 46, 48, 67, 70,
74,93, 97,104, 105, 128
submultiplicative, 107
summable sequence,
in a seminormed space, 28
superadditivity, 20, 45, 96, 139, 178
countable —, 47
support, 7
function of compact —, 7, 26, 37, 47,
167
of a function, 61, 66, 127, 140, 159,
168
of || ||* on an integrable set, 80
surjection, 4
symmetric,
bilinear form, 122
difference, 6, 20

T

tensor product of function spaces, 8
Tietze’s extension theorem, 167
totally finite,

elementary integral, 63

mean, 63

measure, 63
transitive relation, 108
translation invariance, 61, 107
triangle inequality, 2, 15, 28, 173

on a vector lattice, 147
trigonometric polynomial, 31

U

uniform,
closure, 11, 13, 16, 170
distance, 11
dominated — convergence, 26
integrability, 57
limit, 6, 11



uniform (cont’d)
norm, 11
uniform convergence,
largely —, 70, 74
on arbitrarily large sets, 74
uniformity, 16
uniformly continuous, 16, 71
see E—uniformly continuous, 16
union, 5
up—and-down—procedure, 130
upper,
envelope, integrable —, 60
envelope, £-Baire —, 94, 133, 177
integral, Daniell-Stone —, 48
integral, iterated, 127
integral, 42
Riemann integral, 1, 19
Riemann sum, 17

Index

A%

193

variation,

finite, 138

function of finite —, 142

of an elementary integral, 138

of an element in a vector lattice, 109

vector lattice, 109, 110, 126, 144

closed under chopping, 105
generated by functions, 86
of functions, 6, 130

vector space, 6

generated by functions, 86

Vitali cover, 161
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weak type operator, 135



	Cover
	Modern Birkhauser Classics
	Integration – A Functional Approach
	Copyright
	Contents
	Preface
	I Review
	I.1 Introduction
	I.2 Notation
	I.3 The Theorem of Stone–Weierstraß
	I.4 The Riemann Integral
	I.5 An Integrability Criterion
	I.6 The Permanence Properties
	I.7 Seminorms

	II Extension of the Integral
	II.1 Σ–additivity
	II.2 Elementary Integrals
	II.3 The Daniell Mean
	II.4 Negligible Functions and Sets
	II.5 Integrable Functions
	II.6 Extending the Integral
	II.7 Integrable Sets
	II.8 Example of a Non–Integrable Function

	III Measurability
	III.1 Littlewood’s Principles
	III.2 The Permanence Properties
	III.3 The Integrability Criterion
	III.4 Measurable Sets
	III.5 Baire and Borel Functions
	III.6 Further Properties of Daniell’s Mean
	III.7 The Procedures of Lebesgue and Carath´edory

	IV The Classical Banach Spaces
	IV.1 The p–norms
	IV.2 The \mathcal{L}^p–spaces
	IV.3 The L^p–spaces
	IV.4 Linear Functionals
	IV.5 The Dual of L^p
	IV.6 The Hilbert space L^2

	V Operations on Measures
	V.1 Products of Elementary Integrals
	V.2 The Theorems of Fubini and Tonelli
	V.3 An Application: Convolution
	V.4 An Application: Marcinkiewicz Interpolation
	V.5 Signed Measures
	V.6 The Space of Measures
	V.7 Measures with Densitites
	V.8 The Radon–Nikodym Theorem
	V.9 An Application: Conditional Expectation
	V.10 Differentiation

	Appendix A Answers to Selected Problems
	References
	Index of Notations
	Index



